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PREFACE 


In presenting to my readers this second edition of the fir st volume 
of a series of text books to be published under the title 'A Degree 
Physics’, the opportunity has been taken of removing much 
material, now considered out-of-date, and giving a full account of 
modem work in connexion with gravitation. Also, in dealing with 
the motion of rigid bodies and with oscillations more use has been 
made of the principle of the conservation of energy. In the chapter 
on surface tension new’ methods for the accurate detennination of 
this quantity have been discussed and some fundamental formulae 
derived from the energy principle. The introduction of some work 
in hydraulics has made it desirable to replace the old cliapter on 
viscosity by two; one on vi.scosity, which has been tlioroughly 
revised, and the other on hydraulics and non-Newtonian liijuids. 
In this last chapter emphasis lias been laid on the use of a Pitot tube. 

The ground covered is just a little more than that usually rcijuired 
by students reading physics for a B.Sc. General Degree. In fact, 
the book is written to meet the needs of those wlio w ish to gain a 
thorough insight into the fundamentals of physics and. as such, it 
should be found to cover most of the work in this brancli of physics 
which is normally dealt with in a first year special honours course. 

This first volume deals with the fundamental parts of an ill- 
defined group of subjects usually met with under the title of 
‘General Physics’, but some of the very elementary jiarts, including 
the theory of dimensions, are,omitted, since they are discussed in 
my hitenaediate Physics. Ill the present text thi.s is referred to 
as I P. 

As regards the spelling of words, I have tried to follow the Oxford 
Dictionary and favour the spelling that is correct et^nnologicallv. 
On coming to the choice of symbols, it is at once found tliat tliere 
are not sufficient convenient sjunbols to enable one to be kept for 
each quantity that appears; lists of symbols wliich are recommended 
from time to time seem to vary with the decade in which they are 
published and, primarily, they are for use in connexion with papers 
for publication in scientific journals. In the tcacliing world it is 
found that many more symbols arc required and while one par¬ 
ticular sjTnbol may be required for a certain purpose in a journal, 
the same symbol is, in the classroom, often mucli better used to 
denote an entirely different quantity. Tlie thing that really matters 
is that w'henever a symbol is used, it should be defined explicitly, 
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and then the choice of the symbol must be left to the writer, be he 
an author, an examiner, or a candidate in an examination haU. 

In particular, while dealing with the subject of notation, I must 
point out that after long consideration I have decided to use y for 
the gravitational constant in preference to G, a practice generally 
acceptable to geophysicists and mathematicians but not always to 

physicists. Such a procedure leaves G to define the strength of a 


gravitational field, just as E and H are used in connexion with 
electric and magnetic fields. Also, gravitational potential is defined 
in terms of work done against the field; this agrees with the methods 
used in electrostatics and in magnetism, and there seems no funda¬ 
mental reason why the practice should be reversed in gravitational 
field theory. 

Throughout this series of books I have not hesitated to use 
vectors and for tliis reason I have introduced them to the reader 
in a mathematical introduction. I have, however, used a notation 
which can be written as well as printed. 

In dealing with the various parts of the subject I have endeavoured 
to retain an liistorical background; the facts stated therein may 
not be considered of much immediate value, yet they will render 
aj)j)arcnt some of the difficulties which the early workers in physics 
had to surmount. C’oming to modern work I have not always 
given an account of the very latest methods, since a knowledge of 
them is often not es.sential for understanding basic principles and an 
aciiuaintance with modern work is perhaps best left until the reader 
has reached a more mature stage. The choice of the actual matter 
that appears is somewhat regretfully fixed in part by the examina¬ 
tion syllabuse.s of the different universities but in several instances 
I have dealt very fuUy with those parts of the .subject which are of 
csi.ccml interest today. No two jicople ^^i\\ ever agree in detail as 
to t!io actual lojiics which should be discussed in a book of this 

nature and I can only Impe that the selection now found wiU be 
approved by many. 

At. thi- end of each chapter a set of (lucstions, maiidv numerical, 
ms been appended. Some of these have been set at University of 
ixindon exam,nations and I do appreciate the ready permission 
gircn to me by the Senate to piihli.sh them. These particular 
riuest.mm are denoted by the letters G and S to indicate those from 
papei, foi general and special honours respective!v. I regard the 
solving of nninerieal riders by students os an es-sential par! of any 
h e <o«'sc and m order to help them solutions are gifen. Fr-om 

fo hr n r errors do remain 

fo. then students wlio endeavour to obtain solntio.rs merely by 
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substitution in a formula will be often frustrated. By workijig 
through many such examples and doing each one quite hone.stly, it 
is hoped that a student will acquire an attitude of mind whieli says 
‘If tliis solution isn’t correct, none is.’ 

The work has occupied me for many years; the process of writing 
the book has been to me most interesting and while the labour has 
been much greater than anything I could have anticipated, yet if 
the result gives satisfaction to my readers I shall be more than 
content. 

Finally I have to thank Prof. S. Tolansky, F.R.S., for certain 
facilities which he has placed at my disposal in comiexion with the 
writing of this book and for friendly advice so freely given. Al.-^o, 
I wish to place on record my appreciation of the help I have received 
from both past and present colleagues at tlie Royal Holloway College 
and from co-examiners. In particular I must mention the late 
Prof. Ferguson, Dr. R. C. Brown, Dr. A. R. Stokes, Mi.ss M. Pick, 
M.A., Dr. Mary Bradburn, J. W. Reed Esq., M.Sc., Prof. T. S. 
Moore, Prof. H. T. Flint, J. Prj'ce-Jones Esq., Dr. S. P. F. Humidueys- 
Owen and Dr. R. Mansfield. I should also like to place on record 
the help I liave received from Dr. E. J. Irons and acknowledge the 
pennission gi-antcd by Dr. C. A. Haywood to describe his experiment 
for determining the centre of percussion of a bar pendulum, and 
also that of Prof. Leo L. Baggerly wlio supplied me with a correct 
theory of the oscillations of a physical balance; Dr. W. Bullerwell 
helped me very considerably in comiexion witli gravity surveys and 
Dr. A. H. Cook sujiplied much detailed information concerning his 
method for determining gravity in absolute measure. C. Salter Estj., 
M.A., readily gave details concerning Pitot tubes. My best thanks 
arc due to my wife, who has checked the proofs, and removed many 
obscurities and errors. Without her diligent aid the publication of 
the book would have been well-nigli imiio.ssible. For any errors of 
omission, or of commission, wliich maj' remain, I alone must be 
resi>onsible but I hope it is not too much to ask my readers to draw 
my attention to any wliicli may be found. In this connexion, 
amongst tlic readers of the first edition of this book, I must mention 
Wm. R. Torrance Esq., M.A. and fil. W. McEliiinny Esq.; their 
friendly criticisms have been most helpful. 

, C. J. Smith. 

Royal Holloway College, 

Englelield Green, Surrey. 

June, 1060. 
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PART I 

THE GENERAL PROPERTIES OF MATTER 


Chapter I 

MATHEMATICAL INTRODUCTION 

Scalars and vectors.—In all branches of mathematical physics 
a distinction has to be made between two kinds of quantity usually 
designated scalars and vectors. Those magnitudes which have no 
directional properties, so that each one may be represented com¬ 
pletely by a number, are termed scalars ; other magnitudes, having 
size in the accepted algebraic meaning of tlie word and, in addition, 
direction in space, are Icnown as vectors-, the numerical value of 
a vector is described as its magnitude. A vector may be represented 
by the segment of a straight line whose length, on a definite scale, 
is equal to the magnitude of the vector and whose direction and 
sense (considered as drawn from one end to the other) are the same 
as those of the vector. Tlic beginning of tliis representative straight 
line is known as the origin-, the other extremity is the terminus. 
When necessary to distinguish between a vector aiid its magnitude, 
an essentially positive scalar, the latter will be represented by 

a letter—thus, A—while the vector is represented by A. Some¬ 
times, in order to avoid confusion, the magnitude of a vector will 
be denoted by |A|. This notation is particularly useful in such 
instances as the following. (Aj [B] is the product of the magni¬ 
tudes of the two vectors A and B. Very frequently a vector is 
represented in the literature of the subject by A, but it is difficult 
to do this in manuscript. 

Thus, the displacement of a particle from one position to another 
is a vector, which is represented by a segment of a .straight line 
drawn and directed from the initial position to the final position 
of the particle. Other examples of vectors arc velocity, accelera¬ 
tion, force, strength of a magnetic field, etc. Mass (in classical 
mechanics—the mass of a moving electron is directional since its 
‘transversal’ mass is different from its ‘longitudinal’ mass) work, 
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energy and potential (whether electric, magnetic or gravitational 
are all examples of scalars. 

The geometrical space with which we deal will be referred to a 
S 3 'stem of rectangular axes with the right-handed screw convention, 
i.e. if a right-handed screw is being driven along the positive direction 
of the 2 -axis, the rotation is from the ar-axis to the y-axis through 
the right angle between those axes. 

Elementary vector operations.—(fi) Addition and subtrac¬ 


tion of vectors .—Let A and B be two vectors. Let Abe represented 
by the straight line PQ, Fig. l-Ol(a). Then, if at the end of the line 




l Ul.—and subtraction of vectors. 

rcpicsenting A we draw a straight lino QK to repre-sent B, the vector 
repH'-seiitccl b)' tlio .straight lino obtained b\' joining the origin of 

A to the tonninu.s of B. i.o. the straight line PK, is called the vector 

siun of the veetors A and B. If thi.s vector sum is denoted by C, 
we have A -{• 'li = (J. 

I o obtain tiie vt ctor ditfeivnee bet ween a pair of vectors A and B^, 
PQ, I'ig. 1-Ul(;j), is drawn to represent A and then at the terminus of 
tliis line QRj i.s drawn ctpial in magnitude to that of B but opposite 

in sense. The vector l5 representod by PR, is termed the vector 
difference of7i and B*. Thus 

A - B = n. 

From tlie above one eoncludes at once, tliat if two vectors A 
and B, are represented by the two adjacent sides of a parallelogram, 
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then the diagonal drawn through the point of intersection of those 
two sides, cf. Fig. l*01(c). represents the vector sum of the two 
vectors, whereas the other diagonal represents tlie vector difference 
of the two vectors. 

The process of adding or of subtracting vectors may be extended 
from two to three or more vectors. The reason for thi.s is tliat the 



0-^N 




O 


A 


(h) 


Fio. 103.—-A unit vectoi’. 


sum or difference of two vectors is also a vector. From Fig. 102 
it is seen that by arranging three vectors in a chain 

A + B + C = (A + B) + C = A + (B + C), 

and any number of vectors may be treated in this manner. 

Theorem I. Neither the grouping nor the order of the 
addends affects the sum of any number of vectors, i.e. the 
addition of vectors is commutative and associative. 

The above theorem really asserts that the fundamental laws of 
ordinary algebraic summation may be applied without reservation 
to the summation of vectors 

Definition of a unit vector.—A unit vector is one which is 
completely represented by a straight line, one unit in length and 
orientated in some definite direction, and sense, in space. Such a 
vector is represented by the symbol d or (i. 

Derivation of a vector from a unit vector.—Starting with some 

unit vector d, represented by ON, Fig. l-03(a), its length can bo 
increased A times without altering its direction or sense, wlierc A 
is any positive real number not necessarily an integer. The result 

is a vector OA, Fig. 1‘03(6), such that 

dA = OA = A. 

Thus A is the numerical magnitude of A ami it may be regarded as 
an operator the effect of which is to increase A times the length of « 
without altering its direction or sense. 
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The unit vectors /, j, k. Let j, fc be three unit vectors in 
three given directions which are mutually perpendicular. To show 
that any vector f can be expressed as the sum of three others in 

tlie three given directions let OP = f [cf. Fig. 1’04]. On OP as 



Fig. 104.—Tlio three unit vectors i, j, and k. 


diagonal construct a rectangular parallelepiped with edges OA, OB, 
0('. Then if .r, ?/, c are the measures of OA, OB, OC, we have 


f = OA OB H- OC 
= t-r -i- jy + 

I hu.s /• is tile resultant of the three vectors tx, jy, t:z, which are 
tvrnu'd the components of r in the three given directions. Since 
only one paralli*lepi|ie(l can be constructed in this way, the resolution 
of r is uni(jue. 

If O'., [}, y are tiic* migj.-s which OP makes with the axes, the 




tlireclion eo.sines of OP ai -oii a, cos (!, cosand these, as usual, 
arc denoted by 1. )n, n. 

X<jw X = r cos a. y r eos /? and c = r cos y. Hence if r denotes 
the unit vector along OP, since /* = rr, then 

r ^ ^ i cos a n j cos fi f: cos y = f/ + jm + I'n. 

(/) Multiplication of vectors. Scalar products. The scalar 

product of a pair of vcctor.s A and B is defined to be the scalar 
ABcosO, where 0 is the angle included between the two vector.s. 

This product is denoted by {A-B}. or (A'-B). although the brackets 
may bo dispensed witli when no confusion is likely to arise. 
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From the above definition it follows that 




{A-B} = {B-A}. 


7T StT 

Also, if either 0 < 0 < or < 0 < 27 t, then {A-B} is positive; 


Stt 


if — < 6 < — , then (A-^ is negative. If the two vectors are 

^ TT 

perpendicular to each other, then {A-B} = 0, since cos « = 0. 




Fio. 1-05.—The scalar product of two vectors. 


Again, from the definition of a scalar product it follows that the 
scalar product of a pair of vectors is equal to the magnitude of 
the first vector multiplied by the magnitude of the projection of the 
second vector along the direction of the first vector—cf. Fig. l-05(a). 

Let us now consider the scalar product of A and the vector sum 
(B + C). From the above, wc liave 

{A-(B + C)} = A X projection of (B + C) on A. 

Now the projection of the sum of two vectors on any otlior vector 
is the sum of the projections of the single vectors (addends) on that 
vector—cf. Fig. 1*05(6). Hence 

(A*(B + C)} = AB cos Oj 4- AC cos = (A-B) + (A'C). 
Similarly, 

{A-{B + C + D . . .)} = {A-B} + {A-C} + {A-D} + . . . 

Theorem II. The scalar multiplication of pairs of vectors 
and of vector sums is commutative and distributive. 

Hence the rules of ordinary algebra permit us to develop the 
scalar product of a pair of vector sums; thus 

{(A + B)-(C + D)} = (A-C) + {B-C} + (A-D) + [B-D}. 
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The above rule enables us to express the scalar product of two 
vectors in another form. 

If h are unit vectors along three mutually perpendicular axes, 

A = -f + kA^, 

where A^., A^ and Aj are the measures of the projections of A on the 
three axes. Similarly, 

B = ,-B, + jB„ + te,. 

{A-B} = (JA, + jA„ + X-A,)-(fB, +;B. + hB,) 

= f-fAA + j;A,B, + Uk,B,, 

the terms involving i-j, etc. di.sappearing since such scalar products 
are each zero. Moreover, 

= j-j = h k ~ 1, 

since the angle between the vectors in each product is always zero 
and cos 0=1 

{A-B} = A^, + A^, + A,B,. 

If (?i, Jtj) and (/g, in.y, are the direction cosines of A and B 
and 0 is the included angle, 

AB cos 0 = {A.B} = A,B, + A„B„ + A,B, 

= ijA./oB H- ?»jA.7«2B 71jA.»J2® 

= (^^2 + Wj/ZU -I- 
cos 0 = ij/jj + W.j77l2 + «iW 2 - 

Vector products. Let A aiul B be two vectors inclined to one 
another at an angle 0; tliese are shown in Fig. 1-06. Then the 

l'ec^or product of this pair of vectors is defined as a third vector C 
whose magnitude is AB sin 0, and whose direction is such that a 

right-handed rotation about C as axis, and thi’ough an angle less 

than TT, carries the vector A into a direction coinciding with that of 

B. This vector i)roduct is denoted by [A x BJ or [A ^ B], so that 

C"= [A X B] = #iAB sin 0. 

where n is a unit vector perpendicular to the plane containing 

_i , 

A and B, and having the same direction as the translation of a 
right-handed screw due to a rotation from A to B. 
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From the definition of a vector product it is seen that on inter¬ 
changing the factors the direction of the vector wliich is the vector 
product is reversed, its magnitude, however, is unaltered, i.e. 

[B X A] = -[A X B]. 

Hence the vector product is not commutative, and the order of the 
factors has to be considered carefully. 

Again, if 6 = 0, the vector product 

[A X B] = n AB sin d = 0; the converse 

is also true, viz. if [A X B] = 0 then the 

vectors A and B are parallel to one 
another. 

For the unit vectors t, j, k, we have 
ixi = jxj — Lxk = 0 

i X j = k = ~j X i. 

j X k — t— _ fc X / ¥io. 1*06.—The vector pro* 

* duct of two vectors. 

fcxt = j=-~txfc. 

It is sometimes desirable to express the vector product [A x BJ 
in terms of the components of the vectors, viz. A,. A^, A^ and 
B^, B^, B,, respectively. This can be done with the help of the 
theorems already established. Thus 

(A X B] = ((!A, + JA. + lA,) X (.-B, + jB. + tej] 

= f(A.B, - B,A,) -I- ;(A,B, - B,A,) + X-(A,B. - B,A,). 

Thus 

If, j. k 

[A X B| = A^, A„. A, 

B., B„, B,. 

We have already seen how the scalar product of two vectors 
enables us to express the cosine of the angle between them in 
terms of the direction cosines of the vectors; the vector product 
gives us the value of the sine of the included angle. For since 

A X B = AB sin 0, we have 

A’^B'^sin^O = {[A x B]-[A x BJ) 

= £-f{A,B, - + J-i(A,B, - B,A,)2 + ^-^(A^B, - B.A,)'^ 

= [{rriin.^ - + {n^l^ - -f [l^m^ - 

Hin^O = (m^n^ - 7n.,n,f + -1- ^ 
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Solid angles.—Let AB, Fig. l*07(a), be the boundary of a finite 
portion of a surface and P a given point. If from P a sufficiency 
large number of straight lines is dra^m each to pa^ through a 
point on the boimdary they will generate a cone. Suppose that 
with P as centre a series of spherical surfaces is constructed, the 
above cone intercepting an area from each of them. Then it is 
found that the ratio obtained by dividing one of these areas by the 
square of the radius of the corresponding sphere is a constant for 


A 



Fio. 1*07,—Solid angles and their measure. 


tiie cone PAB. From analogy with the conventional method of 
measuring a plane angle, the above ratio is called the measure of 
the solid angle subtended at P by the surface AB. This angle is 
usually denoted by lo. 

From the above dofiiution it is seen that the measure of the 
solid angle depends only on the closed curve and not on the shape of 
the surface on which the closed curve may be considered to be drawn. 

If now AB, Fig. 1‘06(6), is a small closed curve, let dco be the solid 
angle it subtends at P. With P as centre and radius PA describe 
a sphere to intersect the cone APB in a closed curve AC. Let PQ 
be the axis of the cone intersecting the elementary surface AB in Q, 
and let QN be the normal to this siuface at Q. Let 0 be the angle 
indicated. Tlion AC = AB cos 0. If PA = r, then 



AB cos 0 



The measure of the solid angle subtended by a spherical cap 
AMN, Fig. l*06{c), at the centre O of the sphere of which the cap 
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forms part in terras of 6, the semi-vertical angle of the cone formed 
by joining the boundary of the cap to the centre 0, may be obtained 
as follows. It is a well-known theorem that the area of the spherical 
cap AMN is equal to the area of the curved surface BCED of the 
right circular cylinder having OA as its axis and its radius equal to 
the radius, r, of the sphere. Thus 

Area AMN = 27rAC.BC = 27r.r.(OA — OL) = 27rr*(l — cos 6). 
Hence if co is the solid angle required, we have 



27rr^( l — cos 0 ) 


= 27r(l — cos 6). 


Note on spherical polar coordinates.—Let 0, Fig. l'08(a), 
be the origin of a system of rectangular coordinates. Let P be a 
point whose position is to be defined. With 0 as centre and radius 



OP = r describe a sphere to intersect the axes at A, B and C respec¬ 
tively; we have to show how the position of P on the surface of this 
sphere may be specified. 

Let the plane AOC rotate about OC through an angle <f> until 
it contains the point P. Let COD be the position of this j)lane. 
In this plane let the line OC rotate tlirough an angle 0 until it 
reaches OP. Then P is the point (r, 0, <ji)\ these are the spherical 
polar coordinates of the point P. 

If M and N are the projections of P on OD and OC respectively, 

z = ON = r CO.S 0, 

and OM = r sin 0. 

But M is the point (x, y, 0), so that 

♦ 

X = OM cos <f) = r sin 0 cos ^ 

y = OM sin <j> = r sin 0 sin 

and z ~ r cos 0 

as already proved. 


2 
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To find an expression for an element of volume in spherical polar 
coordinates consider Fig. 1‘08(6). If r becomes r + the point 
P moves to Pj^ in the plane COD, and PP^ = 6r. If 6 becomes 
0 + dO, P moves to Pg and PPg = r 66, while if ^ becomes (j> + 64* 
the point P moves to P 3 , and PP 3 = PN 64> — r sin 6 64>> The 
rectangular element whose sides are PPi, PP 2 ^nd PP 3 has a volume 
r- sin 0 6r 60 64>- 


Some important properties of an ellipse. 

The radius of curvature at the point x = 0, y = -~b on the 

ellipse - - + ^> = —Differentiating with respect to x we get 


\dx/ 


and differentiating again we find 


Hence 


and 


i + L/^V + y ^ = 0 



If R is the radius of curvature at x = 0, y = — 6 , we have 



To prove that the feet of the perpendiculars (SY,S'Y')/rom 
the foci to the tangent at a point P on an ellipse lie on the 
auxiliary circle and SY.S'Y' = b"-.—Let C be the centre of the 
ellipse wliieh. together with its auxiliary circle, is shown in Fig. 1-09. 
Let S and S' be its foci and produce S'P* and SY to meet in Q. Since 

the radii vectors SP and S'P are equally inclined to the tangent at P 
it follows that 

SPY == YPQ. 

The J’s SPY and QPY are congruent so that SP = PQ. 
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Also SY = YQ and since CS = S'C it follows that CY is parallel 
to S'Q. Hence 

CY = ^S'Q - ^(S'P + PS) 

= CA = a. 

Y lies on the auxiliary circle. 

Similarly Y' lies on this circle. 



Fio. 109.—Somo important properties of un ellipse. 


Now produce Y'S' to meet the auxiliary circle in Y^. Join YYj 

Then since YY'Yj = YYj passes through C. 

Also S'Yj = SY. 


SY.S'Y' = S'Yj.S'Y' = A'S'.AS' 

= (a - S'C}(a -f S'C) = = i". 


If we call SY and S'Y' respectively p and p' the above e(juation 
becomes 

pp' = 6*. 


The polar equation to an ellipse .—Let S and S', Fig. l lO(fi), 
be the foci of the ellipse -5 + 7:7 = 1 ,so that, with tlie usual notation, 


CA = a and CB = b. If SL is drawn through S and normal to tlie 
major axis of the ellipse to cut the latter in L, then SL is the semi- 
latus rectum ,1. If e is the eccentricity of the ellipse, then 


SL = €.SZ, 

where Z is the point in which the major axis of the ellipse, wlien 
produced, cuts the directrix. 
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Now let P, Fig. 1-10(6), the point (r, 0) v,-ith respect to S, be a 
point on the ellipse. Then 

r = SP = e.PM = e[SZ - r cos 6] 

= I — er cos 6. 

I 


r = 


1 + e cos 0 
which is the polar equation to the ellipse. 



Fic. 1-10.—Polar equation to an ellipso. 

If the initial line to which the orientation of the radius vector 
SP is referred is SK and this makes an angle a with SZ, then 

PSZ = (0 — a), and the jwlar equation to the eUipse becomes 

^ ^ __ 

1 e cos (0 — a) 

The p,r or pedal equation to a curve.—An equation expressing 
the relation Ijetween the length of the perpendicular from a fixed 
point to the tangent to a curve, and the radius vector of the point 
of contact of the tangent with the curve and measured from the 
same fixed point, is known as the pedal equation to the curve. 

y2 

To show that the pedal equation of the ellipse — + ^ = 1, 

2o 

with rcjfard to a focus is = - 1. 

If P. Fig. 1*11(«), is a point on the ellipse so that SP = r, S'P = r 
and SY S'Y' = p', then since the A's STY and S'PY' are 
similar 


P 

r 


P 

r' 



• P 

r 


Vr(2a — r) 


[*.• pp' = 62 and SP -r PS' = 2a.] 
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Squaring both sides.of this equation we find 

^ _ 

O * 

p- r 

To obtain this equation by another method let us consider the 
polar equation to an ellipse, viz. 


Z = r(l -f c cos 0). 


(i)[ef. p.l2] 



Fio. 1-11.—Tho pediil equation to an ellipse. 


Let <f> be the angle which SP makes with PT, the tangent at P. 
Then, cf. Fig. 1-11(&), 

= r sin (f>, (ii) 


and 

since, cf. Fig. 1*11(c), 


tan0 = r—, 
dr 


(iii) 


^ , ,. PR r 60 

tan 0 = hm —• = lim- 

^ RQ 6r 

dO 

= r —. 
dr 


Hence if 0 and 0 are eliminated from equations (i), (ii) and (iii) 
the required equation between p and r will be obtained. In tlie 
present instance 


1 ^ ^ 

1 + € COS 0 = “ = — , 

r ar 




. .(10 

e 8in 0 — 

dr 
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fn 

But since sin <ji — - , tan (f> = 

r 




whicli, by using 6- = «“{1 — C“), and gives, after some reduction, 


~ A • 

r 

FOUniER ANALYSIS 


General nature of the problem.—Let a given curve be 
represented by 

y=f{^) (i) 

Then the constants Uq, a^, in the equation 


y = -t- X (ii) 

ina}' be dctemiinetl so that the two curves (i) and (ii) intersect in 
any two given points over the range 0 < x <: n. Thus, let (Xj, ij^) 
and (.To, yo) be any two conjugate values in the equation y =f{x) 
and such tlmt 0 < Xj < tt and 0 < < tt. Sulistituting these 

value.s in (ii), we obtain 


?/i = «o *'^1 cos Xj I 

y-. = Ur + cos xJ 



The equations (iii) are sufficient to determine and Uj. In this 
way coincidence of the two curves is compelled in two selected 
place.s. Similarly, the two curves 


and 


y =/(•*•) 

n 

y = Oo d- 2 «n cos nx 


U = 1 


(iv) 


may be made to coincide in (a -h 1 ) selected places over the range 

0 • X < 77. 

Hence the question arises as to whether or not any function 
througliont the range 0 •x 77 may be rejirescntecl by an infinite 
-scries of the above tyi)e. It can be shown, that any'function of 
X. say f{x), wliich is single, finite, and continuous over the range 
0 < X 77, or, if, over that range, it has finite discontinuities each 
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of which is preceded and followed by continuous portions, can be 
represented by such an infinite trigonometrical series. The function 
and the series will be identical for all values of x between .r = 0 and 
X =■ TT but not including the values x = 0 and x = tt unless the given 
function is zero for these particular values of x. 

The cosine series.—Let 

/(^■) = Oo + 2 (V) 

over the range 0 < x < tt. We shall assume that this series may 
be integrated term by terra. Let both sides of (v) be multiplied 
by dx and then integrated with respect to x between the limits 
a: = 0 and x = -n. Then 


J f{x) dx = aA dx terms which vanish = UqTt. 

0 *^0 

Oq = - /(^) 

IT Jq 

To determine the other coefficients we multiply throughout by 
cos mx dx and integrate as before. Then 


f 


f{x) cos mx dx 


= Uq I C05 
•'O 


cos mx dx 1- 


H = 00 r 7 

1 1 

/I = I »'o 


cos inx cos nx dx. 


!C0W C05 

»'o 


cos 7nx dx = 0. and if m ^ n 


r 


cos mx co.s nx dx 


2 ^ 


[co.s {m — ii)x + cos {m -1- a}-^) d.c = 0. 


If = n and ?i ^ 0 

r 

cos^ nx dx = itn. 


i: 


2 

. • = - J 

TT ‘'O 


f(x) COS nx dx. 


The above process of determining the coefiicients i.s equivalent 
to taking (n + 1) terms of (v) and obtaining {n H 1) equations by 
substituting in „ 

y = flo + 2 «„ cos nx 


n 1 


the coordinates of (n + I) points which lie on the curve y —f(x) 
and whose abscissae are equidistant. 'I'lie constants are determined 
by the equations thus obtained and the constants in the co.sine 
series would be the limiting values of the constants tlius determined 
when n —► CO. 
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Example .—Let f{x) - x over the range 0 <x <7 t. 


Now 


r® -n 

I xdx = a^X dx, ~ 

Jo Jo 


and 


But 


f 


cos nx dx 


-4 


TT 


X COS nx dx 


cos* nx dx = . a„. 


1 r 


= f— sin nx H—5 cos nx 
Lt> -10 

= i [cos im — cos 0] = -^ [(—1) 


1 ]. 


If n is odd 
while if n is even 


4 1 

“ ,r*n2’ 

«n = 0 . 


3x cos 5x 

H- zs — + • • • 


TT 4 rcos X , cos : 

^ ~ 2~ ' 5* 

, cos (2n + l)x 
■ ~(2n + 1)2“ 

Now (vi) is also true for values x = 0 and x = n since 


+ 




(Vi) 


and 


TT 


2 »[' „t,(2« - 1)J’ 


00 


77^ 

suico the series under the ^ sign is —. [Cf. p. 25.] 

n-l ® 


The sine scries.—In the same way, and under the same condi¬ 
tions, it can be shown that 


<C 


fix) = 2 sin «x, 

fl ® I 


where 


TT ^0 


“ I /(^) 


Example. — f{x) = x over the range 0 < x < tt. 
The aeries obtained in this instance is 


sin X sin 2x ^ sm 3x 


^ rsm X 

. = 2L-p - 


OD 


= 2 2;(-i)"+‘ 


2 3 

sin nx 




n 


The cosine series and sine series compared.—It has just 
been shown that any function of x under certain limitations may 
be expressed either as a cosine series or as a sine series. Now 
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although either series will be identical with f{x) for all values of x 
such that 0 < a: < TT, and possibly for x = 0 and x = tt, there is a 
marked difference between the two series for other values of x. 

Both series are periodic functions of x, the period being 'In. Let 
y denote the series under consideration. If the portion of the curve 
lying between —tt < x < tt is constructed, the complete curve may 
be obtained by repetition of this portion. 



IT ^ {2ft — l)x 

Fio. 112.—(a) The eoamc scrubs y = - — - ^ 

and the curve y * x. 

CO 

{b) The Kino scric.s y = - 1)"” - H«i<i ttio curve j/ = J. 

« - I 

Consider the cosine series first. Since cos «x = cos ( —?ix), it 
follows that the ordinate in the cosine curve conesponding to 
any value of x over the range —tt < x < 0 will be equal to the 
ordinate corresponding to the positive value of x, i.e. the curve 


y = a^f + ^ a„ cos nx is symmetrical with respect to the y-axis. 


n* 1 

Returning to the sine .series, since —.sin nx = sin ( —«x), it 
follows that the curve will be symnictrical with respect to the origin, 
i.e. if (Xj, iji) lies on the curve, (—x,, —^i) also lies on the curve. 

Ihe curves corre.sponding to y = ~ -Z ’/x and 

« sinnx 2 

y = 2 ^ (—1)"+*-, arc shown in Figs. l-12(a) and {b) rcspoc- 


n-1 


n 


tively. It is seen that the sine series represents // = x over the 
range — tt < x < tt, whereas the cosine serie.s repre.sents it only 
over the range 0 < x < tt. Both those curves coincide with y = x 
over the range 0 < x < w and, in addition, the sine series coincides 
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from —77 < ar < 0, but no coincidence is obtained for values of x 
outside the range —tt <. x <. it. Also, the sine series gives the 
isolated points [it:(2n — l)7r, 0], where n = 1, 2, 3, . . . 

The above remarks illustrate the following general rules: 

(а) If/(a.*) is an even function, i.e.f(x) = f{—x), the cosine series 
corresponding to it will be equal to/(a:) over the range — tt < ar < tt, 
the value a: = 0 not being excepted. 

(б) If/{a:) is an odd function, i.e. f{x) = —f{ — x), the sine series 
will be equal to it over the range —tt < x <. tt, excejit perhaps for 
tlic value a; = 0 when the series is zero. 

Fourier series.—The above rules permit us to develop a series 
which shall represent f{x) over the range —tt < a: < tt. For wo 
have the identity 


— an even function of a* -f an odd function of x 

oc « 

^ {<>0 2 cos wa-) -T- (2 sin «a:), 


where a„ — - 


;> 1 H -1 

‘"'/(a-) 4'/(-a-) 

•> 


cos nx (lx. 


TT 


\ 

TT 

\ 

TT 


/(.r) cos Ji.r f/.r h 


L»'o 




x) cos nx dx 




J{x) cos nx ilt 


d 


/(z) cos ( —« 2 )( 


]■ 

-*)]. 


if 2 = —.r. Thus 


a.. = 


n 


1 

TT 

1 


-»'U 


SIniilurlv, 


/(.)■) cos »x (lx 4- f(z) cos )tz (/cl, 

[■■■ ,(•' 


f{x) cos nx (lx. 


F(p) (Ip = F((/) (/(?.j 




f(x) sin dx, 


and 


"o - 


.> 


f(x) dx 


7T * - 7 


>i - Jj 


/(-»•) = ‘ y((„ 


cos nx 


n '0 


This is known as a Fourier series. 


n — 

V 6,^ sin ?Kr. 
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It is not essential that f(x) should be expressed by one and the 
same equation over the whole range. If, for example, )j = over 
the range —tt < x < 0 and y = f^ix) over the range 0 < z < tt, 
then in the integration each term must be integrated between the 
appropriate limits. Thus 




f^(x) dx + 


J. 


f^{x) dx 


Similarly for and for 6„. 



Fio. 1-13.—Tho series 


TT 

4 

-h 



.r 


-i- 


cos 

3*“ 





sin X — 


.sin ‘ix , sill 3x 



Example of a Fourier expansion .—Lot /(.t) = 0 over the rango 
—IT < X < 0 and f{x) = x over the range 0 < j: < 


(I 


' 4 . 


= ^ I JO] d. + 


if", TT 

X ilx = - , 


and 


a., = - 


n 


4 


1 


ST 


[0] cos nx ilx — X cos tix dx. 


a 


Similarly, 6 


irx . 
- - 81 
rrLn 

^Jo 


1 


am nx H. cos nx 


H' 


Jo 


(-1)'* -1 


ttH' 


X sin nx dx ss 


_ 1 m+i 


(- 1 ) 


u 


••• /{^) = ^ - 


2r , cos 3x 

- cos X + - + 

nL M 


...] 


r • 2x sill 3.r 

•f Hill X — i — 

L 2 3 


At X 0, 


" ~ 4 “ ^ i i " •] + “ = 



and at X = n. 


" « "kOO . 

-1)^ 





Hence the Hcries uImo represents the isolated points [(2« — I)?:, iir]; 
cf. Fig. M3. 
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Successive approximations to a sine series.—It has already 
been shown that the curve 

-fsinx sin 2x sin 3x 


fits the curve y = x over the range 0 < x < tt. Tlie metliods of 
analysis here developed will perhaps be elucidated more fully if we 
show how, by a series of successive approximations, the graph y = x 
may be constructed graphically. Fig. l*14(rt) shows the graph of 
y = 2 sin X. The dotted curve in Fig. 1-14(6) is y = —sin 2x and 
the curve y = 2 sin x — sin 2 x is obtained by constructing a series 
of points Pg as follows. Ordinates are drawn at corresponding 
points Mj and on the x-axis in each diagram. If the ordinate 
through Mg cuts the curve y = —sin 2 x in No, then, with No as 
centre and radius N 2 P 2 = an arc is drawn to cut the ordinate 

in Pg. Fig. l'14(c) shows the curve y = 2 sin x — sin 2x 4- 5 sin 3.r, 
a point P 4 on this curve being obtained by making NjP^ equal to 
M 3 P 3 , the notation used being self-explanatory. These three curves 
show how even a few terms of the sine series are sufficient to give 
a curve which rapidly approximates to the straight line y = x over 
the given range. If, however, the curves are constructed outside 
this range the coincidence no longer persists. 

Extension of the range. —In practical cases the range of x is 
seldom —tt < x < tt, so that the narrow boundaries must be 
widened if the analysis is to be of general application. Suppose 




Flo. 1*16.—Fourier uiiulyHia: oxtcnHiuii of the* rungo. 


It is required to expand a function of x, of the type already con- 
Hidered, into a trigonometrical series which shall coincide with the 
given function over the range —/ < x < /, cf. Fig. 1-15(«). Let 
OB introduce a new variable z such that when x = —I, 2 = — tt; 
and when x = I, z = n. Then 

X / 7TX 

- , or z = — . 

z n I 

Let ^{ 2 ) represent the curve over the range—cf. Fig. 1-15(6). 


22 


THE GENERAL TBOPEETIES OF MATTER 


Then iff{x) is the equation to the curve when x is the variable, 

= y= f{x), 

where y is the same ordinate on either diagram. 

00 

Now if <^{z) = 00 + 2 (a„ cos nz + sin nz), we have, from the 

n—I 

methods already established, 


and 




cos nz dz, 
sin nz dz. 



Fio. 1'16.—^Fourier onalyeis: the range 0 < X < 


And since ^(z) =s/(a;), we have 


Ct \ I 'ST' i nTT • . tott 

J{x) = flo +2, I a„ cos — a: H- sm — x 

n=l\ I I 


)■ 


where, in order to calculate the a’s and 6*8, we now use the facts 


TT 


^( 2 ) = f{x) and dz = - Sx, .so that 

V 


1 

J 

27r v-i 


f{x) - 11“^ ~ — f 

/ 21 J-I 


fix) dx, 


and 
Similarly, 


^ 1 . nn n , 

= - f{x) cos — X.- dx 

TT J-l 


I I 


=-r 

lJ~l 


f(x) cos — X dx, 

I 


^”=rr, 


f(x) sin — X dx. 


Note on the range 0 < X < 27x. Suppose that y = f(x) over 
the range —tt < x < tt. Let us transfer the origin O, Fig. 1*16, 
to a new origin Oj, i.e. x = — tt, y = 0 is the new origin referred 
to the old origin. Let (X, y) be the coordinates of a point (x, y) 
when it is referred to the new axes. Then the range is now 
0 < X < 27r, and y = F(X). 
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If J/ = a© + •*■ + ^2 -•** "i' • • • 

+ sin X + K sin 2x ■]■... 

then y = <^0 ^*1 cos (X — tt) f (r. cos 2(X — tt) i ■ ■ • 

+ 6| sin (X — tt) + — tt) I . . . 

= flj, — fli cos X + rtj cos 2X - ... 

+ {—6j) sin X h sin 2X — . . . . 

80 that the form of the expansion i.s unchangeti. 'I’o iletei inino 
the a’s and 6’s we have, 

„„ = 1 \"nX-n).IX 

2ir *'~r 27r ^0 


^ ± f“'F(X)(/X 

27T *'0 




if F(X) = Ao + Ai cos X -h A^ cos 2X !- . . . 

B| sin X 1 B.j sill 2X i . . 

Also 


-=-/■ 

TT 


f(x) cos nx dx 


n ^0 


(- 1 ) 


/(X — tt) cos /i(X — tt) dx 


tl (‘•i9 

J 


(X) COH uX (IX. 


= “ j F(X) coH ;iX dX. 

^ TT Jo 

Similarly for 

Example .—Provo that if — ^ < x < ^ • 

- = cos X ^ 3 COH 3x f 5 C*OH /J-T — . . . 

4 

First consider an expansion in series to rei)iesent " over tl.e 
0 < X < TT. Let 


^ = «o -i- 
** n^i 


Tlien 


if" 

”Jo 


dx = lir. 


and this suggests at once that «„ = 0; this is easily \cri(ie'l. I>* t us 
therefore write 

" = I ^sinnX. 

^ n-l 
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Then 
b 


n 


2C"'v . 
= - I - 81 

’"Jo ^ 


sin nX dX 


-[coa nw 

2n ^ 


= —j —cos nxl = 

2nL Jo 

= — sin inrr sin ^nrr 
n 

= - if n is odd, and 0 if n is even, 
n 

/. - = sin X -f i sin 3X + ^ sin 5X + . • . 

4 


— cos 0] 


i/I 


71 
2 

0 


x-f 


i/=? 




1 

1 

A 

P(X,y) 

1 

1 

V-r.iO 

1 

_- - 


o,\ 

Jtw 

1 

1 

X-:; 




Fig. 117 


Now transfer the origin from O to Oj, cf. Fig. 1.17, and let (x, y) be the 
new coordinates of a point P which was (X, y) in the old system. Then 


77 


. + I = X. 


/. ^ = sin X + i sin 3X + 4* sin 6X + . . . 
4 


= sin (.T + ^i sin 3^ X + ^ sin 5^ x + + . . . 

= cos X ~ i cos 3x + ^ cos 5a — . . . 
as required. 

Some important scries and their summations.—(a) The 

00 ^ CO J 

scricss 2 -sand ^ —-are of frequent occurrence in physical 

n-l ^ n«l — 1)“ 

problems and they may be evaluated as follows. 

Integrating by parts it is readily sho^vn that 


I x^ cos nx dx 
•*o 




27r 


n 


2 * 


if n ^ 0. Consider over the range —tt < x < tt. Then 


CO 

/(x) = x^ = Og 4- 2 nx. 

n = l 
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By the rules already established for evaluating the coefficients 
in the above expression, we have 


i: 


3^ dx = aQ.2TT. 


«o = -- 


77' 

3 


' 4 

cos na; dar = (— 1) '*. — • 

0 « 


Also a„ = - 

77 

= — + 4 j^— COS X 4- ^ COS 2a* — COS 3a: + . . . j . 


Putting X = 0, we have 


0 = — 


iL 

3 


[l2 2^ 3= 42 J 


4 j (i. 4 . i- 4 . i. 4- . . . 

12 22 32 


— H—I +■".; + ••• 


22 4 


62 


CO 


=^-4i \+i 

3 n *1 71 


« I 
2 


'2ri n*i n 



i - = -• 

n 2 6 


CO 


Also, since ^ 


1 


« = i{ 2 n - 1 )“ 

= i i i 

“ 12 32 52 


+ 


1 1 1 

” 72 ^ 52 ■ 

<0 I 1 « / 1 \ 


+ i + 5 + y ■ ■ 



2 *^ .. = 1 ' n 


= ? V 1 
4 ,^i n2 ’ 


we have 


y 1 ^ V 

(2n - 1)2 ” 8 


CO 1 

{1) The series T -1 also occurs frequently in physics and tlie 

r. -1 n* 

s 



26 


THE GENERAL PROPERTIES OF MATTER 


evaluation of the summation supplies another useful example in 
the use of Fourier series. We have 

f" . ^ r 4 sinnx> 4 f' 3 . , 

X* cos nxdx — X* --I x^smnxdx 

Jo L n Jo w Jo 


/ nnr4^^ 247r"l f.f. , 


0 ] 


after a few more reductions of a similar nature. 


Since 


I cos na: dx = ( —1)" ^ , [if n 0] 

Jn rr 


we have 


\\x* - 
•'0 


277 ^ 0 ;^) cos nxdx = (—1) 


n-l24^ 


Now expand — 27 r^a:^ in a Fourier series for the range 
—TT < x < TT. We have, in the usual way, 


CC 


X* — 27t“x^ = 03 + 2 cos nx, 

n -1 

the ‘sine’ terms being omitted since the function to be represented 
is an even one. 


Now 
Also 

X** cos 71 z dz 


ag = — r — 27r^x^) dx =- - TT*. 

° 277 J-, 16 


f: 




and 


fV 


— 27 f" i x^cos nx dz = ( —1)( —1)'* -—. 
J-:r 

|' (x^ — 27 r^x-) cos 7 ixdx = (— 1 )"^— 


«r. = - I — 

7T J-9 


27rV) 


cos nx a. 






Put X = 


00 


277-X^ = - 

0 . Then 


~77"-f-48 2;{-l) 

lO n®l 


n—1 


COS 71X 


n 


• [ — 7T < X < Tt] 


oo 1 


n«l 


16,48 


7T^. 
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But 

n = l vr 


= 2{-ir“^+2r-\+-+ i+ . 

n = i n* L2* 4^ 


■ • + -r + ■ . . 

( 2 , 1 )^ 


2 ( 

n = l 


n—1 


1 1 


~ H—H—; H—: + • 


2=^L1^ 2^ 3^ 


+ • • • • 


Z y 1 

8 « = i 
00 1 

• z -1 

». = i 


2 ( 

« = 1 


n-l 1 _ 


15.48 


TT*, 


SOME DIFFERENTIAL EQUATIONS OF APPLIED 

PHYSICS 

Equations of the First Order 
Linear equations.—The equation 

-*' + P» = Q . . . • (i) 

dx 

where P and Q are functions of x only, or constants, is a linear 
differential equation of the first order. If Q = 0, (i) may be WTitten 


= -Vdx 


(H) 


and this on integration leads to 

In y = — Jpdx + A, 

where A is an arbitrary constant, say In u. 


- = exp | —Jpe/jrj. or y = u exp | 


- Pdx. (iii) 


When Q difFcrs from zero, we assume that (iii) still gives y, but 
now take u to be a function of x. 


Now 


j{u exp (-2)}.-^ 
dz dx 


here z — \ l^ dx 


= exp (—2) — u exp • 


=[ 


du 

- ur exp 

dx J 


(-jp,/.).... 


' = p 


(iv) 
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Substituting for y and its first derivative in (i) we obtain 

1^^ _ exp + Puexp (-Jpdj:) = Q 


du 

dx 


= Q exp 


(Jp d.) 


u = B ^-Jqcxp 


(V) 


where B is an arbitrary constant. 


y = u oxp I — 1 P dx 


(-jp..) 


= B exp ^ —Jp dxj -i- exp (“ J^ (J*^ 


is the primitive of tlie differential equation. 
The preceding analysis shows that 




and therefore 


(/ 





exp ^ |Pdx| ^ -rPy 
du 


^ |*Pdx^i 


is called 


is a perfect differential, viz. . The quantity exp 

an integrating factor, because when both sides of the equation 
di/ 

I- Vy = Q arc nmltijilicd by this factor, we obtain an equation 

wiiieh can be .'^olvcd by simple integration. It is important to 
remember that when an integrating factor (I.F.) has been used, 
equation (i) assumes the form 

~ {y X I.F.) = Q X I.F.. 
ax 

■so that if |'(Q X I.F.) dxis integrable, a solution is at once obtainable. 


Example. — 


~ -i- (/ cos X = ^ sin 'Zx. 
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Here P = cos x, and since cos xdx = sin x, the integrating factor is 
exp sin x. J 

y exp sin x = B + J*sin x cos x exp (sin x) dx 

= B + J *0 exp (0) dO [wiiere 0 = sin x] 

= 8 + 0 exp (0) —J'exp (0) dQ 
= B + (sin X — 1) exp (sin x). 

Second Order Linear Differential Equations ^^^T1I 

Constant Coefficients 

The operator D and its properties.—Before discussing the 
solution of second order linear differential equations with constant 
coefficients, e.g. equations of the type 

7 , 

^^af+hy = 4,{x), 
dxr dx 

where a and 6 arc constants and ^(x) is a function of x only, it is 
necessary to establish the validity of certain theorems concerning 
differentiation and integration. 

Let D denote the operator ^ , so that Dy ~ ~ . Then D- denotes 
,1 d'^u 

tne operator ^ ; thus ^ and proceeding in the same way, 

we have 


D"y = 


dx" 


If u and V are differentiable functions of x, we have 

D(tt + t>) = Du -j- Da, 


D^D^u = D^+^u = D^D'^w, 

if TO and n are positive integers, and 

D(km) = kD«, 
provided k is a constant. 

From these results it appears that the operator D obeys the 
undamental laws of algebra, but it should be observed that D does 
not commute with functions of x. Thus D(xw) is not equal to x(Dv) 

but to y + X Dy. 
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Making use of these properties we may wite 

dU /Tv . V 

-h au = (D + a)u, 

dx 

— - a“« = (D“ - 

= (D — a)(D -f a)M 
= (D + a)(D — a)«, 

and - (a +/?)—+ <x^it = (D - a)(D - /?)«. 

f/x“ c/x 

where a and ft are constants. In interpreting these expressions it 
must be noted tliut a factor sucli as (D — a) in the last equation 
operates on all the functions which follow it. 

The inverse operator D“^.—The symbol D“^ is equivalent to 
an integration, for if i- = Dm and we wTite u — D^i», we have 

V = Dm = D.D"*y. 

Hence the symbol D"^ must be such that if D“^ operates upon v so 
that D'^c is the result and this new quantity is operated upon hy D, 
the original quantity v is obtained. Thus the operation D“^ is 
cc[uivalent to an intcgi-ation, but since the special object of these 
ojierators is to find an integral and not a complete integral, the 
arbitrary constant wliieh arises in integration is made zero. We 
therefore have 

D '^(2.1:) = X-; D“* cos x = sin x; D"^ exp ox = a“^ exp ox. 

When the inverse operation under review is repeated, we denote 
it by D' -m; it is the result of integrating m twice witli respect to x, 
arbitrary constants being omitted. Hence 

l)-"(2x) = D-^x“) == Jx^ 

and exp otx = D“'{a“’ exp ax] = a-* exp ox. 

Similarly, D-"x = —. 

(H + I)! 

Hence, with the restrictions indicated above, 

= D"*'-M, 

for all integral values of tn and «. 
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The operator (D — a)“^.—The operator denoted syboHcaUj- by 
(D — a)“^ where a is any constant, is one which is reversed by the 
subsequent application of the operator (D — a). Thus 

(D - a)[(D - ar^uj = u, 
which may be ^vritten 

(D _ = u, 

where i; = (D — a)“^u. 

Now if we regard D as an ordinary number and expand (D — x)“^, 
we get 

1 1 


(D — a) ^ = 

-(■ - =) 

Thus 

(D-arV= 


aL 


, D J)' 

1 +-+--+— + 


a 


a' 


a 


• • • • 


_ r 1 D D' 

D\ “ La a- 


D 


a 


3 


+ 


+°]- 

In carrying out operations of this kind the result is always finite 
for, in general, I)"xP = 0 when n > p. 

Genera! theorems concerning the operator D.—(«) To show 
that 

^{D) exp Ax = <!>{?.) exp Ax, 
where ^(x) is a rational function of x, i.e. say, 

<f>{x) t= -f- a^x + + fljX^ + . . . 

+ b^x~' + b.pr'^ + + . . ., 

the a B and fc’s being independent of x. 

Now D exp Ax = A exp Ax, and D ^exp Ax = A'^exp 

D" exp Ax = A" exp Ax, 

whether n is a positive or negative integer. Hence 

^(I>) exp Ax = [uq + aj) + + « 3 D^ ) . . . 

+ I- " t b.^T>~^ 1 . . .] exp Ax 

= (Uo + fliA. + UgA* + ttgA® -i- . .. 

+ tjA”* 4 b 2 X~^ 4- b.^x~^ i . . .) exp Ax 
= ^(A) exp Ax. . . . . . • (i) 
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(6) To show that 

<^(D){exp Ax.X} = exp h:.(f>(D + A)X, 

where X is any rational function of x. 

Now D{exp A^.X} = X exp Xx.X + exj) Aa;.DX 

= exp Ax.{D + A)X, 

which may be uTitten 

exp (—Aj:)D{exi) Aa:.X} = (D + A)X, . . (ii) 

so that the effect of operating on exp Ax.X with [exp (—Az).D] is 
to give (D H A)X. 

Again D"(exp A-t.X) = D{A exp /.r.X + exp A^.DX} 

= /^expA:r.X +AexpAx.DX 

+ X exp Ar.DX + exp A^.D“X 
= exp )x.(D + A)^X. 

These results suggest 

D"{cxp Aa;.X) = exp Ar.{D + /)”X, . . (iii) 

provided n is a positive integer. If this is assumed to be true we 
may operate again to get 

D’‘"^(cxp ;U.X) = D{exp Xx.{B + A)"X} 

= exp )jc.(D -f A){(D -i- A)"X}, using equation (ii) 
= expA.r.(D + XY'^^X. 

Hence, if equation (iii) is true for any given positive value of n 
it is true for the next liigher value. It has, however, been shown 
to be true for = 1 and n = 2; it is therefore true for all positive 
integral values of n. 

[In passing it should be noted that the oijeration expressed by 

exp Aa\X = exj) A.r.^(D + /)X 

is an illustration of the fact that D and functions of D do not 
couimute with functions of x, since 

^(D){exp /j:.X} 7 ^ exp (A-c).^(D){X}. 

Second order linear differential equations with constant 
coctficients.—This class of differential equation is represented 

7 ^ + o - - + 6y = X, . . . (i) 

djr dx 

where a and b are constants and X is a function of x onlj'. 
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Let ri be any particular value of ij which satisfies (i). Let 
y = rj + Y. Then substituting in (i) we obtain 



dx 


, Ut^Y d\ 




But since t] satisfies (i), so that 


dh) 

d? 



-r- 6/y = X, it follows 


dY 

—- + a — 
di^ dx 



and this equation must be solved before the complete solution of 
equation (i) is obtained. 

The complete solution of (i) therefore consists of two pai ts: 

(a) the quantity Y, the so-called complementary function 

which is the solution of the given equation when the right-liaml side 
is made zero. 

{/5) the quantity' ?/, the so-called par/icn/ari/i/cgrof, which is any 
solution whatsoever of the original equation. 

The sum of these two parts is the complete solution or primitive 
of the given differential equation. 

Methods for finding the complementary function. —It has 
just been shown that 

(D" + aD b)y = 0 . (i) 

18 the differential equation to be solved in order to obtain the 
oomplcracntary function for the dilTerential equation 


(D2 -f aD = X. 

Xow (D'^ + aD -p b) exp Az = (A“ + aX + b) exp X.r, 

^y the second theorem on p. 31. Let and A> he the roots of the 
equation X^ + aX + b = 0. Then (i) becomes 


(D - ;.,)(D -= 0. 

Ift (D - = z. Then (D - x,)j = 0. 

Hence 


^ = 0 . 

dx ' 

• • * = A exp /jar, where A is an arbitrary constant, 
and therefore 

(D — = A exp A,.r, 


which is 


dy 

dx 


- X-JJ = A exp /i.r. 
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Multiplying this equation throughout by the integrating factor 
exp and integrating with respect to x, we obtain 

y exp {—X^) = aJ'cxp [(A^ — X.^)x] dx 

_ B _j- exp (Ai — X^x, where B is a constant. 

{X^ — X2) 

y ^ B exp AgX + C exp ?.^x, . . (ii) 

where C =- — -. 

(Ai - A2) 

If Xi and X 2 are different, (ii) is the complete solution. If, however, 
then y = (B + C) exp X^, and since B + C = (say) is a 
single arbitrary constant, the above expression for y cannot be the 
complete solution of the given equation. To obtain the complete 
solution under these conditions, we write 

(D - Xfy = 0. 

Hence (D — ?.^)z = 0, where (D — ?.^)y = z, 

or z = A exp XiZ. 

Substituting this value of z in (D — Aj)y = z we get 


dx 


— X^y = A exp X^x. 


Tlie integrating factor is exp ( —AjX) so that 


y e.xp (—Ajx) 



+ Ax. 


y = (B + A:r) exp 

If both roots are imaginary (imaginary roots occur in pairs), let 

Ai = 0 'r j<f> and Ag = 0 — j4>- where = V—1. 

Then the solution to the differential equation we are discussing is 


y = Aj exp (Ajx) + A^ exp (X^x) 

= exp (0x) [(Ai + A^) cos +j(Aj — A^) sin 
= exp (0x) [F cos ^x + G sin <^x], 

where 

F = Aj ^ A^. G = -J(Aj - A2). 

F and G are arbitrary constants and at first sight it looks as if G 
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must be imaginary, but this is not necessarily so. For example, if 

— 3 + 2j and Aj = 3 — 2j, 

F = 6 and G = —4. 

It is sometimes more convenient to write the solution in the form 


y ~ C exp Ox cos + a), 
where C and a are arbitrary constants. 
Exampl€s,~[i) + Wy + 3y = 0 . 

The equation for A is 

A* + 4A + 3 = 0, 

BO that 

A = —1, or —3. 


'• ^ — A exp (—a:) +Bexp( — 3ar), where A and li ureaibitrurv 
constants. t \ n 

(D2 + li)i, = 0. 

Here the equation for X is 


Hence 

(iii) 


^ = 0, wliich gives A = ±jfiK 
y = A cos {pix + <l>), where A and <f> are eonstunts. 
ds 

+ a + /3s = 0 or « + xv + /lij = 0. 


Then >?■ + aA + ^ = 0, or 



— a d: 

2 


>4/?, s =oxp(-^a/)[Aexp(jVa2_4^.() 

+ B exp ( —.t V<x^-4li.t)] 

If a* <4^, g = exp (-|a/)[A exp {J^V4/3-a‘-‘.0 

Bexp(-JjV4/?-ot’'./)] 

= C exp cos v'4/ji* d <f,), 

whore A, B, C and (f> are constants. 

Methods for finding the particular integral. —The equation 
to be solved is 


(D® + aD + fi)y = J(x), 
where/(a:) ig a function of z only. Hence 


-. 

D* + V.T) + ft 

Ihe following examples illustrate the methods to be adojited to 
above when f{x) is a polynomial in z or contains u factor 
Which is an exponential function of *ar. 
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Example (i).— 


(Da - 0D + 9)j/ = X*. 


For the particular integral 


x2 


D1-2 


y =77- 


= - 1 ] 


X' 


(3 - D)a 

= ^[1 + §D + |Da + . . . ]xa 

= + '3^ + I)- 

Since the coraplementary function is (A Bx) exp 3 .t, the primitive 
of the given equation is 

y = (A + Bx) exp 3x + + a^' + |)- 

When /(x) contains an exponential factor, let f{x) — {exp (kx)}X, 
where X is a function of x onl 3 ^ Then 


1 


- . X 


[cf. p. 32]. 


—. X 


e.xp Kx . ^ ^ 

Example (ii).— (D^ — 5D + 6)y = xexp.T 

F»)r the particular integi*al, wo have 

_ .r exp X ^ 1 

“ D2 -~5D“’6 • ‘(D ^r)"2“^(D + 1) +“6 

= exp X {.]{1 - |D + p2)-i)x 
= ^ exp x{l H- + . . .)x = I exp x(.t + f ). 

Hence the primitive is 

y = AI cxi> 2x f Aj exp 3x -|- J oxp .t(x + §). 

When/(x) = X cos ~ k), where X is a function of x only, the 
particular integral is 

y = X cos {j/ix /f), where w(D) = (D^ + aD + 8). 
^•(D) 

Hence y is the real part of —X exp + k) 




1 


= exp j(wx + /c). --. X 

V>(D -fjiw) 

= {expj(//ix + «■)} (u +jv), 

where u and v are functions of x. 

y = u cos {mx + #c) — V sin {mx + k). 
Usually’ X is a constant, saj' C, then 


1 


V’(D +jAn) 


• C = 


1 


yj(jTO) 


.C. 
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Example (iii).— 




To find the particular integral, we have 


y exp j(Dt 
D^i aD -f 


= exp jwt . 


= exp j(ut 


1 


(D + 4- a(D +jo}) 4- fi 


{(i — cy2) ■j-J'xto 

_ y(cos <i)t 4- J sin — o? — jctoj) 

— a>")® 4" 

The real part of the above expression gives 
„ _ “■ cos lot + aw sin w/] 

y 


V{^ - w2)2'4- aW 
The complete solution is 


cos (w^ — 0), whore tan 0 = 


nil) 


- 


*> * 


UJ 


s ~ exp (-ia/)[Aoxp - 4/J. 0 (- B oxp (-^ \ 'a 2 _ 4/J . 0] 


4- 


V{fi — <o")" 4- a®w” 


-. cos {ot — 0). 


(It is often more convenient to write fi = whoa the particvilar 
integral assumes the more symmetrical form 


s = —— - 1 - ; cos (iot — 0).] 

— w*)’* ]• a^w* 

Partial differential equations.—A partial differential eciuation 
is one involving partial differential coefficients. The only ty[)(‘s 
here conaidered are those which may be solved by successive integra¬ 
tion with respect to each of the variables, or by some elementary 
method. The following examples show how some of the partial 
differential equations of applied phj'sics may be solved. 

Examples.~{i) Solve -- = 0. 

dx dy 

Integrating with respect to y wo obtain 



where A may bo any arbitrary funt'tioii of x not containintr //. hir tlic 
partial dorivativo with respect to y of sucli a fiuiclion is /**vo, Wt* 
therefore have 


dz 

Tx = 
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where y>(x) is an arbitrary function of x alone* Integrating with respect 
to Xy we have 


z = Jvj{a:) dx + ^a(3/)» 

where ^ function of y only. This equation may be written 

2 = + 4>2iy)- 

(ii) If — A^z = 0, where X is independent of then 

z — A exp Ut 

where A is independent of ^ ^ \ 

Hence in a solution of the differential equation ~ ^ 

A can bo made an arbitrary function of x, say <^(x). 

d 


z = ^(x) exp 


ct 


1 + 


dx 


cH^ 


+ 


3x2 




^(x) 


1 ! 2 ! 
ct cH^ 

= 4>{^) + li ^'(^) + n^) + • • • 

= ^(x + cO, 

by Taylor's theorem. This is the solution required. 

(iii) The equation of wave-motion.—A partial differential equation 
of parajnount importance in wave theory is 

3/2 ® 3x2 - 

where ^ is tlio displa(;ement, / the time and x defines the position at which 
the displacement is 

To solve this equation we write 

r = (x — c/), and w = {x + ct). 
dv dx 3y ■ 3/ 3y 3x c dt 


Then 



1 an 

dx 


1 dn 

dt 

3.cL3x 

c 3/J 

dw 

d/L3x 

c 3/J 

dw 




r 32 £ 

1 32 1 -| 1 


L3x2 C 

3x dt. 

L3x dt 

c 3/2 Jc’ 



3 0 V 


i.e. 


a2c I 92? 


dxv do 3x2 c 2 9/2 


= 0. 


^ — c/) + + r/) [cf. Ex. (i)]. 

An alternative method of deriving a solution to the equation of 
wave-motion is as follows. The equation may be written in the 
svmbolic form 
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It is known that the solution of 

(I - =» 

^ = A exp + B exp [of. p. 34] 

where Aj and A 2 are independent of t, and A and B are constants. 

If Aj and X 2 are functions of x, A and B may be functions of x, say 
ri(*) and Thus the solution of 


a-II 



“ ^ = 4 >^(x) exp ( -ct + 02U) exp (c/ £) 

= - ct) -f + ct). 

The solution ^ = <ft^{x — ct) represents a wave travelling with velocity 
cm the positive direction along the ar-axis. To prove this let be the 
aisplacement at a point x' at time t'. At time r { >t') let the (linplace- 

ment be {'at a:'. Then 


i.e. 


or 


- cV) = r = - ct’), 

X' - ct' = X' - ct”. 


— X 


c ^ 


r - r 


Thus, since t' >t', x' > x', i.e. the wave advances in the jjositive 
irection of the x-axis. Similarly, the solution f 'i' ct) is a wave 

ravollmg with velocity c in the negative direction along the x-axis. 

(tv) The equation a* ^ . Tliis is a linear equation and it occurs 

^ theory of diffusion, the theory of heat conduction, etc. Now 
he treatment of ordinary differential equations, solutions with 
ponentials occur frequently. This suggests z = exj) (;/ix + nt) may 

♦ present instant. Substituting, it is found that it 

satisfies the differential equation if n = vfiu^. Thus 

exp (mx + ni^aH) and exp ( —inx + in^u^t) 

are solutions. 

it LbT ^ solution of the same equation which vanishes when I —*■ 00 , 

solutions just obtained t occurs in tlio tonn 
V \fn a l). Thi s increases with t; to make it ilecn-asc wo i>ut m = Jp, 

^ mV = ~p^u^. Thus exp Ijpx — p^u-l) and 

P \3Vx — jAaH) are solutions. Since the equation is linear, 

exp ( —pVo(A exp (jpx) -j- B exp { -jpx)] 
w also a solution, and this may bo replaced by 

exp { —pV/)[P cos px -f- Q sin px], 

'vhere A, B, P and Q are constants. 
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The curve y — b = k{x — a)".—Let Oar, Oy, Fig. 1-18, be the 
usual rectangular axes and let Pj be a point on the curve y — 6 = 
_ ay\ Let OA = a, OB = 6, and through A and B draw the 



Fio. 1.18.—ss the line whose 
slope is if>; otc.l The construction of 
the curve ?/ — ti = k(x — when one 
point on tlio curve is known. 


straight lines AH and BK with 
slopes a and ^ respectively, the 
co-ordinates axes being con¬ 
sidered as lines of zero slope. 
Let M be the projection of P^on 
Oa;, and through M draw ML 
with slope 6 to cut AH in L. 
I^et N be the projection of L on 
Ox. Similarly, let R be the 
projection of P^ on Oy; then 
draw RQ with slope ^ wth 
respect to Oy, /5 and (f> being 
considered positive when the 
straight lines BK and RQ are 


as indicated. If S is the projection of Q on Oy, then NL and QS 
prod\iccd meet in Pg, a point on the same curve as is P^, 
provided certain conditions are fuliilled. To find these, if Pj is 
(xj, yj and P, is (x 2 , y^), 


X2 = ON = OM -f MN = Xj -f 





and y.j, = OS = y^ -f RS = yj + 


These give 


(¥)= 


yi + ( 2/2 


and 


'■ - ['■ - ■(»)] ^ - (i)] 

-(f)} 


2/2 "= \j/l 


‘(f)] - [ 



so that 


and 

Since y^ — b 


:r., — a = [.Tj — o] H- 



= k{x^^ — fl)'*, we have 







MATHEMATICAL INTRODUCTION 


41 


SO that Pg will lie on the curvef under discussion if 

[■ - m - [■ - 

In the same way, other points may be located and a portion CD of 
the complete curve obtained. 




To determine whether or not a given curve obeys an equation of 
the type just discussed we have to proceed in a reverse manner, when 
it is soon found that it is only when a or 6 is zero that tlie method 
becomes a convenient one, i.c. the constants tan only be determined 
when it is suspected tliat tlic equation to the curve is of the type 

y = k{x — a)", or ij — h = kx'*. 

Thus, suppose CD, Fig. 1-19, is a smooth curve drawn tlirough a set of 
‘points’ determined experimentally. It is desired to test whether or 
not the curve may be represented, within the limits of experimental 
error, by the equation y = k{x — a)". Since 6 = 0, a straight line 
OK is drawn through 0, the slope of this line being chosen to be some 
convenient value (i. Through P,. a j)oint on CD, draw PjEj parallel 
to Oa:, and draw Il^Qi to cut OK in Qj, the actual angle OK^Qj being 
45®; thus <f>, the slope of this line, is negative and is given by 

Quantity represented by RgQi ( 4 fg) 

Quantity represented by UiR^ ( —vc) 

Quantity represented by iQiRgj 

~ ^ I 4 

Quantity represented by jltiRg 

t Cf. Perry ‘Elemontury Practical MuthcJiiaticu’ and C. J. Smith I'hil. May., 
XXXVII, p. 605, 1946. 

4 
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Then tlirough Qj draw parallel to Ox to cut Oij in Rg and CD 
in Po. Through 1\ and Pg draw PiMj and P2IVI2 parallel to^Oy and 
through 111 (Inaw MiLj at an actual angle of say 30'^ (45° or 60° to suit 
the problem) to cut PoMs in Lj. Then Lj is a point on a straight line 
^vllose intercept on Ox is OA = a, and whose slope will be a, such that 
if 0 is the slope of MjLi, 

Sc; far, however, only one point, Li. has been located, but by 
starting \\ itli P.> (or any other point on the curve) we may locate P3 
and then L,», by repeating tlie construction already' described. Thus 
a succession of [»oints l^p L.,, L3, . . . may be obtained; if they lie on 
a straight line then the equation y = k(x — a)" tits the curve CD, 
and the constants a and n can be found from the kno^vn values of 
a, 0, (i and The con.stant k ma3- then be determined b^' plotting 
y against (x — «)". ^’<dh a and n are now known. To illustrate 

how this mctliod niaj* be used, let us consider the two following 
instances. 

(ti) Th(' variation of the surface tension, y, of a liquid with tern- 
pel !itur<- 0, as measured on the centigrade nitrogen scale, is related to 
its surfnt'e tension at iP (’. by the equation y — y(,(l — hO)", where 
I) and II are c-onstants; ef. p. .516. 

y 

Calling . 1 - and y = 0, tlie above equation ma\' be written 



'i bis is an equation of tlie t\pe now under discussion so that the 
et)nsf:\nts h and n mav be found. The method is easier than that 
nsi-ij by Pergasont and, in addition, avoids the construction of 
tang« nts to a curve and tlie ass\nuption that h = 0^"^, where 0^ is the 
eritiia! tfinjicratiir(‘ for the li(iuitl eoueerned. 

(/>) Slot (f 's cijuation. < f. p. 6t>4. representing how the viscositj^ t] of 
a liquid varies witli tlie temperature 0 (°(’.) is y = /;o(l -r ^0)", where 
h and /» are eonstanls. This equation mav be written 



so that if we write y~ and 0 = r, the equation assumes the 

Vo 

form which can be dealt with b^- the present graphical method. 

t Phil, L. p. 971, 
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EXAMPLES I 


101. Find the percentage error in weighing bodies of average 
density 10, 1 and 0-1 gm.cm.“® through neglecting the buoyancy of the 
air when this has a deiLsity 0 00125 gni.cm.~^. Assume the density 
of the brass standard masses = 8-4 gm.crn.”^. Gi\o the essential 
tl>eory. [-0 0024, O il, 1-24] 

1-02. Define the sensitivity of a balance and obtain a formula which 
connects the sensitivity with other constants of the balance. Discuss 
how the sensitivity varies with the load. 

In using a physical balance it is found that the sensitivity for zero 
load is 4-0 scale divisions per milligram. For a load of 100 gm. it is 
3-5 divisions per milligram. Assuming the mass of each pan to be 
20 gm. calculate a value for the sensitivity when the load is 50 gm. 

[3-7 div. per mgm.] 

1‘03. Explain the correction for the buoyancy of the air in an 
accurate determination of the mass of a body. Show that the true mass 
X is given by the expression 




whore M is the aj)parent mass of the body, /><,, pu,, p^ Qi'o the clon.sities 
of air, the standard masses and the material of the bo«ly respectivcl>'. 


1-04. Prove that [|A x B\f + (A • 

1-05. If Xj, and Xj are the scale readings for three consccut ivi* 
points of rest of a damped galvanometer coil, show that the rest position 
uf the coil is given by 


^0 = 


x,a-3 - Xg- 
+ •*‘3 - 2-^2 


If the damping is slight prove that 


4 .ro = xj + 2x3 -f- X3. 
end if d is the decrement j)er cy«rle, 

<i (^3 - •= (-'i - ' i i- -^3 “ 2x3). 

1’06. Two forces F and (1 -{- n)/’, whore « is small, act on a part icl<‘. 
If 0 is the angle between the lines t)f action of the two forces, show that 
their resultant makes with the huger force an angle such that 


sin <f> ^ {I — sin ^0. 

1'07. Write down tljo first f«)ur terms in the binomial cxixinsion of 
(I — x)~l. 

Hy putting X = 0-020. use tlie expression to find an appr<ixirnato 
Value of V2, and stale to how many j>lac('s of (locimals it is accurate. 

[1-1112131, six.] 

1‘08. Determine the stationary values of the function 


ij — fxj> ( - ax) sin ItjT, 

where a arul b are jiosilivo constants. Prove that 

^ geometrical pnjgression whoso common ratio is 
illasirute your results by means of a diugruni. 


tla'se valu»' ftjrm 
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Rectilinear motion.—Consider the motion of a point or of a 
material particle along a straight line or axis Ox, Fig. 2-01, the 
point O being fixed. Let P^ and Pg be the positions of the particle 
at times and respectively. Then, in time (4 — ^i) the dis¬ 
placement of the particle is (x^ — Xj), if OPj = Xi and OP 2 == 
The average rate of displacement or overage velocity during the 


time interval — tj) is . If the value u of this fraction is 

the same for all time intervals, the velocity of the particle is said to 
be uniform. 

If time is measured from the instant when the particle is at O, 






Fiu. 2-01.—Rectilinear motion of a material particle. 


after an interval of time t the above particle ^ill have moved a 
distance x = ut. This is the equation of motion of the particle. 

Sup])ose a particle advancing along the a;-axis is at points x and 
(:r -t- dr) at times t and {t + d<) respectively. Then the average 

dul’ing the interval dt is . As —►O, the above fraction 

v ill lend to a limiting value, v, which is the velocity of the particle 
at time t. Hence 

,. Sx dx 

V = bm. — = — — x. 

St dt 

Acceleration.—This is defined as the rate of change of velocity. 
If i’j and are the velocities of a moving point at times and 
respectively, then the average rate of change of velocity during this 

(l’2 — I’l) 

time interval is —--, and the acceleration is said to be uniform 

when the above fraction is independent of the actual time interval 
selected. If v and {v -p dv) are the velocities of a moving particle at 
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tunes t and (( + 6t) respectively, the fraction ~ is the average value 

of the acceleration during the given time interval, and the limiting 

value of the above fraction asdt->^0 is the acceleration at the time t. 
If this is a, then 

dv dv 

a = hm. — = — = y = i-. 
dt-o bt dt 


Velocity-time curves. —If a curve in which abscissae denote 
time and ordinates represent velocity is drawn, that curve is termed 
a velocity-time curve. Such a curve is shovm in Fig. 2.02. Let 
us consider a small element PQNM of the area under the curve. Let 



— bt be so small that during this interval the velocity of the 
uiovmg point may be considered constant and equal to IbM. If 
quantities of a higher order of smallness than the first are neglectetl, 
0 area of this element is PM.(5( which is the distance traversed in 
imo bt. Hence, since each such element reprc.scnts a distance 
rayersed, it follows that the area included between the curve, the 
or mates AB and CD, and the ar-o.xis represents the distance 
raversed in time BD, i.e. in time The above urg lunorit 

ay be put somewhat more formally by writing 


Area 




Also, the gradient of the curve or the slope of the tangent to it 


at a 


. dv 


given point is —, and thus gives the acceleration at that instant. 

m(M‘**^**k**'^^ accelerated motion.—In unifijnnly accelerated 
mot'^^ • ^ acceleration is constant and equal to a (say). Thus the 
f_ ^ expressed either by v = a or by i = a. Integrating the 
onner with respect to time w e get 


V = at + C, 
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Avhere C is a constant . If the velocity is u (or Xq) when t = 0,C = u, 
and 


V = u + at 

or X = Xq xt 

Again, on integi'ating the equation x = a, 
we have 



if A and B are constants, 


X = at A = at u, 

since at < = 0, x = u so that A = u. 

Integrating again we get x = \at^ -h ut B. But since x = 0 when 


i = 0, B = 0, and therefore 



+ 


= XqI + \xt^ 


Eliminating t from (i) and (ii), we get 



or 


v“ =: + 2ax 

^ = x^ + 2xx_ 



Newtonian mechanics.—The three laws of motion formulated 
by Newton in the seventeenth century are the foundation upon 
which the science of dynamics is based. The validity of this 
science in so far as it concerns the motion of common bodies, the 
so-called ‘Newtonian Mechanics,’ finds ample confirmation in many 
experiments. It is only when this mechanics is applied to the 
motions of the constituents of atoms or to the motions of celestial 
objects that small discrepancies occur; the smallness of these is 
realized when it is remembered that the Newtonian mechanics 
enabled astronomers to predict the occurrences of eclipses with an 
accuracy wliich banishes at once any suggestion that Newton’s laws 
of motion arc radically in error. The ciTors which do arise when the 
principles of Newtonian mechanics are applied to the motions of 
things microscopic or things macroscopic, will, in general, be 
neglected in the treatment which follows. 

Force and the law of inertia.—Changes in the velocity (either 
in magnitude or direction or both) of a body are assumed to have 
tlieir cause in external agencies and we say that/orc €5 are exerted 
by these agencies on the body whose motion is under investigation. 
Force is therefore defined as that which changes or tends to 
change the motion of a body. Newton’s first law of motion (or 
the law of inertia) state.s that everj' body perseveres in its state of 
rest or of uniform motion in a straight line unless it is compelled to 
change that state b^' impressed forces. 
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Mass.—Matter is a primary concept and it is difficult to define it. 
All matter, however, is characterized by the fact that an effort is 
required to produce any finite change in the motion of a given j)iece 
of matter. In virtue of this property matter is said to po.s.sc.^s 
inertia, and the mass of a body when moving in a .straight line is 
said to be a measure of its inertia. One of the ciiief characteri.sties 
of any object near to the earth’s surface is its weight. 

The measurement of force.— Netvton's second law of 
motion states that the rate of change of linear momentum is 
directly proportional to the impressed force and takes place 
along the direction in which the force is applied, the momentum 
of a material particle being defined as the product of its mass and its 
velocity. 

If ni is the mass of a particle moving at any instant with a velocity 
V, its momentum at that instant is inv. If a is the acceleration of the 
particle and F the force producing it, then, according to the al>ovc 
law, 

F oc - {mv). 

(It 

If the mass is constant 


F cc mi’, or F oc mo. 

If the unit of force is that force which produces unit acceleration 
when acting upon a body of unit ma.ss, tlicn 

F = ma = mx. 

In the e.g.s. system tlii.s unit force i.s the dyne, wlule tiie poumlal 
is the corresponding unit in the f.p.s. system. 

Impulse.— The impulse of a force is defined as the change 
of linear momentum produced by it. If the force F is constant 
and acts for a time t, the acceleration being x and the velocity 
changing from i, to x.^, tlien I, the impulse of the force, is given liy 

I = m{x 2 — iT,) = mxt = Ft. 

If the force is variable, 

b\ = m[(x + i3i) — x] = m fix = mx dt — F dt. 

I 

the limits and t.j, being appropriate to the given juoblem. 
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Vertical motion under gravity.—The equation of motion in 
this instance is 



if the positive direction of x is upwards and g is gravity. 

x^-gt-h A, 

and X = — ^gt^ + Ai + B . . • (iv) 

where A and B are constants. 

If, initially, x = v, and a: = 0, A = « and B = 0. 

• X — u — gt . . • • (v) 

and X — ut — \gi“ .... (vi) 

Ur * 

Equation (v) shows that after a time - , the particle has reached its 

highest point, for x is then zero. Using this value for t in (vi) we get 
for h, the maximum height reached, 





Projectiles.—Let a particle be projected from a point 0 with 
an initial velocity Hq in a direction making an angle a >vith "the 
horizontal 0.r, Fig. 2 03. Let u be the velocity of this particle when 
it is at a point (ar, y) and let it then be moving in a direction making 
an angle 0 with 0.r. The initial velocity may be resolved into two 
components 

Vo — Wq 


and .Ty = Uq cos a. 

The subsequent motion of the particle is expressed by 


y — —g and i; = 0. 

Hence, under the given initial conditions, 

X = (w„ cos a)^ and y = (Wy sin a)/ — \gi“. 

The highest point in the path of the projectile is attained when 

y = 0, i.e. V hen t = - - . In this time the distance travelled in 




the X direction is 


/ 2 u sin a\ sin 

Uy COS a 1 --1 = - - 

\ g / 2g 


sin 2a 


u ^ sin 

The range on a horizontal plane Is therefore -— 
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Similarly, for the highest point reached, we have 



To find the equation to the path of the projectile, its so-called 
trajectory, consider the state of affairs after a time t when the particle 
is at a point P. 



Fio. 2 03.—Trajectory of a projoctUo. 


Then 

X = u cos 0 = Uq cos a, 

and 

y = u sin 0 = sin a — yt. 

Hence 

X — («(, cos a)L 

and 

y = {uq sin a.)t — \yt^ 


3 ^ 


cos^ a 

1 j/x® 

= xtan a — --~2 —7' » 

2 Uq cos a 



no integration constants being added since at t — 0 , x — 0 , y -- 0 . 

Let us transfer the origin of coordinates from 0 to A, the liigitest 
point reached, and let (X, Y) be the coordinates of any point referred 
to a new system of axes having A as origin and directions parallel to 
the original axes. Then 


Y -P = (x + tan a - \fj 

2y \ 2y I 




V2 

Y=-k-, 


Uq C 08 a 


Hence the trajectory is a parabola lying wholly 


below the X-axis 
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of the new system of coordinates. If we write Uq = Mq cos 
above equation becomes 

2Uo^Y + gX^ = 0. 

Range on an inclined plane.—Let OC, Fig. 2*03, be the inclined 
plane making an angle ^ with Ox. Suppose that the projectile hits 
this plane at C. If Vi) are the coordinates of this point these are 

determined by 

1 gxi^ 

y. = tan p = x^t&nix — - —z - - - ■ 

^ 2 cos^ a 


(tan a — tan /9) 2 

0 


COS” a. 


Hence = 0, or 2 

The range on the plane is given by 

2 ?/o®rsin (a —/9) cos a 1 

5 = 0 , or 5 = oTj sec ^ = —sl — - —-. 

g L cos^ p J 

Angular velocity.—Let S, Fig. 2*04, be a lamina or cross-section 
of a rigid body which always remains in the plane of the diagram. 

Second fixed straight 



If 0 is tile nnglc between a straight line AB in S and fixed relative to 
it, and a fixed axis of reference in space, then 

(i ~ o}, 

the angular velocity of the rotating object. 

If cf) is the angle between another straight line CD fixed in the body 
and a second axis Oxg fixed in space, then if CD and Oxj intersect at 
Q, wc have 

0 X = (ft — p, 

where a and p are the constant angles shown. 

6 = <i>. 
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i.e. the angular velocity is independent of the two reference lines, one 
fixed in the body and the other fixed in space, wliich are selected. 

The composition of angular velocities. —Let a body be 
subjected to two rotations simultaneously about axes OA and OB, 
Fig. 2-05, the angular velocities being and respectively. Con¬ 
sider any point P in the plane AOB. Let OA and OB be the 
oblique axes of coordinates to which the position of P is referrod. 
Suppose that when viewed from 0 along the directions OA and 



Fio. 2-05.—Composition of ungular velocities. 

OB the rotations are clockwise. Let OA and OB i(‘j>resent the 
niagnitudes of the angular velocities. Then, due to the rotation 
about OA, the point P will, in time dt, bo displaced uj>wards by an 
amount co^.PM.dt, while it will similarly suffer a displacement 
ojj,.PN.(5f downwards, where PM and PN arc the j)orpendieulars from 
P on the axes of coordinates. Hence the total disj)lacement 

upwards will be sin AOB(ww,, — xw*). Tltis is zero if y — —^ = 

^ OA ’ equation to the straight line OC, the diagonal 

of the parallelogram whose adjacent sides are OA and OB. Since 
any point on OC suffers no displacement OC is the a.\is about wliich 
f le resultant angular velocity takes place. To show that OC- 
represents the magnitude of this resultant angular velocity, let us 
flic displacement of any point Q in the plane of the diagram, 
hrough Q draw QK and QL normal to tlie axe.s, and also QS normal 
fo OC and produce LQ to cut AC in L,. Then in time dt the dis- 
P acement of Q upwards due to the rotations about OA and OJi is 
J'VQK — W(,.QL = k(OA.QK — OB.QL), if k is a constant giving 
1C ratio of the magnitude of OA to the magnitude of etc. Now 

OA.QK-OB.QL = 2(^OAQ-^OBC f AAQC), 

LQ = LL^ _ QL^, above exjjression is equal to 

2 ^lOQC = which is the upward displacement of Q due 
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to an angular velocity co^ about OC if OC represents the magnitude of 
the resultant angular velocity. 

Tangential and normal accelerations.—Since the tangent and 
normal at a point on a curve are intrinsic to the curve and their 
directions do not involve any arbitrary system of coordinates, in 
certain problems it is often expedient to resolve the acceleration of a 
particle moving along the curve into components along the tangent 
and the normal to the curve at the point where the particle happens 



Fio. 2-06.—Tangential and normal accelerations. 


to be at a given instant. I.«et Pj and Pg, Fig. 2*06, be the positions of 
such a particle at times t and {t + dt) and let the normals at these 
points meet at C, the angle between them being dtp. Let v and 
(i» - 1 - dv) be the velocities (necessarily along the tangents at P^ and 
Po) at the above times. Then if ds is the distance P 1 P 2 measured 
along the curve, 



ds 


ds 


wliero is the limiting value when dt 


0. At P« the velocity 


(y -r dv) may be resolved into two components (y + dv) cos dyt and 
(y -f 5i’) sin dip, parallel and perpendicular to the tangent at P^. 

Since dy is small, cos dy = 1-^ and sin dy^ ~ dyj, so that if 


quantities of the second order of smallness are neglected, the above 
components are (y -f dy) and respectively. Hence, in a direction 
parallel to the tangent at Pj the change in velocity is dv in time dt, 
so that the tangential acceleration at Pj is 


dv 

lim. — 
0 dt 


St 


dv 

7t' 


Similarly, the normal component of the velocity changes by an 
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drp ds V 


= — , 
dJi dt p 


. . 1 


amount v dy in time 6 t, so that v. ~ is the normal accelerati on at P 
This may be written 

^ dip ds . . 1 dy 

ds dt p {. p ds ~ 

where p is the radius of cun-ature at Pj. [X.B. Thi-- acceiera: 

directed towards C.] 

Uniform circular motion.—For uniform circular mot::; 
constant, and the tangential acceleration t zero, while the i. 


acceleration U — = fj/r, where r is the radius of the cir:le. ani _ is 

r ' 


the angular vePxrity. erpre-.-ion may al^^^ he written 

where h is the ariguUr po^iitP^n of the movir.g p-rJcIe wtth re:e 
to an initial line passing through the ‘■y/ntre of the circle. 

—fofi/yi thje t.ha* a ri i:t- 

to a fixed pojr .1 \,j a s'.ra.if 'A g h /. rr.av de-cr.oi —.-h : i 
anpli, reP>e >.7 hor.xc>f.*>i’ c.rc> hf ra/J.u.-' 'i. 

F ver^P/r. ir, t.f>j arr.rg ac.'i ^ ti'.e r. : th-r ; 

to the veniessi. Vh’.er.. r««^..Vi 7 .g ver".ioa.iy ar.d h r-Z 

F ^ — rAg acyj F jij:, ^ 


7 *-4sr. ^ TTf^rre ^ J 

j. 

The rM^atin^ bodies. —Ov-v-her a i: 

c/ at ar A F.g 2^/7 ;oV.*.,'.g a ctr -.e v .— : 

reir/'A-*.y c,. avA,-*, a az-* t.'.rttgr. 0 uie 






^ * 




/ A ^ 7-^ : '4 •/ .\4 V’yvj^ 


M v> - ^ pr v. v; V-it: 

V/ / A k 'K V, ^j VV.«* :* } 

V/V.> ft ■ - 

''''A *-*^*/‘* V* i-** •-’1-^ r 
V/ -A^ /AA4A .V V* ' V*!r* 

VKaH A O V '-* VO--::. 

^ <yt^ ^ *•' 

/ /y/ My/./ y/* c- ^ ^ • •*'' 

TlMil F' >4/y 'A ;'/! >* v*;V.' 

M 4i# ^ V VA -r 
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A 


54 


THE GENERAL PROPERTIES OF MATTER 

and this wiU be zero if = m^r^. The rotating masses are then 
said to be balanced. 

Tension in a revolving hoop.—Suppose a hoop is revolving with 
constant angular velocitj' (o about an axis through its centre C and at 
right angles to its plane. Consider a small element i55 of the hoop. 
Fig. 2 08, lying between A and B and subtending a small angle dd at 
C. Let AC and BC be the normals to the hoop at these points and 
suppose the tangents at A and B meet in D; let AC = BC = r. 

D 



Since the angular velocity of the hoop is constant the tension F in it 
is the same at all points; hence the resultant of the tensions at A and 

B is along the bisector of ADB and equal to 

2 FsinidO = ¥60. 

If A is the mass per unit length of the hoop, the centrepetal force is 

(/ = ?..r%~.dO. 

and this is the resultant of the tensions at A and B. Thus 

F == 

where is tin* velocity of any point in the hoop. Thus the tension 
is intlepon<lcnt of the radius of the hoop; hence when a flexible belt 
is running over smooth pulley.s of diff'erent diameters, the tension in 
the belt is constant. 

Slipping of a belt on a pulley.—Consider a belt ABCDEH, 
Fig. 2-09, passing over a circular pulley and being in contact with 
the ])ulley over an arc BE .subtending an angle 0 at O. the centre 
of the pulley. Sup]>o.se that the holt i.s just on the point of slipping 
in a clockwise direction. Let Fj and Fg he the tensions in the parts 
AB and EH of the belt. Then F, > Fj on account of the friction 
between the belt and tlie pulley. Let // be the coefficient of friction 
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and consider an infinitely small portion CD of the belt. Let COD = 
dd, and let F and F + dF be the tensions in the belt at C and D 
respectively. 

Force on pulley due to tensions at C and D is directed towards 
0 and amounts to 

F sin (F + (SF) sin - = F dd. 

0 2 





Let dN be the normal component of the reaction of the pulley on 
CD, and ?. the mass per unit length of the belt. Then 

F <50 - dN = {X S8)r0\ 


Also dF = 

J{ V = rO, the above equations give, when one j>roceed8 to the 
limit, 


(F - Xv^) = 


I dF 

fi'dO ’ 


whence In (F — Xv^) — fiO constant, 

or F — = A exp {fiO). 

where A is a constant. If F = Fj w'hen 0 = 0, A = I' i — Xv , 


i.e. Fg — Xv^ = (Fj — Xv^) exp {/xO). 

Energy and work.—A force is said to do work when its point of 
application undergoes a displacement along the line of action of the 
force. Thus, if the point of application of a force V advances 
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througli a distance s along the line of action of the force the "work 
done by the force is Ys. 

If the point of application of the force advances a distance s in 
a direction inclined at an angle 0 to the line of action of the force, 
cf. Fig. 2-10, the work done may be found by resolving the force into 
components along the displacement s and at right angles to it. 
These components have magnitudes F cos 0 and F sin 0 respectively. 
The work done by the former is (F cos 0)5, while the latter component 
does no work. The total work done is 

Fa cos 0 = {F's}. 

The absolute units of work in the British and in the Metric 
systems of units are respectively the foot.poundal and the d 3 Tie.cm. 


0 

Fig. 2'10.—Work done by a force. Fio. 2-11.—Work done by a 

couple. 

or erg. Practical units are the ft.lb.-wt., the joule (which is 10’ 
ergs), and the electron-volt, viz. 1-C02 X 10“^^ erg. 

Energy is defined as tlie capacity which a body has for doing work. 
Energy due to motion is termed kinetic energy and the kinetic 
energy of a body is measured by the work that body could do in 
ovf?rcoming resistance before being brought to rest. The energy 
j)ossessed by a body in virtue of its position is termed potential 
energy. The potential energy of a body is measured by the work 
u liich would be done by the forces acting on the body if it moved 
from its position to some standard position where the potential 
cTK'rgy is taken to be zero, yinee the choice of a standard position 
is arbitrary it is usual to state that bodies on the earth’s surface 
{)o.sscss zero j>otcntial cnerg}*. Since we always have to deal with 
changes in jiotcntial energies rather tlian with absolute values no 
(lirticulties are presented by this arbitrary zero. 

\\'ork performed by a couple.—Consider a rigid body which is 
acted upon by a system of forces; let F, Fig. 2-11, be a typical force 
acting at one point in the body. Suppose that tliis system causes 
the body to rotate through a small angle dO about an axis through O 
peri)ondicuIar to the plane of the diagram, and that A moves to Aj. 
If a is the angle between AjA and F, the work done by the force F is 

F cos a(A..\i) = component of F along AA^ X r.66 

= 60 X moment of F about the axis of rotation. 
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If r is the moment about O of all the forces acting on the system. 
then the work done by the system is Fdd. In particular, if the 
forces constitute a couple of constant magnitude the work done is 
equal to the product of the couple and the rotation. 

Conservative systems of forces.— Let us consider (a) the work 
done in raising a mass m against gravity tlirough a vertical distance 
k, and (6) the work done in pushing a body against a frictional force 
F through a distance 5. Now in (a) the work performed against 
gravity is mgh', on permitting the body to descend to its original 
level the work becoming available is mgh, so that the total work 
performed on the mass is zero. In (5), however, the work done is 
Fs and an equal quantity of work must again be performed when 
the body is brought back to its original position, i.e. 2F.'>' is tlic total 
work performed under these conditions. The essential difference 
between the two kinds of work here typified is that in jirocesscs 
si mil ar to (a) the work may be recovered from the system by making 
the system of bodies perJforni mechanical work as they retuin to 
their original positions, whereas in (6) no recovery of any work 
expended is possible. 

Definition: When the forces acting on a system of bodies 
are of such a nature that the algebraic work done in pet- 
forming any series of displacements whereby the original 
configuration of the system is regained is zero, then those 
forces constitute a conservative system of forces. 

The forces associated with gravitational, electrostatic and 
magnetostatic fields are conservative, whereas forces due to friction 
or to the resistance offered by a medium in which a bod} maj be 
moving are non-conservative. 

Theorem: The work done by a system of conservative forces 
in moving a system of bodies from a configu¬ 
ration A to a second one B, is indej)endent of 
the path from A to B. 

Let the work done in passing from A to B 
along the paths (1) and (2), Fig. 2*12, be 
and Wg respectively, while Wg is the work done 
in passing from B to A via (3). Then, since 
the forces constitute a conservative system 

\Vi + W3 = 0 and Wa + W3 - 0. 

Hence = VV2, which establishes the theo¬ 
rem. 


B 



Fio. A 

vfilivc ftircc'si. 


Definition: Jf any configuration A is taken as standard, the 
work done when a system of bodies, under the actioti oj 
conservative forces, passes from a configuration A to a 
& 
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configuration B, is termed the potential energy of the system 
in the B configuration. 

Hence the work stored in the system when it has assumed the 
B configuration is measured by the iiotential energy of that con¬ 
figuration. 

Theorem: The work done against conservative forces in moving 
a system of bodies from one configuration to another is Wg — W^, 
wliere Wj and Wg are the potential energies appropriate to the first 
and second configurations. 

Now Wj measures the work done when the system passes from a 
standard configuration to the fi^rst configuration and Wg measures 
the work done when tlie system passes from the same standard 
configuration to the second configuration. But Wg is the work from 
S to (i) phis tlie work from (i) to (ii). Hence the work from (i) to 
(ii) i.s W 2 - \\\. 

The energy equation.—The general equation for a rectilinear 
motion of a mass m under the action of a force X is 


7nx = X, 

where x is the acceleration. Multiplying x, we have 

mxx — X.r, 


or 


(I ,, .o, ,, dx 
— {hmx'-) X — . 

r// dt 


Since X d.c is the work done by tlie force X in an infinitesimal 

ilx 

displacement r3.i% X measures tlie rate at which work is being 

done on tlie body at time t. The above equation therefore shows 
that the rate at m Inch the kinetic energy of a body increases is equal 
to tlie rale at wliicii work is being done on the body. Integrating 
frijin lime to t., we get 


f}Y 

« ^ li 

X 

/i at 


dt 


■j 


X dx. 


where .jq and x., are the initial and final positions, and Xj and x., are 
tlie corresponding velocities. 

If tlie system of forces is a conservative one. then X — — , 

dx 

wlierc is the potential energy, and 


f’x = - f' 


dx 


dx = V, - 


hnx.f = irnij- + Vj, 
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i.e. the sum of the kinetic and potential energies is constant. This 
sum is termed the total energy and measures the amount of work 
which the body can perform against external agencies in passing 
from its actual state as regards velocity and position to rest in a 
standard position. 

Although the proof here given only applies to one variable, viz. z, 
the theorem is true in general. 

Power.—Power is the rate of doing work, i.e. the work done per 
unit time. Suppose a particle, acted upon by a force F, Fig. 2'13, 
moves from a point A at time /j 


to a point B at time l2- The 
work done by the force is 


F\e 




J^F-a da. 


where a is the unit vector at an _ 

element MN, of length (5s, in the . 

path from A to B and the in- = 

tegral is to be evaluated along Fio. 213. 

this path. Now 

s da = ts = V dt, 

where v is the velocity with which the particle moves along bs. 
Hence the work done i.s 

•''i 

i.e. the instantaneous value of the power P is given by 

P = F-v 


Fio. 213. 


= Kr cos 0, 


where 0 = {F, v). Thus power is a scalar quantity measured by tlie 
scalar product of force and velocity. 

The theoretical unit of power in e.g.s. units is one erg per second, 
which is the rate of working when a force of one dyne cau.scs a 
particle to move in one second a distance of one centimetre along 
the line of action of the force. This unit is inconveniently small for 
many purposes; a larger unit is the watt which is 10 erg.’sec.or 
1 joule.sec."^ Electrical engineers also use the kilowatt and mega¬ 
watt. 


Velocity and acceleration referred to polar coordinates.— 
I.^t P, Fig. 2*14. be the point {x,y) referred to rectangular axes 
Ox, Oy; similarly let (r, 0) be its polar coordinates referred to an 
origin O and an initial line Ox. Ijct y, and be the components 
of the velocity of P along OP and at right angles to it in the sense 
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of 6 increasing. Since x =■ t cos 0 and y — r sin 0, by resolving 
velocities parallel to Oa;, we get 

Vj cos 0 — Vg sin 0 — ;r = —• (r cos 0) 


Similarly, 


t= r cos 0 — r sin 0.6.. . (i) 

t’l sin 0 + Vg cos 0 = y = r sin 0 + r cos 0.6. . (ii) 



Fig. 2-14.—Transverse oud radial components of velocity and acceleration. 


Eliminating sin 0 and cos 0 from equations (i) and (a) we get 

(uj — rf + (t'g — r6f = 0, 

and since the sum of the squares of two real quantities can only be 
zero provided each quantity is zero, we have 


Vj = r and Vg = r0. 

If Oj and «2 arc the accelerations in the above directions, we 
obtain in a similar manner, 

G, cos 0 — a., sin 0 = i* = — (r cos 0 — r sin 0.6) 

' " dt 

— r cos 0 — (r sin 0)6 — {r sin 0)6 

— r{cos 0)6^ — r(sin 0)6 

(r - r6“) cos 0 - (r6 + 2r6) sin 0. (iii) 

Similarly, 

sin 0 4- Hy cos 0 = (r — r6“) sin 0 + {rf) + 2r0) cos 0, (iv) 


Eliminating sin 0 and cos 0 from equations (iii) and (iv) we find, 
as above, 



a„ = rd + 2r6 = - - (7^6) 

r dt 


and 
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The components and ^2 termed the radial and the 
transverse components of the acceleration. 

Central orbits.—If a particle P, Fig. 2-15, is describing an orbit 
under the action of a force directed towards a fixed point O, then at 
any instant the particle is mo\ing in a plane containing the radius 
vector OP and the tangent to the orbit at the point considered. 
Since the force acting on the particle lies in this plane, and there is 
no other force acting on the particle, it follows that the orbit must 
lie wholly in a plane. 



Moreover, since there is no force at right angles to the radius 
vector, the trartsverse component of tlic acceleration i.s zero, i.c. it 
OP = r and 0 is the angle which OP makes with a fixed line Ox, 


r^{) = constant = h (say). 

Since the area of a sectorial (‘lement is \r^ 60, it follows from tlie 
above that the rate of description of area by tiie radius vector is 
constant. Moreover, since is the moment of tl>e resultant 
velocity about O, for the moment of velocity /• about O is zero, and 
since the moment of any vector about a given point is equal to t lo 
sum of the moments of any components into which that vector may 

be resolved, wo have 


h = = zu — vx = ; 


iw 


where {x, y) are the rectangular coordinates, referred to 0 as oiigin. 
of a point on the orbit and p is the perpendicular distance from the 
origin on a straight line defining v the resultant velocity of t le 
particle when it is at tlic point (x, y). 

Orbit described under the action of an attraction inversely 
proportional to the square of the distance.—It lias already been 
shown that when a particle moves in an orbit under the action of u 
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force directed to a fixed point, equal areas are described in equal 
times. If we couple with this the fact that the energy total of the 
particle is constant, the equation to the orbit may be obtained. 

The velocity v of such a particle is expressed by 


= (r)=* + 




rM \d0/ J 


If f{r) is the attractive force per unit mass when the particle is at 

distance r from 0, the potential energy of the particle is m I f{r) dr, 

Joo 

since the work done per unit mass by an external agent and against 
the force acting on a small mass dm as it is brought up from infinity 

to the point considered is I —/(r)( —dr). In the present instance 

Jco 

f{r) = Kr*2, where kt is a constant, so that the potential energy is 
•“*. If E is the total energy per unit mass, we have 


— Kinr 


2r*l\ddJ 


■■ 

r 


This gives 


dd = 


h dr 


rV2Er2 + 2/fr — ?t- 
— hdx 


)J 


[-=J] 


dx 





-s-(-j) 


B = sin ^ 




wljorc ^ is a constant. The above equation may be WTitten 


J 


2E + -.sm(0 - 

;r ^ h r 


r = 

K 


1 + 


y .. . |))^ 


Comparing this with the equation r = 


/ 


I + e cos (0 — a) 


-- ^ ^ve see that 
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^2 

the orbit is a conic section whose semi-Iatus rectum is — , and whose 

K 


eccentricity is / 1 H-— . Hence if E < 0, the orbit is an ellipse. 

Since E = , if yS ^ orbit is an ellipse. 

Alternative treatment: It has been established [cf. p. 00] tliat 
the radial and transverse components of the acceleration of a moving 
particle are 

f - r(J^ and - - {r6) 

rdt 


respectively. If the attraction per unit mass is f(r) and it is 
directed towards a fixed point, we liave 

r — _ —J{r), and rH = constant = h, 

the latter equation being derived from the fact that the transverse 
acceleration is zero. 

It is sometimes convenient to express these equations in terms of 
V, where u = r~^. We have 


dO h . ^ 

= ? =' 

and * = = i./ii dj 

dt di\u/ dO\ui dt 




U 


dO 


dO 


Hence ^ _,^ d\ dO ^ 

dt^ dAdeJ dO^ dt 

The differential equation giving the orbit is therefore 


.> 2 d'^u 
■ dO^ 


fu 

dO^ 


f 


+ u = 


C) . 




h 


/1\ 

(~| = i.e. if the attraction varies inversely «as the scjuare of 
the distance. 

The above is a second order differential equation and the complete 
‘wlution is obtained by finding (a) the j)artieular integral, (^) the 
^roplementary function and adding the two togeth<*r [cf. p. 33|. 

d 

ror the particular integral, we have, if D = , 


u — 


1 

-t-nv*v // 


(D* -1- 1) 
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The complementary function is 24 = A cos ($ + y), where A and 
y are arbitrary constants; the complete solution is 


K 


24 = [A cos {0 + y)] + —. 






K 


^ + A cos (0 -f y) 1 H-cos {$ + y) 

ft K 


Ah^ 

The orbit is tlierefore a conic section with eccentricity- and a 

seiiu-latus rectum —. 

K 

The constant A may be determined in terms of E, the total energy 
per unit mass of the particle, as follows. We have 

r 21W r 


Now 


= u = [A cos {0 -!- y)] + ^ 

r 



= -A sin {6 +y) 

r- (10 



K 

r 



\vhi(h is the expression obtained b^*^ equating the two values 
clctennined for the eccentricity of tlte orbit. 

The periodic time when the orbit is an ellipse.—This is the 
time rcMiuircd for a radius vector to sweep out an area equal to that 
o{ the clli])sc. If a and h are the semi-axes of the ellipse, its area is 
■TTdh and the period T is therefore given bv 


T 


Trab 
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since an area }ih is swept out in unit time. The scmi-latus rectum 
is — and in the present instance is also equal to — . Hence 

tC 0/ 



—, or 0 = h 

K 




27Tab 


1 

27Ta K 


This expression is independent of 6, the minor semi-axis of the 
ellipse, so that the periodic time is the same for all elliptic orbits 
having equal major serai-axes. 

Kepler’s laws.—The law of gravitation is an inverse square law 
so that the motions investigated above may be regarded as those 
of the planets around the sun. These orbits arc ellipses of small 
eccentricity the sun being at one focus in eacli instance. Radar 
observations on meteors have sho^vn that these bodies have elliptical 
orbits, often of quite short period, and are therefore ])art of the 
solar system. Comets are also accepted as members of the solar 
system, though the orbits are often highly eccentric, sometimes 
becoming parabolic through planetary perturbations. Thus our 
analysis applies to them but in all probability not to the orbits ol 
meteorites whose origin may be different from that of meteors. 

The three principal laws concerning the motions of the planets 
were discovered by Kepler during the period 1609-10111, although 
Newton first obtained them as the result of a mathematical in¬ 
vestigation published in 1687. 

Law I, Every planet describes an ellipse, the sun being at 
one of its foci. 

Law II. In any given instance, equal areas are described by 
the radius vector drawn from the sun to the planet in equal 
times. 

Law III. The squares of the periodic times arc propor¬ 
tional to the cubes of the major semi-axes of the various orbits. 


EXAMPLES II 

2’01. Give Btaioments of the principles of conservation of linear 
momentum and conservation of energy. 

In Hicks’ ballistic balance one of tlio platforms of mass 10 kgtn. is 
pulled aside so tliat it is 10 cm. above the cijuilibritnn position. After 
impact the two platforms move together. To what height will they 
rise if the second platform has mass 1-5 kgm. Culeuliito the loss ot 
kinetic energy at impact. 

2'02. A railway engine of mass 32 tons exerts a constant horse¬ 
power of 448 and the motion of the engine is oj>i)oscd by a constant 
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force of 1-25 ton.-wt. Prove that the equation of motion of the engine is 

g = 1(88 - .), 

where v is the speed in ft.sec."', z the distance travelled in feet, and ff 
may be taken as 32 ft.sec.“®. 

Find the maximum speed of the engine and prove that the engine, 
starting from rest, attains a speed of 30 ml.hr."^ in approximately 
423 ft. [Assume Jn 2 = 0'6932.] 

2-03. Prove that the components of acceleration in terms of polar 
coordinates (r, 0) are r — rd^, r6 + 2r() along and perpendicular to the 
radius vector. 

A small planet describes a circle round the sun- Suddenly the 

velocity is reduced by - th, while its direction is unchanged. Find the 

change in the eccentricity and period. 

2*04. The planet Neptime travels round the sun with a period of 
165 years. Prove that the diameter of its orbit is about 30 times that 
of the earth's orbit, assuming both orbits to be circular. 



ClIAPTEK III 
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Kinetic energy of a body rotating about a fixed axis.—Lot 
XjXg, Fig. 3-01, be a fixed axis about which a body is rotating with 
angular velocity co at a given instant. Consider a small element or 
particle of the body at P. Let m be the mass of this particle, and r 
itn perpendicular distance from the axi.s XjXj. Since the velocity 




Fio. 3 01.—Kinetic energy of u rotating body. 


of this element is no, its kinetic energy is The kinetic 

energy of the whole body, defined as the sum of the kinetic energies 
of the individual particles at the instant considered, is therefore 

where the summation is applied to all such elements of the hody. 
The expression 2 mr^ is called the moment of inertia of the body 
about the specified axis, and is denoted by 1. 

If is put equal to „ , the expre.ssion for the kinetic energy 

2j m 

becomes |k*(X m)w*, so that the energy is the same as if the uhoh? 
niasH of the body were concentrated at a point at a pei peiidieulai- 
distance k from the axis of rotation. The (piantity k is called tin* 
tadius of gyration of the body about the axis of rotation. It is 
such that measures the mean value of averagf-d ove>- all the 
particles of the body. Some instances of practical itnportane<‘ art' 
as follows. 

Moment of inertia of a uniform thin rod about an axis at 
one end perpendicular to its length. —Let OA, I'ig. .1-02, Ijc the 
rod of length 2a and YiOYg the axi.s of rotation. Consider a small 

67 
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element of the rod at P and of length dx where x is the distance of 
P from O. Let A be the mass per unit length of the rod. Then A 6x 



Fio. 3-02.—Moment of inertia of a uni- 
fonn thin rod about on axis at one end 
pei'pendicular to its length. 



Fig. 3'03.—Moment of inertia of a 
uniform cii'cular lamina about 
an axis through its centre and 
normal to its plane. 


is the mass of the element at P, and since this is at a distance x from 
O its moment of inertia, dl, about Y^OYg is ?,.dx.x^. Hence 


1 = 

Jo LsJo 

But the mas.s of the rod is 2Aa. 



j. _ 4»i«" 

3 “ 


lrn{2a) 


'la 


i.e. 




/3 


Moment of inertia of a uniform thin rod about an axis 
normal to its length and passing through its centre.—Let 2a 
be tiic length of the rod, A its mass per unit length and first of all 
consider one half of the rod. Then the problem is identical with 
that just discussed and we have, if Ij is the moment of inertia of 
this ])oition of the rod about the axis considered. 





Hence for tlie whole rod, 




Ilia? 



f 


where /// is the mass of the rod. 


Hence k = 




Moment of inertia of a uniform circular lamina about an 
axis through its centre and normal to its plane.—Let a be the 
radius of the disc and a its mass per unit area. Consider a ring 
element. Fig. 3’03, of radius r and width dr. Then the mass of this 
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ring is 27170 6r and since all parts of it are at a common distance 
r from the axis of rotation YjYg, the radius of gjTation for the ring 
about the above axis is r. Hence the moment of inertia of this ring 
element about YjYg is given by 

dl = 277'rV dr. 

.*.1=1 27Tor^ dr = iTToa* = hna'^, 

Jo 

where m is the mass of the disc. 

If the problem concerns a circular disc of thiclmess t, let p be 
the density of the material of the disc. Let the axis of rotation pass 
through the centre of the disc and be normal to its plane. Then, for 
a cylindrical element of radius r, width dr, and length t, 

dl = {^TTTtp i5r)r^. 

I = 27Tpt J* dr = 27Tpt 
But m = TToHp. 

I = Ima^, or /c* = 

Hence the radius of gyration of a circular disc about its own axis 
of revolution is independent of the thickness of the disc. 

Moment of inertia of a uniform shell about a diameter.—Let 
U8 assume that the centre of the shell is the origin of a system ot 
rectengular coordinates and Ox the axis about which the moment 
of inertia is required. Let P be a point ij» the shell and supj)o.s(‘ 
that a particle of mass dm is situated at this point, whose coordinates 
are {z, y, z). Then if r is the radius of the shell, we have 

dm.t^ = dm{j^ y~ -] z^), 

^d this is not a moment of inertia but we may call it. say dS. 
Hence for the w’hole .sphere, of ma.s 3 m, we have 

S = 2 dm(x^ H -| z^). 

But, on account of symmetry, 

2 (dm.a^) = 2 (drn.y^) = 2 {drn.z^) = ^mr^. 

Hence I^, the moment of inertia of the shell about the axis is 
given by 

Ij, = 2 dm(y^ + z^) = Imr^. 

Moment of inertia of a uniform sphere about a diameter.— 
ho result just obtained may be applied at once to the j)resent 
problem. For this purpose consider a uniform sphere of radius a 
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and let its material have a density p. Then if the sphere is divided 
up into thin concentric shells, let r and r -f- be the radii which 
determine one of them. Its moment of inertia about Ox, is given by 

61^ = 3(47rr"p dr)r^, 
so that, for the whole sphere, 

I, dr 

3 *^0 

8 a® 2 2 

= - TTp . — = - 7/M2 , 

3 5 5 

where m is the mass of the sphere, viz. ^Trpa^. 

Theorems on moments of inertia.—Theorem I. If I is the 
moment of inertia of a body about any axis through its centre 
of mass and \^, is the moment of inertia about a parallel axis, 

!« = I + tna^, 

where a is the perpendicular distance between the two axes, 
and m is the mass of the body. 

Let P, Fig. 3-04(a), be the point (r, </, =) referred to rectangular 



I'lf:. Moinoiits^ of iiiortia of n rigid body about parallel axes. 

(6) Moment of iiicritu of u lainuia about an axis nonnal to its 
])lane. 

axes O.r, Oi/, O:, wlicrc O is the centre of mass of the body, and 
let Oc be the axis of rotation about wliich the moment of inertia 
of the body is I. Let AB be a straight line parallel to Oz and at 
a (listaitco a from it. [There is no loss of generality in this procedure 
for, wlien O; is fixed. 0.c and Ot/ can always be chosen so that AB 
lies in the plane tOc and is normal to 0.r.] Consider an element of 
mass dm at P, and let r be the shortest distance of P from Oz. Then 


I = X (r2 din). 
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where the summation extends over the whole body. Let R be the 
shortest distance of P from AB, i.e. R = PN. Then 


But 


Iq = 2 (R".dw). 
R^ = (x — af + 

= — 2ax + a-. 


Ifl = 2 ^"0 


= I + 2 dm — 2a 2 (x 6m) 

= I + nia^, 


r *1 2 {x dm) 

lor the X component of the centre of mass is -y --t^wd in the 


2 dm 


present instance this, and therefore 2 (x *•'5 zero since tlie centre 
of mass is at the origin of coordinates. 


Hence ^2 = /c" -f a^ 

where is the radius of gyration about the axis AB. 

One method whereby this relation may be tested exj)erimentally is 
described on p. 122. 

Theorem II. If Ox, Oy, Fig. 3.04(b) are two axes mutually 
at right angles, in the plane of a lamina, and Oz is an axis 
normal to the plane xOy, then 


Iz + I. = I,. 

where I,, 1^ and I, are respectively the moments of inertia of 
fbe lamina about the axes Ox, Oy and Oz. 

Let P be a particle of mas.s dm in the lamina and let P be the 
point (x,y). LetOP = r. Then 


Iz + = 2 {dm.3^) + 2 {dm.i/) 

= 2 [dmiz^ 4 /)] 

= 1^ [V r2 = x2 4-/|. 

[It will be noticed that theorem I refers to any body, wheieas 
theorem II is only true for a lamina.] 


Rectangular lamina. —Consider a rectangular lamina oi sides 

26, and of mass a per unit area. Let us find its radius of gyration 

about (i) a straight line through its centre and parallel to the side of 

cngth 2a, (ii) an axis through its centre of mass and normal to its 
plane. 

(1) ^t 0 be the centre of mas.s of the lamina, and let axe.s Ox, 
y> Fig. 3'05, be chosen so that they are in the j)lane of the lamina 
and parallel to the sides of length 2a and 26 respectively. P. P 


i* 
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be an element of the lamina parallel to Oa;, at a distance y from it, 
and of width dy. Then the mass of this element is 2aa.dy and its 
moment of inertia about Oa*, viz. (51*, is given by 

51 * = (2aa.dy)^. 


Hence 



4(ya5® 

3 



Fig. 3-05.—Moment of inertia of a uniform rectangular lamina about 

(a) Ox, (6) Oz. 


But m = 4a5or, so that 



mb^ 

3 


Similarly, 



ma^ 

3 


(ii) If O: is drauii through O normal to the plane of the lamina, 


1= = I. + = \m(a? + h% 

Alternative method .—If dx dy is a small element in the plane of 
the lamina, we have, since its distance from the axis of rotation is 

(;c2 + y2jl_ 

= \ -V y“)odxdy, 

Vi} Jq 

— 4cr I 4- dx = f <7(a^6 + b^a) 

= + 6^)]- 

The first theorem on p. 70 enables us to uTite down the moment of 
inertia of the above lamina about AD. It is 
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Circular lamina.—It has already been shown that the moment 
of inertia of a circular lamina about an axis tlirough its centre and 
normal to its plane is \ma^. If this axis is Oz, and if Ox and Oy are 
two axes at right angles to one another and to Oz, 


I, = I, = il, = \yna^ 

a 

Hence the radius of gyration about any diameter is ^ . 

Uniform elliptical lamina.—Consider now a thin lamina of mass 
m in the form of an ellipse with semi-axes a and 6 parallel to the 
coordinate axes Ox, Oy, as shown in Fig. 3-06. Let I, be the 


moment of inertia of the lamina 
about Ox. Then for the element 
PN, of height y and width 6x, we 
have, if O’ is the surface density of 
the lamina, 

= \o{y 6x)if = \ay‘^ bx. 



To carry out this integration we 
may make use of the eccentric 
angle (f>, and write x = a cos <l>, y = 
60 that 

Ij. = - o I 6^ sin^ <f>{ ■ 

3 *'» 

2 



Fio. 3-06.—^fomcl>t of inertia of a 
uniforin elliptical lamina. 

sin <l>. Tlien bx = —a sin <f) b<j), 


a sin d<l> 



Similarly, 



m = TTuho]. 


= lrnb\ 


I, = -h I„ = lm(a* 4- 6^). 


where Oz is normal to Ox and Oy. 

Moment of inertia of a uniform cylinder about an axis 
through its centre and at right angles to its length.—Let 21 
be the length of the cylinder and a its radius of cro.s-s-section. 
Let O, Fig. 3'07, be the centre of mass of the cylinder, Ox its axis 
of revolution, and Oy, an axis at right angles to Ox, the axi.s about 
which the moment of inertia is to be calculated. I^jt p be the 
density of the material of the cylinder. Consider a circular element 
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AB, defined by the planes x and x -h Sx; then it« centre 0^ is at 
a distance x from O. Then the moment of inertia of this disc about 
Oa: is 

2 

(na^.dxjp^ = ^TTpa^.dx. 



Fig. 3-07.—Moment of inertia of a uniform circular cylinder about Oy. 

Its moment of inertia about a diameter is l-Trpa^.Sx. Hence its 
moment of inertia about Of/ is 

(TTpa^ Sx)x~ + Inpa* dx = dl (say). 



tvhcre 7fi ~ the mass of the cylinder. 

Moment of inertia of a uniform 
sphere about a diameter.—^Let O, 
Fig. 3-08, be the centre of the sphere, 
radius a, whose material has a density 
p; di\nde the sphere into sections by 
planes normal to Oar, the axis about 
which the moment of inertia is re¬ 
quired. Consider the element formed 
by two such planes at a distance dx 
apart. If N is the centre of this element 
of radius y, let ON = x. The moment 
of inertia of this element about Ox is 

Fig. 3*08.—Moment of inertia 

of a uniform sphere about a w* — , where m, its mass, is 
diameter, Z ^ 
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Hence, I, the moment of inertia of the whole sphere about Ox, is 
given by 




= - 1*5 TTpa^. 

But the mass of the sphere = = m (say). 

I = I via^, i.e. K® = 6 a^- 

Uniform bar of rectangular cross-section.—Let 0, Fig. 3‘09, 
be the centre of mass of the rectangular bar whose material has 



a density p. Through 0 draw three rectangular axes parallel to the 
edges of the bar. Let 2a, 2h and 2c be the lengths of the edges. 
Consider the element enclosed between the planes x and (ar + dx). 
I^et P be the centre of mass of thi.s element. Draw ZiVZ.^ parallel 
to Oz. Then the inas-s of this element is ibep dx, and its moment of 
inertia about ZjZ^ is 

[4hcp dx]. 

Hence its moment of inertia about 0? is 


-I- x^] dx, 

and I, the moment of inertia of the whole bar about Oz, is given by 


I 
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But the mass of the bar = Sabcp = m (say). 


I = \m{a^ + b% 

i.e. + b^)’ 

A uniform triangular lamina and some of its moments of 
inertia.—Let ABC, Fig. 3*10(a), be a uniform triangular lamina of 
surface density a. Let Ax and Ay be two mutually perpendicular 
axes through A, the axis Ax being parallel to the base BC of the 



Fro. 3’ 10.—A uniform triangular lamina and some of its moments of inertia. 


triangle. Let p be AN, the projection of AB on Ay. Consider the 
strip PQ of ordinate y and width by and its moment of inertia (dl®) 


about Aa*. 


a 


The length of the strip is - .y. 



aa 

P 




wliore rn = hdpo, the mass of the triangle. 

Using the theorem of parallel axes, we find, if Iq is the moment of 
inertia of tlie triangle about a parallel axis through its centre of 
gravity G. 

Iq + rnitp^) = 

i.e. Iq = 

Siinilnrlv, 

Ibc = hfip^. 


To find the moment of inertia of the triangle about Ay, consider 
the clement PQ, Fig. 3*10(6), of length w, say, and width dy. If D 
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is the centre of this element, and {x, y) its coordinates referred to A. 
applying the theorem of parallel axes, we have 


Now 


= {w<j dy) 


P 


_3\2/ 

a 


- = —, and (V =■ '- y. 
X q la j) 



Hence, if I„, is the moment of inertia of the triangle about an axis 
through A, perpendicular to the plane of the diagram, we have 



using 6* = + (a + q)^, and + </* 

This important result may be obtained more quickly as sliown in 
the next paragraph. 

To find the radius of gyration of a uniform triangular 
lamina, ABC, about an axis through A normal to Its plane.— 
At a point P, Fig. 3*li, in the plane of the lamina let dS be an clement 


B 



Fio. 3-11.—Moment of inortiu of u unifonn triangular lainiiui about an axis 
through uu apex and uoniioi to the plane of the lamina. 
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of area, its sides being parallel to AC and CB respectively. Let 
(rr, y) be the coordinates of P referred to oblique axes through A, 
6 OT {tt — C) being their mutual inclination. If a is the mass per 
unit area of the triangle and k the required radius of gyration 


\{aah sin C)«:“ = 


=JJ 


6rv=^ 


(x® + y" + 2xy cos B)<y sin 0 dx dy 


0 •'v = o 


= f h 


+ + V COS 6 


a SI 

Jv=0 


sin B dx 


(a 1 a® „ f 

= —I-; + cos 01 cr sm 0 

U 3 6® 0^ / h 


X® dx. 


Since sin C = sin 0, and + 6* + 2ab cos 0, from the above 

we obtain, after some reduction, 


= iV[3(fe^ + c^) — a^]. 

Routh’s rule.—The values of several radii of gyration are easily 
remembered by the following convenient rule first given by Routh. 
It applies to linear, plane, and solid homogeneous bodies which are 

(a) rectangular (rod, lamina) 

{(i) circular or elliptical (disc) 

(y) spherical, spheroidal, or ellipsoidal, 

and states that the radius of gyration about an axis of symmetry 
passing through the mass^centre of the body is given by 

- sum of squares of perpendicular semi^axes 

_ --- - , 

3, 4 or 5. 


where the denominator is 3, 4 or 5, according as the body falls 
into the (a), (/?) or (y) division of the above classification. 

Lees’ rule.—If m is the mass of a homogeneous solid of revolution, 
a and 6 its semi-axes normal to that about which the moment of 
inertia. I, is required, C„ and Ci,the type of curvature of the surface of 
revolution in which each semi-axis a and b ends (Single, C = 1; 
double C -■ 2), then 


I 


m 


P *> 

a’ 

-3 + a 



Thus, for a sphere, its moment of inertia about a diameter of length 
2a is 



m 


.3+2 


a" 

3+2. 
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Example. —A thin plate is symmetrical about perpendicular axes 0.r 
and Oy. An axis OA is drawn in tlje plane of Ox and 0// to make an 
angle 0 with Ox, If the moments of inertia of the jilato about Ox and 
Oy are 1^ and 1^ respectively, show that the moment of inertia of the 
plate about OA is 

cos* G + sin* G. 

The equation to OA is y = ax, whore a = tan G. Consider an element 
of the plate at P (Xj.yj) and let its mass be dm. If p is the shortest 
distance of P from OA then, with the usual notation, 

dl = 6m{p-). 

To find p it is observed that a straight line througlj P parallel to OA 
has for its equation 

!/ - i/i = ~ ^i)> 

so that this line makes an intercept — ox^) on the y-axis. 

P = (.'/i — t*-*-!) cos 0 — j/i cos 0 — Xj sin 0. 

I = [dm{y^ cos 0 — x, sin 0)*] 

= I^ cos* G -( I„ sin* 0. 

since £ dm{y^)^ = I,, etc. and, on account of symmetry, 

£[fimlx^yj sin Geos 0)] = 0. 

Example. —A thin rod can rotate about a horizontal axis passing 
through one end of the rod. The rod is initially vertical and in unstable 
eciuilibrium. If it is given a small displacement and fulls from rest in 
this position, determine from energy considerations the angular \’oloeily 
with which it posses through (a) the horizontal position and (G) llie 
position of stable e<iuilibrium. 

Let AB, Fig, 3-12. be the initial position of the 
rod. When the rod has fallen through an angle G, 
its centre of gravity will have fallen through a 
vortical distance u(l — cos 0), if 2a is the length 
<jf the rod. The loss in potential energy is there¬ 
fore mga{l — cos 0), if m is the mass <)f the rod. 

Now the kinetic energy of the ro<l is JlG*, where 
I is the moment of inertia of the rod about the 
axis through A which is normal to the piano of 
the diagram. The energy equation is therefore 

nuja{l ~ cos 0) = Jm[a* 

in the horizontal position 0 = ^. If w, is tin? 
angular velocity in thia poaition 


B 



Flo. 3*12.—Motion of 
u thin rod about 
a hori/.ontal axi:^. 
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In the position of stable equilibrium, Q = tt. 
velocity in this instance 



If is the angular 


Example .—A uniform rod OA of lengtli 2a and mass m can turn 
freely about a horizontal axis through O. Initially the rod is at rest in 
a horizontal plane. After being set free the end A picks up a particle 
of mass M; if this occurs when the rod is passing through the vertical 
position, determine the vertical distance the particle moves before the 
system first becomes momentarily at rest. 

In Fig. 313, the straight line OAq represents the position from which 



Fig. 313. 

the rod is released, while OA is its position when the particle M is picked 
up. In falling to this position the rod has lost potential energy' amount¬ 
ing to 7U{fa and this is equal to the kinetic energy’ of the rod as it passes 
through OA. Hence, if ojq is the angular velocity of the rod in this 
]Hisition and I its moment of inertia about the axis of rotation, 

ruga = 

-= J. J.7n.4a“.tOQ2 = 

. 2 3!7 

•• =2~a- 

If (o in the angular velocity with which the system is moving just after 
jiioking ui> the particle and z the vertical distance through which A rises 
to Aj, when tlio sy'stom is momentarily at rest, the energy' principle gives 
us 

4- M(2a)“)to* = + mg(^z) . . (i) 

The angular inomenttun is conserved when the particle is picked up 
so that 

= fM(2a)* -f- Jw>a^)co. 





THE PRINCIPLES OF RIGID DYNAMICS 81 

Hence, eliminating from (i) an<l (ii) we find, after some reduction, 


2 M^a 

^ (3M -f hO(2M 4' r»)' 

Theorems of Pappus.—(a) 7/ an arc of a plane curve revolve 
about an axis in its plane, but not intersecting it, the area of 
the surface generated is equal to the length of the arc 
multiplied by the length of the path of its centroid. 

Let Ox be the axis of rotation and y the ordinate of a point on 
the arc. The area of the surface generated in a complete revolution 

is 27rjyds, where ds is an element of the arc and the integration 

extends over it. But if y refers to the centroid of the arc 

j. 



2it j yds = 27ry jds, 


which establishes the theorem. 

(6) If a plane area revolve about an axis in its plane, but not 
intersecting it, the volume generated is equal to the area 
multiplied by the path of its centroid. 

Let Ox be the axis of rotation and y the perpendicular distance of 
an element of area from Ox. If dS describes a complete revolu¬ 
tion about Ox the volume generated is dS. 


But 


y={Jyds}-JrfS, 


SO that whi 


hich cstablislies the tlicorein. 


Moment of momentum.—Consider a particle of mass m at a 
point {x,y,z) referred to three rectangular axes. If X, Y and Z 
l>e the components of the resultant external forces acting on tlu* 
particle, then the equations of motion are 

7nx = X 

my = Y • • • • ' (i) 

mz = Z, 

The moment about the x-axis of the forces acting on the particle is 


yZ — zY ~ m{i/i ~ zy) . . . (ii) 

the moment about the x-axis being considered positive when the 
force tends to rotate the body in the direction indicated in Fig, 3'14. 
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Now the velocity of the particle is {x, y, z), so that the moment of 
the velocity about the x-axis is 

yz — zy. 

The moment of momentum about the same axis is m times the 
moment of the velocity, viz. 

rniyz — zy). 

Z 


O 

+ve 

rotation 
X 

Flu. 3*14.—Moment of momentum; angular momentum 

To find the rate at which the moment of momentum about this 
axis is changing, we differentiate the above expression with respect 
to the time, and obtain 

™('/2 + y'i ~^y — zy) = Myz — zy) = yZ — sY [by (i)]. 

Hence the rate of change of the moment of momentum of 
a particle about any fixed axis is equal to the moment., about 
the same axis^ of the external forces acting on the particle. 

^^otion of a rigid body; rotation about a fixed axis. d’Alem¬ 
bert’s principle.—It has already been shown that if a particle of 
mass m is at a iioint (.r. y. c) at time t, then its motion is found by 
equaling nix to the x-component of the force, together with similar 
e(|uations for the other two axes. The quantity mx is called the 
(•fleet ive force acting on the jiarticle; it is a vector parallel to the 
.i-a.\is. )iv Newton’s second law of motion the effective force 
acting on a particle must be equal in every respect to the resultant 
in the x-dircction of all the forces acting on it. To deal with the 
motion of a rigid body a new principle is needed; this principle was 
given by d’ALEMBERT in 1743 and to appreciate its meaning we may 
jirocccd as follows. 

In the case of a particle forming part of a material assemblage, the 
forces which act upon it may be divided into two classes:— 

(a) The ‘external (or applied) forces’ acting from without the 
assemblage. 
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(6) The ‘internal forces’ or reactions due to the remaining particles. 

Considering the whole assemblage it may be said that the system 
of localized vectors which represent the effective forces is statically 
equivalent to the combined 
effect of the external and in¬ 
ternal forces. The assumption 
made by d’Alembert is that the 
internal forces constitute a sys¬ 
tem which is in equilibrium. If 
this assumption is granted it 
follows at once that the system 
of effective forces is, as a whole, 
statically equivalent to the sys¬ 
tem of external forces. To ex¬ 
press tills result analytically, 
let {x, y, z) denote the position, 
relative to fixed rectangular axes, of a particle P, Fig. 3'1;). Then if 
m is the mass of tliis particle and (X, Y, Z) the external force acting 
upon it 

7nx = X, my — Y, mi = Z. 

If we now regard P as a particle in a rigid body wo have 

= Xmy = XY, Xm2 = IZ. 

and taking moments of forces about the axi.s 0:, obtain 


z 

C 



im'z=X 


P 


7tlX 




Ixyz 


V 




B 




Fia. 315.—Motion of a rigid body; 
notation about a tixed axi.s. 


X (x.mij — y.mx) = X (xY — yX), 
where the summations intrlude all the particles in the rigid body. 

Since — X (mz) = X (mz) = X Z etc., we may write 


X {x.rny — y.mx) = X (.rY — yX), 

(It 

together with two other pairs of equations of the sunn? type. Since 
the z-axis may have any fixed position in space, llie })air of e(iuution.s 
"Titten down for that axis really express the following laws. 

(a) The rate of increase of linear momentum in any given 
direction is equal to the resultant external force in that 
direction. 

(f*) The rate of increase of the moment of momentum of a 
figid body about any fixed axis is equal to the total moment 
of all the external forces about that axis. 

If the moment, about any fixed axis, of the external forces, acting 
on a rigid body, is zero, the moment of momentum of the body about 
that axia is constant. 
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Atwood’s machine.—To illustrate the theory of rigid bodies 
rotating about a fixed axis, let us consider a simple form of Atwood’s 
machine for determining the intensity of gravity, g. Fig. 3‘16{a) 

shows a pulley wheel of diam- 




Fici. 3-10.—The motion of the two 
musses und pulley in an Atwood’s 
machine. 


etcr 2a; a light string passes 
over the groove in the pulley 
and masses and are 
attached to its free ends. It 
will be assumed that the free 
portions of the string are verti¬ 
cal and there is no slipping 
between the string and the disc. 
Suppose > mg and that the 
system moves from rest. 

(a) First consider the system 
as a whole and let z be the dis¬ 
tance the masses move from 
rest. Then the couple acting 
on the system is ( 7 % — m^ga 
and this is equal to the increase 


in angular momentum of the system in so far as it is correct to regard 
this as a rigid body. If I is the moment of inertia of the disc about 
its axis of revolution, the angular momentum of the system is 


[ + (^”1 + 

where 0 is tlie angular velocity of the disc, 


i.e. 


(//ij — m.^)ga = [I (mj -h m^a^] -. 

a 

[*.' z = aO, since i = aO, etc.] 

. .. (7Wi — m^)g 


(mi + mg) + — 


( 6 ) To verify this solution, let us apply the principle of the 
conservation of energy. The loss in potential energy of the system 
is 

( 77 I 1 — mg) gz, 

w hich is equal to its gain in kinetic energy, viz. 

+ mg)?^ -I- 410^ 


or 


i(mi -{- mgli* 
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Equating these two expressions and then differentiating with 
respect to time, we get 

(mi — mgjj/i = (w'l + ^ 2 )'^ + i 22. 

whence, as before 

(mi — ni2){/ 


z = 


(mi + m^) + i 

a” 


(c) Now let Fi and Fg be the tensions in the string when tlie 
acceleration of each mass, (irrespective of sign), is 2 . Then, cf. 

Fig. 3-16(6), 

mi 2 = miff — Fj, and m^z = Fj — m^ff. 

The couple acting on the wheel and giving it an angular accelerat ion 
where = 2 , is (Fj — Fgla, so that 




(Fi-F2)a = I0 = I-. 

a 


Eliminating (Fj — Fg), w-e find 


mi2 + m22 = (mi — nu)ff — (Fi — Fg) 



2 = 


(m, — 7 / 12 )^ 


wij + m 2 + -- 

a” 


The agreement between the results thus obtained by three different 
methods shows that the underlying assumptions are correct and tliis 
is particularly satisfactory since it shows that the system may be 
regarded as a rigid body; but this is only because the distances of 
and m 2 from the vertical through O remain constant. If the masses 
begin to oscillate as simple pendulums, the system is no longer a 
rigid one; cf. the oscillations of a physical balance, p. 140. 

Experiment. —To determine the moment of inertia of a fly¬ 
wheel about Its axis of rotation.—Tiio moment of inertia, about its 
axis of rotation, of a whool with a long axlo may bo doterminod as follows, 
fho wheel is mounted in a horizontal position, tho axlo being supported 
on ball bearings to diminish friction os much as pfjHsiblo—of. Fig. 3.17. 
A known mass is attached to tho axlo, at a point wboro thoro is either a 
hole or a pin, by a cord wrapped several times roun<i tho axlo. Tho 
potential energy lost by tho mass in its descent is, in tho absence of 



86 


THE GENERAL PROPERTIES OF MATTER 


frictional forces, communicated to the wheel and to the mass itself as 
kinetic energj% i.e. 



otential energy lost 
by falling mass 



^viiiotic energy gained"] ITCini 

by fly*wheel J ^ L 




For this experiment the length of cord is adjusted so that when the 
mass reaches its lowest position (the floor) the other end of the cord just 
leaves the axle. 



Fjci. 3-17.—A fly-wheel—experimental clctcnnination of its moment 

of inertia about its axis of rotation. 


In any actual experiment it is essential to make a correction for the 
work done against friction; to tio tliis we proceed as follows. 

Lt't m be the mass {that of the pan being included) and h the distance 
if falls before being arrested; the wheel make Nj revolutions from rest 
before the falling mass m is removed. If X is the work done against 
friction in one re\'olution, and this is assumed constant, 

mrjh = d- XjX + = i(I + -)- NjX, 

wliero 1 is the moment of inertia of the wheel about its axis of rotation, 
(o the angular velocity of the wheel when the cord falls away from the 
axle, and a is the radius of the axle. 

If the wheel makes Ng revolutions before coming to rest 



This equation git-es 


I = ma* 


/ ^2 U 

VNj -f Xa/viffoXi 
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The experiment should be repeated two or three times witli the same 
mass and a mean value of -y used in deducing o). The value for I thus 


obtained should be checked by using other masses. 

To determine Nj and No it is convenient to place a chalk murk on the 
circumference of the wheel so that it is visible when the falling muss is 
arrested. 


The diameter of the cord used should be small compared with that of 
the axle, otherwise the value of a in the above equations is the svim of the 
radii of the axle and of the cord. 

A less accurate method of ascertaining the velocity of the mass when 
it touches the floor (and hence oj) is to determine the time of fall of the 
mass. Let this be Since the mass has fallen with uniform accelera¬ 
tion, the final velocity will be twice the average velocity, the initial 
velocity being zero, i.e. 

^ ■ 


Unfortunately is usually small and cannot bo measured accurately. 

Motion of the mass-centre of a rigid body and motion 
relative to that centre.—Referred to rectangular coordinates let 
{^y y, z) be the mass-centre of a rigitl body of mass M. Tlien 


Mx = ^ [mx). My = S (my) and Mf = ^ (mz) 
throughout the motion. Thus, as on p. 83. 


Mi=2X. M^ = XY and M5=XZ. 

These, however, are the equations of motion of a particle of mass 
M, placed at tiie mass-centre of the body and acted upon by forces 
parallel to, and equal to, the external force.s acting on the both'. 

Hence the mass-centre of a rigid body moves as if all the 
mass of the body were collected at it and all external forces 
were acting on it in directions parallel to those in which they 
act. 

Next let (^, Tj, {) be the coordinates, relative to (J, of a jiartiele of 
the body whose coordinate.s referred to the original rectangular axes 
were (x, y, z)\ corresponding axes arc parallel to each other. Then, 
throughout the motion. 


^ i ^ y = if -t- y, z = 

X = X + 't, y = y r], z = 

Hence the equation 

2 m{xy - yx) = X (xY - yX). 
given on p. 83, beconies 


2 + I 
i 4 - I 


^ w(xp — yx) -f L — r/|) -V X vi(xi] ■\ ig — yrj— r}x) 


= X (x + f)Y — (y -I- 7'/)X. 
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Now — = the ^-coordinate of the mass-centre referred to 
^ itself as origin 

= 0 . 

2 = 0, and S (m|) = 0. 

Similarly, 

2 {mil) ~ ^ 

— 0) + 2 m{^rj — rji) = 2 (,cY — yX + — 7;X). 

But the first two terms on the Lh.s. of this equation equal the 
first two terms on the r.h.s. 


2 m[^ri — T}‘i) = 2 (^Y — t/X), 

an equation wliich implies that the motion of a body about its mass- 
centre is the same as it would be if the mass-centre were fixed and 
the same forces acted on the body. 

The independence of translation of the centre of mass of a 
rigid body and rotation about an axis passing through it.—In 
the two previous paragraphs we have established the complete 
independence of the translation of the centre of mass of a rigid body 
moving in any manner and its rotation about an axis through its 
mass-centre. 

As an example we may consider a shell wliich is in motion in a 
vacuum and in a uniform gravitational field. Suppose an explosion 
occurs and the shell bursta into fragments. The internal forces 
exerted by the ex[)losion balance one another and do not in any way 
influence the motion of the mass-centre of the shell; this centre will 
therefore continue to move in the same parabolic path in which it 
was moving before the explosion occurred. 

Final form of the two-dimensional equations of rotation.— 

Now while the equations 

Mi = 2 X, M^ = 2 Y and Ms =2Z 

arc in a form suitable for direct application to a practical problem, 
yet the equations, of which 

2 m{^ri — = 2 (|Y —??X) 

is typical, need a simple transformation before they become reall)* 
useful. Consider the two dimensional case, as expressed by the 
above equation. The l.h.s. may be i\Titten 

d 
dt 


— 7;|). 
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Let (r, 6) be the polar coordinates, referred to G as origin, of the 
particle whose mass is m. Then ^ = r cos $ and 7 / = r sin 0, where 
T is independent of time. 

— r]i = r cos 0(r cos 0.6) — r sin 0{ — r sin 0. 6) 

= r^. 

Now 6 is the angular velocity of the lamina, cf. p. 50, say oj, so that 

2 — 7}^) = y 2 7n(^ri — tji) 

at 

= — 2 7nr^6 
(It 

= fi 2 mr 
= 10, or Iw, 

where I is the moment of inertia of the lamina about an axi.s tlirougli 
G normal to the plane of the lamina. 



To extend this argument to a rigid body rotating about a li.xed 
axis, let us consider the moment of momentum about the z-axis of a 
particle of mass m at (x. tj, z). If P, Fig. 3*18(a). is the position of 
a particle at a given instant and (r, 0, 6) the spherical polar 

coordinates defining this point, then 


7 


a: = r sin 0 cos 
y = r sin 0 sin <f> 
z = r cos 0 


> 
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Since the particle is rotating about the 2 -axis, 6 is constant, r is 
constant and ^ = (o, the angular velocit 3 L Hence 

m{xt) — i/.i-) = m[r sin 0 cos <^.r sin 0 cos 

r r sin 0 sin (f).r sin 0 sin ~ in\r^ sin" 0 .<j>]. 

Hence, the moment of monumtum of a rigid hod}’ rotating about 
the 2 -axis is [m/-(sin- C/)^], where the summation extends over all 
the particles in the body, Sijice r sin 0 is the radius of g^Tation for 
the particle and axis we have speciHed, the above expression may be 
w ritten !</) where I is the moment of inertia of the whole bodj’ about 
tile axis considered. 

Moment of momentum and angular momentum.—To clarify 
the eom-t‘j)tion <»f tlie term moment of momentum, let us consider 
a rigid body rotating with angular velocit}* lo about a fixed axis 
tlirmigh a point O, Fig. 3*1S(^). ami normal to the plane of the dia¬ 
gram. Let lie the mass of a small partiele at P a point in the bod\'. 

If OP r,. the linear veloeitv of P will be r^<l> and the momentum 
The moment of this momentum about the axis of rotation 
will be and lienee the moment of momentum of the whole 

b<.id\- itlioiit the axis of rotation will be 

4 

:: Tf^. or lej. 

where I is the iinjineiit ol inertia of the hody about the axis of 
ri >tat i< in. 

Similatlw tin- relation between angular acceleration and the 
ajiplif'd couple may be «)litained as follows. Let a couple be applied 
to a i iL'id lutdy. as ?.how n in I’ig. 3-ls(r). and the body rotate throtigh 
a •'iual! angle fVi, the angular icloeity increasing from o) to e> - d(o. 
Since tlie work dune by ilu- couple is equal to the increase in 
kinetic energy of tlie rotating bod\’. we liave 


'V>1 = ’iro — e>"|. 

!' ,vA L'j t'ioi. llf r = 2Kr and dor—>~ 0.] 



'I'he laws of rotation.—It has just been established tluit P, tlie 
nioineiit of tlie external forces about a fi.xed axis, is given bv 



where I is the moment of inertia of the body about the given axis 
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and <f> is the angular velocity about that axis. If 1 is constant, the 
above expression becomes so that we may then write 

r = If 

Hence we have the following laws of rotation. 

{a) If the moment of the external forces acting on a rigid 
body about a fixed axis is zero, then the angular velocity of 
that body about the fixed axis is constant. 

lb) The angular acceleration produced in a rigid body 
rotating about a fixed axis is directly proportional to the 
moment of the external forces about that axis. 

The kinetic energy of a rotating body; Konig’s formula.— 
Let us now con.sidcr a lamina S. Fig. .3-19. moving in a plane xOi/] 
y) be the coordinates of a 
typical particle in the lamina at P 
and m its mass. If the coordinates 
of this particle relative to G, the 
centroid of the lamina, are (<t, if). 
the kinetic energy of the lamina, 
defined as the sum of the kinetic 
energies of all its particles, is given 

= \Y. + d)2 

+ (r) i 

where (a, fl) are tlie coordinates of G witli respect to the fixed point 0 
Hence, if M = X m, 



Fh;. KiiHMic c*iu*r^y of a 

rotating Ixaiy; Konig's foriiuiln 


for 

so that 


W = + fi-) -V H- 


X = 0 and Z mij = 0, 

X = 0 = X tnij. 

Since the lamina is rigiri f if^ = rho^, where j and 

ej = 0,0 being the angle which a fi.xcd line in the lamina makes with 
a fixed line in space. (Actually ^ = ~tfO) ami ij = ^e>.] 

W = IM(d‘^ + -i- 

= -i 

where w is the velocity of 0, and 1,; the moment of incitia of the 
lamina about an axis through G and normal to its jjlam-. The al)ove 
is known as Kbnig's formula and it expre.sses tlu^ kineti<r encigy of 
a lamina as the sum of two terms; the first i.s the kinetic energy as if 
the whole mass of the lamina were <-oncehtrate«l at (• and moving 
with the same velocity as G, while the second gives the energy for a 
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rotation with angular velocity co about an axis at G fixed normally 
to the plane of the lamina. 

It may be shown that the above formula can be extended to the 
motion of any rigid body. 

Energy equation for a rigid body rotating about a fixed 
axis.—Let F be the moment of the forces which is causing the 
rotation of the rigid body about a fixed axis. Then 

r = l6 = Id), 

where 6 is the angle turned through from rest, and a> is the angular 
velocity of the body at the instant considered. 


Now 


Hence 


doj _do} dO _ d^ 
dt dQ dt dd 


Hence ^ F dQ — + A, 

where ). is a constant. If the initial angular velocity is coq, i.e. 
CO = (Oq when 0 = 0, we have 

0 = + A, 

wlicnce ^ F dO = 

i.e. the work done by the couple is equal to the change in the 
rotational energy of the body. 

Impulsive torques.—In linear dynamics, the equation 


F = mx, 

leads, by integration with respect to t, to the impulse equation 


viz. 


j F d( = — (i)(,l = 7n{v — u), 


i.e.. the impulse is equal to the change of linear momentum 
In a similar way, from the equation for a rotating body, 

r = iB = Id), 

wc have 




o 


dco 

Oo 

= I(w — <Oq), 


[if 


IcOy if 0* 


or 
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To discover the physical significance of the expression F dt, let 

Jo 

r be due to two forces F at distance 2r apart. Then if this couple is 
applied for a time dt, the impulse is 2F(3^, and the moment of the 
impulse is 

(2F 6t)r = r bt — \ bu). 

If the impulse is finite, of duration i. 


Moment of impulse = 



d(o = I{w — ojq). 


i.e. the moment of the impulse about the axis of rotation is equal to 
the change in the angular momentum of the rotating body. 

The moment of the impulse about the axis is called the impulsive 
torque. 

Equations of motion of a rigid body rotating about an axis 
not fixed in space, but moving parallel to itself.—Let G, 
Fig. 3-20, be the centre of mass of a body and suppose it moves u ith 



Fio. 3*20.—Motion of a rigid body, not fixed 
in t»pacc* but moving ijurallel to it.self. 


accelerations a and b respectively in directions parallel to axes 
Ox and Oy, fixed in space. Let the forces acting on a small particle, 
m, at P be X and Y. If $ and rj arc the coordinates of P relative to 
0, its accelerations relative to G arc ^ and ij, so that the equation.s of 
motion, relative to the fixed axes Oar and Oy, arc 

X = m[a + and Y = »i(6 H ij). 

Taking moments of forces about G we have 

— X?y) = m[(fc rj)t — (a + 

Assuming that the internal reactions cancel one another when the 
orcea acting on every particle are considered, there remains only the 
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sum of the moments of the external impressed forces about G, say F, 

r = 2 m[{b + - (a + 1)7/] 

— b 2 — a 2 m?/ -1-2 7n(|i/ — 7/|). 

Since the coordinates of G with respect to itself are (0, 0) the first 
two terms in the above equation vanish and we have 

r ~ 2 7«(^i/ — 7/#). 

Let the polar coordinates of P relative to G be (r, 0); thensinceris 

constant the acceleration of P at right angles to GP is r0 and along 
PG it is Resolving these parallel to Gx and Gy', we have 

I* = —r()^ cos 0 — tQ sin 0 , 

and 7/ = cos 0 — sin 0. 

^ 7 / - 7/1 = r^. 
r = 0 277ir2 = 

where IMk*^ is the moment of inertia of the body about an axis through 
G and normal to the plane of the cUagram. 

This equation is the same as the one obtained when the body 
rotated about an axis through G which was fixed in space. The 
ecpiations of motion for a body rotating about an axis moving 
parallel to itself arc therefore obtained as follows. 

(a) By resolving the forces parallel to two axes at ri 0 ht 
angles and supposing them to act on the body as if all its mass 
were collected at the centre of masSy and 
{b) By taking moments of the external forces about an axis 
through the centre of mass as if that axis were fixed in 
space. 

Moments about an instantaneous axis of rotation. —One of 
the equations of motion for a rigid body rotating about a fixed axis is 

Io 7 = sum of the moments about the fixed axis of rotation of 
all the external forces acting on the body. 

This equation does not apply in general when the moments are 
evaluated with reference to an instantaneous axis of rotation. With 
the notation aheady used we have 

W = pi«“ 4- 

Let r be the sum of all the moments of all the external forces 
about the instantaneous axis of rotation and let d<f> be the change in 
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position in time dt of the 'arm of the equivalent torque'. Then 

rd(f> = MV. 

. pd^_d\y 

• • •* ^ ““ • 
dt dt 

r = + Hco/], 

(o dt 

where r is the distance of G from the in.stantaneous axis of rotation; 
in general it will vary with time. 


r= — [pi(2ra>)(roj + rot) + py.2(ij.wl 

O) 

= M(r^ + K")w + Mrrta. 

The additional term Mrro> vanishes when the distance of G from 
the instantaneous axis of rotation is constant. 

Example —A lipht thread is wouiul rcmnd a cin-ular ivel whidi is then 
allowed to fall, the end of the thread being lixed. Detertnino tiie 
acceleration of the reel. 

Let m be the mass of the reel, and a its ra<liHK. 

Suppose that initially the point P. Fig. 3.21. is 
in contact with the string at (). Let Q be the 
point on the string which is just about to break 
contact with the reel. Let (1 bo the mass-centre 
of the reel, and let 0 = PflQ. 

Resolving forces vertically, 

. mx = mg — F, 

where F is the tension in the string, an<l g the 
intensity of gravity. Taking inoinents of force.s 

about O, 

= moment of external forces about the 
axis of spin, 

= rate of change of ungidar moinentuin 
about that axis, 

= Ifi = 

But X = aO. Hence x = aO. 





Via. - M<jCjon of 
a iwl l>y 

a ihnuul attac'lKHl to 
a (ixod HUf)|iort (tho 
thr(*a<i is uonvouihI 
as tijo wlH*r*l falls). 


mx = my 
^ = if/. 

[Alternatively, sinco the inMlantune«)us axis of rotation i^usses through Q 
and iH normal to the plane of the* diagram, 

mga = .j. .<2)0, 

which, with X = aO and gives 

^ = i'j-] 
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Motion under gravity on an inclined plane.*—^Let us assume 
that a solid of revolution, of mass »i, rolls do^vn a plane under the 
induence of gravity, the axis of rotation being normal to the line 
of greatest slope in the plane. Let R and F, Fig. 3*22, be the normal 
and tangential components of the reaction of the plane on the body 
[we assume that this reaction may be reduced to a single force, i.e. 



Fio. 3-22.—Motion under gravity on an inclined plane. 


the frictional couple is zero]. If a is the radius of that circular 
section of the body which rolls in contact with the plane and x the 
distance which G, the mass-centre of the body, has moved from rest, 
so that X is the vclocitN* of the mass-centre, then 


X = aO . . . . . (i) 

wlicre 6 is the angular velocity of the bod}'. 

Resolving forces parallel and perpendicular to the plane, we have, 
.since all these forces may, for this purpose, be considered to act at G, 


mx = /ng sin a — F ] 
0 = mg cos a — R j 



where a is tlic slope of the plane and g is the intensity of gravity. 

Now th.e moment of the external forces about an axis through G 
normal to tlie plane of the diagram (this is the so-called axis of spin) 
is F«, and this is equal to the rate of change of the angular momentum 
of the body (about the above axis) viz. where k is the radius 

of gyration of the solid about that same axis. Hence 






Eliminating F and d from these equations, we have 


thk-x 

mx = mg sm a- 


or 



• In all such problems it is assumed that the bodies in contact arc perfectly 
rigid» i.e. there is no frictional couplo; also that the motion is one of pure 
rolling so that no work is done against friction. 
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Again, R = cos a and F = (— - -)mg sin a. 

[By taking the moment of the external forces about P, the 
instantaneous centre of rest, we have 

nma sin a = m{a^ + k^)6, 

which leads at once to equation (iv)]. 

If we assume the law of sliding friction that F cannot be greater 
than ^R, where fx is the coefficient of friction, the condition for no 
slipping is 


fimg cos 


a>(-^) 
la^ + kV 


ing sm a. 


i.e. (j. 


+ A 
/ 


> tan a. 


If the plane is perfectly smooth, F = 0, and the motion of the 
solid is determined by 


rriK^^ = 0, and mx = mg sin a 


i.e. 


a: = (7 sm a. 

Hence, when friction is present, the acceleration of the mass-centre 
G is less than in the case of frictionless sliding in the ratio 


: 1 . 

\a* 4- W 


+ 

Alternative treatment.—Let the solid roll from rest a distance 
X down the plane. Then its potential energy is diminished by 
^gx sin a. The increase in the kinetic energy of the solid is 

where the symbols have their usual meanings. This 

is -f Since the sum of the j)otential energy and 

kinetic energy of a body is constant, we have, 

= mgxmn a. 

x* = ^xgrsm a( - “ - ). 

\a^ -f kV 

Whence, by differentiation, 

2ix= 2zg 8ina(^—;). 

\a^ 4- K^/ 

a: = ff8ina(-^—^). 

. 'a* 4 kV 

ftH before. 
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Experiment - When the s<»lid of revolution discussed above is a 
m splKTO w"- = ;«=), cylinder or disc = Ja=). or a circular hoop 
(^2 _ „ 2 ). |,y rarryinp out the following experiment a value lor the 

intensity of gravity may be obtained. 

The inclined plane, arranged at a small angle to the horizontal, is 
adjusted by means of screws attached to the ]dane so that a metal 
sphere (4 cm. in iliamcler) rolls ihmm the plane without passing over its 
eilgcs. ’I'o tmasure the angle of inclination of the plane, place a long 
of \voo<l on the piano and raise it by moans of two rectangular 
pieces of bras.s of known thicknesses until a long spirit level placed on 
tlie wood iiKlicates that the latter is Imrizonial. lie sure that the 
wood is parallel to the lino of greatest sloy.e of the plane and then 
measure the di.stnnce between the points of contact of the wood with 
tlie l)russ ])ieccs. Ihe re<[uired angle is easily deduced. 

Obscrvi* the time, f, required for the sphere to roll from the top to 
the bottom of the plane. [A pieec of wood fixed near the upper end 
i.f the ]ilane and at riuht unglc.s to its length serves as a fiducial mark 
tv-.m wliich tlie Sjiliero starts to mil.] Let .r he the above distance. 
\j\ the artiml diKtauro from tlu* above mark to the lower end of 

(he plane less tlie radius of the sphere. Then, assuming the acceleration 
t<» b(‘ uniform. 

2.r 

= 72 • 

Take tlic mean of several such reailings for each inclination of the 
piano and obtain a series of resuUs for different inclinations, altering the 
inclination ])y means of a single screw at one end of tlie plane. 


uii'e 


»> 

.1 '^1 - o d / 

a- 


it fnllrvvvs that 


•I 


- r.' 


.,.7 sin or .r <‘Osac a — f7 


a 




K 


1 a 


Ib ticc. if cosec X is plotted against a straight lino whose slope is 
» 

* should hr M<*a3uro this slope fiuil deduce rt 

*1 ♦» * * 


1 

N'alur tf, th<' mtoiisity i'furuN'iiy. 

Itrluilitr rr.-^ults \\ jll mijIv hr iif»iuitu*d if thi* surfaces of tl\c plane* and 
ihi* '<1*1 inr frro urit and grease*. These may be reinovotl h\ 

lur uks Mj’a drtrrL^. lU ; aft<T cltMuuiig, the sphciH* should onlv betouelied 
with a pir('t‘ of rlran silk. 

Iiuestiyation of the motion of a wheel and axle down an 
inclined plane. - Let ii< sii|>]iose that a wliee! and axle, of mas.s w, 
starts to roll from rest down an inelintal plane making an angle a 
uitli the liorizontal. We shall assume that the axle is ah\ays 
ni>nnal to tlu* line of grivitest slope in the plane. In this particular 
instance, tlie plane i-onsists of a long woodtui box. the cdge.s of the 
.sjilf's being aceuratelv [ilaned. Tlie axle is in contaet with the plane 
at two points, one on eaeh edge of the box. Let R and 1*. big- 3‘23, 
be tlie cuiiiponeiils of the reaetion at eaeh point of contact in 
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directions normal and parallel to the plane. Then the forces acting 


on the wheel are its weight mg, 
and the components of the re¬ 
action, viz. 2R and 2F. If 
there is no frictional couple and 
the wheel rolls without slip¬ 
ping, the equations which de¬ 
termine the motion are 

sin a — 2F = Tni . (i) 



Fio. 3-23.—A wheel and axle on nn 
inclined plane. 


2R — 7n^ cos a = 0 . (ii) 

and, taking moments of forces about the mass-centre G, we have, 
if a is the radius of the axle 


2Fa = 10,.(iii) 

= rate of change ol angular moinentinn 
about the axis of spin, 

where x is the distance G has moved from rest and 0 is the angle 
through which any radius of the wheel lias turned from rest. Then 



(mg sin a — mx) 


0 


a. 


But X = aO, since the points of contact of the wheel with the plane 
are each instantaneous centres of rest. Hence, x = «0, .so that 


I = 


(mg sin y. — mx) ^ 

• • 

X 


or 




X = 


sin a 
2 


a 


^.j/sin y, 


(iv) 


mgn 

(I -t- mn^) k 

where, as usual, I = 

Experiment.- The above eejuution shows ihiit the iK-celerut ion down 
the piano is uniform. To esiablish tliis fuel experinieiilally obscine llie 
times required by the wheel to roll various diKtunc«‘S down the plane 
the distance is measured ulonw the lino of ^i^-atest slope of thc^ j)lane 
and as usual three ftbservulions are made for the linio of rolling each 
particular distance selected. Plot the distunce-tiine «-uive. Since the 
Kraph is not linear it follows that the inoli<»n is not one of unihuin 
velocity. Draw tangents at several points to the above curv«‘ ami 
‘loterrnine their slopes, i.e. the values of x coiTcsjionding to dilTcrcnl 
positions of the wheel on the f»lane. Jf the velocity-time curve wliich 
may then bo constructed is linear, the motion is vmiformly n<-celerated. 

Having thus established that the acceleration is uniform, it follows 
that 


X 


(V) 
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The required moment of inertia may be determined graphically as 
follows. Using equations (iv) and {v) we have 


cosec a 


1 

2’x(I + ma^)’ ’ 


so that if, for a fixed value of z, cosec a is plotted against the slope 
of the line gives 

1 mgcfi 

2 * x(I -h wwt®) 


from which I may be calculated. 

Alternative treatment: Let us suppose that when the wheel has 
moved dowTiwarcls through a vertical distance h, the angular velocity 
of the wheel is eo, while z is the linear velocity of the mass-centre. 
Then the energy equation is, 


or 


mgh = ilco* + 


mgx sin a 



+ TMX* t‘.‘ 




Differentiating this expression with respect to time 


mgz sin a 



+ m 



, mga^ sm a 

whence z = --- .- 

I + m<3* 

as befoi'e. 

To determine the angle of the plane, two rectangular pieces of metal 
are arranged with their edges at right angles to the line of greatest slope 
in the plai\e. A long straight brass bar is mounted on top of these with 
its length parallel to the lines of greatest slope. The positions of the 
metal pieces are adjusted until the bar is horizontal, a condition which 
may be ascertained with the aid of a spirit level. Then the smgle a may 
bo deduced. [For each setting of the plane this part of the experiment 
should bo repeated at least three times with the metal pieces in different 
positions and a mean value for a calculated.] 


EXAiMPLES III 

3 01. Derive an expre.ssion for the moment of inertia of a body 
about any axis in tenns of its moment of inertia about a parallel axis 
through its centroid and the distance between the axes. 

Two metal spheres of different materials, one solid and the other 
hollow, have the same mstss and external diameter and the same out¬ 
ward appearance. Describe and explain a simple method of finding 
which is the solid and which the hollow sphere, leaving the spheres 
intact. (G) 

3.02. Define the moment of inertia about on axis, of a rigid body. 
Show that if I, and be the moments of inertia of a laminar body 
about two lines in its plane at right angles to one another, then the 
moment of inertia about a perpendicular axis through the intersection 
of these lines is I, = I^ -{- I„. 
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Show that the radius of gyration of a circular plate whose radius is 
a cm. about an axis perpendicular to its plane bisecting a radius is 

K - ^ a. 

3-03. A uniform cylinder has a constant mass ni. Its overall length 
21 and its radius of cross-section a. Find the ratio of / to o if the 
moment of inertia of the cylinder about an axis through its centre and 

normal to the length is a minimum. [V3: 2V2] 

3*04. Show that for any uniform triangular sheet ABC of mass m, 
the moment of inertia about an axis through A and normal to the shevt 
is 


^(362 + 3c2 -a2]. 

3-05. A large uniform sphere of lead, mass M and radius a, rests on 
a plane horizontal surface. A small bullet of mass m is fired liorizon- 
tally with a velocity u into the sphere, the line of motion of the bullet 
being directed towards the centre of the sjdiere. Assuming that the 
sphere does not slide on the plane, show that it will be set rolling along 
the surface with a peripheral speed v, given by the e(|uation. 

5 m 

V = -u. 

7M 


3-06. A uniform (solid) circular cylinder, of moss ni, can rotate 
freely about its axis which is horizontal. A particle of moss Wq hangs 
from the end of a light inoxtonsible string coiled round the cylinder. 
When the system is allowed to move show that the j)article descends 


with uniform acceleration —— . 

m + ‘2mQ 

3'07. a uniform cube swings about one of its edges which is h«)ri- 
2iontal and in the highest positions the centre of gravity is level witli 
the axis of rotation. Provo that the thrust on the axis always has a 
value lying between 0-25W an<l 2-5W, where W is the weight of the 
cube. 

3-08. Show that the kinetic energy of a four-wheeled trtiek travelling 
on a road with velocity u is eqtial to 

!(m + 

where M is the total mass of the truck and its wlieels, is the njornent 
of inertia of each jmir of wheels about its axle and « is the ra<lius of each 
wheel. 

If a force F propels the Iriiek along a level road, Hh»>w that the accelera¬ 
tion is 



3 09. A plato is symmetrical about per[)C*ndiculur axes OA and (^H. 
An axis OC is drawn in the plane of OA and OB iimkiiig ufj angle 0 with 
OA. If the moments of inertia about OA and Oli are Ij and I 2 resjjcc- 
tively, show that the moment of inertia about OC is 


(Ij COB* 0 H sin* 0). 
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A wheel and axle can roll dowTi parallel rails inclined at an angle a 
to the horizontal, the axle rolling on the rails with the wheel between 
them. Explain how the moment of inertia of the wheel and axle 
about the central axis normal to the plane of the wheel can be deter¬ 
mined, deriving the formula required for the calculation. (G) 

3*10. A cylindrical drum, radius a, is free to turn about its axis 
which is horizontal. One end of a light string coiled round the drum 
is attached to it while the other carries a mass m. If I is the moment 
of inertia of the drum about tho axis of rotation, prove that when the 
system moves freely from rest the tension in the string is 

ling 

(I -j- ma^) . 

311. Assume the earth to be a sphere of radius a and with a moment 
of inertia I about its axis of rotation; its angular velocity m is constant 
only when all objects on its surface arc at rest. A train of mass m 
starts from one pole and travels along a meridian with constant velocity 
V. Prove that when it reaches the other pole the angle turned through 
by the globe is 

niua/ I \1 
v \I tna^l 

3-12. Two masses wij and are in equilibrium on a wheel and axle. 
If tho masses are interchanged, prove that, if friction and tho inertia 
of the machine arc neglected, the mass rnj descends with acceleration 

+ ’"a* 

3-13. A fly-wheel is composed of a uniform circular disc of mass 
in lb. uikI ratlins a ft. together with a ma.ss M lb. distributed in a thin 
layer round its periphery. Prove that the couple which must be applied 
to tho wheel to generate in / seconds an angular speed of X rev.inin."^ 
is3-27 .'< 10“^X«“(M -I- im‘^)rMb.-wt.ft. How will the above expression 
be modified if the di.se is replaced by a sphere of mass m and radius a ft., 
tho mass M lying in a diametral plane normal to the axis of rotation? 

314. A wheel and axle rotates with negligible friction about a 
horizontal axis. The motion is brought about by the descent from 
rest of a mass in supported at the end of an inoxlensible thread wound 
round the axle of radius «. If the mass falls from rest through a 
distance z in lime 1. show that the moment of inertia of the wheel and 
axle about its axis of rotation is 

22 )( 2 =)-^ 

where y is tho intensity of gravity. 

3-15. Find the radius of gyration (k) of a regular polygon with n 
sides, each of length «, about an axis tlirough its centre and normal to 
its plane. Also obtain a value for k when n —>■ cc. 

[“=-12 2 + cos 2iTjn 1 

~~ 12 1 — cos 2rrln J 

310. Describe and explain how Atwood's machine may bo used 
to determine the intensity of gravity at a given station. Indicate how 
the clTect duo to the inertia of the pulley may be (o) eliminated from 
the calculations, and (f>) calculated and a correction applied. 


Chapter IV 

SIMPLE HARMONIC MOTION 

Simple harmonic motion. — When a particle moves under 
the action of a force which is directed towards a fixed point 
in the line of motion and which is directly proportional to 
the distance of the particle from the fixed point, the motion 
is said to be simple harmonic. 

Let X be the distance of tlie particle from the fixed jK)int 0, 
at a time t\ its acceleration in the positive direction of x. i.e. in the 
direction of z increasing, is i;, so that the force acting in this direction 
is mz. The differential equation for the motion is accordingly 

mx = —kx, 

where k is the force per unit displacement of the ])article: the minus 
sign is necessary since the force is always opj)osite in sign to that of x, 
i.e. when x is positive the force is negative, and vice verm. 

If we write k = mfi, the above equation becomes x = —fix. a 
solution to this being 

X = A cos (fih a). 

where A and a are arbitrary' constants. [In {)assing we note that [i 
is the acceleration per unit displacement of the particle.] 

The motion is therefore j)oriodic, i.e. the values of x and x recui’ 
whenever the phase {(iH + a) increases by ^tt. Let T be the jjeriod. 
Then if q the particular instant when the particle oon.sidered has a 
displacement z^, we have 

Xi = A cos 1- a). 

and when the time is (q -i- T) the particle is next in the same state 
of motion. Hence 

cos (//*q a) = coHl/#*(q t T) i 7.\, 

^*q H 7. -I 27r - /^*(/, ( T) i 7, 

and T = ^^ = - 

fi Vacceleration j>er iinit disj)lacement 

It will be noted that the fjcriodic time is indepemlent of the 
amplitude, A, of the motion; such vibrations are said to be 

isochronous. 
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Example (i).—A particle of mass m is fixed to the mid*pomt of a wire 
stretched between fixed points. The tension in the wire is F. Find 
the period of small lateral oscillations. 

Let y be the displacement of the particle from its position of rest at 
a given instant—cf. Fig. 4-01. If the displacement is small the teMion 
in the wire will remain constant. Further, if the inertia of the wire is 
neglected, the motion of the particle is given by 



Fig. 4-01.—The oscillations of a particle at the centre of a stretched wire. 


if 21 is the distance apart of the fixed points. The negative sign is used 
since the restoring force acting on the particle tends to diminish y. 


Hence the period is 



Example (ii).—Determine the period of the vertical oscillations of a 
body attached to a closely coiled helical spring. 

In this problem we have to consider the motion of a body suspended 
from a fixctl point by a helical spring of negligible mass. Let M be 
the mass of tlic body. \\'hen the spring is at rest, its lower end will take 
up some defiiiite position. When a small additional mass m is attached 
lo M, let h be the ilistance through which the lower end of the spring 
descemls. Kxperiment shows that if a mass m had been removed 
from tljc total load carried by the spring the position of the lower end 
of the spring wouUl have been raised by an amount h. It also shows 
that It is directly proportional to m. 

If, therefore, the loud is M and the spring is stretched by on amount 
y, tlie force tending to restore the load to its initial position is the 
re.sultant of the weight acting vertically dowTiwards and the upward 


r m ' 
pull pi + ^ •yji?. ^ 


mgy 

h 


The motion is therefore given by 



so that its ])oriod is 




is tho static extension of the spring due to the load M. 


Let it be calleil then 



so that the period is equal to that of a simple pendulum of length A 
(cf. p. lOCj. 
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From the above it follows that by timing the oscillations of a loaded 
spring a value for the intensity of gravity maj' be obtained. In practice, 
however, a correction must be applied for the effect of the inertia of the 
^ring itself. We may regard the effect as if it were due to on increase 
in the load carried; this is equivalent to an increase J/ in the 
extension due to the load. 

Let Tj and Tg be the periodic times observed when the loads ottaclied 
to the spring are Mj and Mg respectively. Then 




and 





T.= 

Eliminating JA, 

- Tg^) = 47 ^(Ai - Ag). 

Alternatively, a graphical method may be used to eliminate -lA. 

Example (iii).—Determine the period of the vertical motion of a ship 
neglecting the inertia of the water displaced. 

f 5 u ^ ^ volume of water displaced, p the density of tlie water, 

the cross-sectional area of the ship at the water line, and supjiose x is 
le small vertical displacement at a given instant. Then the eejuatiou 

of motion is 

pVx = ~gpSx. 


T = 27r 



whore 2 is the mean depth of immersion. 

Theory of the simple pendulum.—A simjile pendulum i.s really 
a mathematical conception and is 
supposed to consist of a bob, which 
be treated as a particle, sus¬ 
pended from a fixed point by a string 
or cord of negligible mass so that it is 
eoiwtraincd to move in a vertical circle 
under gravity. 

Let 8 be the distance described by 

0 bob, this distance being measured 
ajong the arc of the circle from 0. 

4*02, the lowest point of the 
swing. If yf ig angle made by the 
st^g with the vertical OY through 0, 

*,*7 '''Lore I is the length of the 
“tnng. If w ig the mass of the bob, the 
*orce acting upon it in the direction 
o « mcrewing is —nuj sin yj so that its 
tceleration in this direction is -~g 
sm y. The equation expressing the motion is 



! tiig s/o f 

. _i 

0 \ 

I'kj. I 1)2. 
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If is small this becomes 



so that the motion is simple harmonic, its period being 2tt j- . 

* 9 


Correction for finite arc of swing.—In 1749 Bernoulli 
showed that the period of a simple pendulum having a finite arc 
of swing was greater than when the arc was infinitely small in the 
ratio 1 + where y© maximum angular displacement of 

the pendulum, provided this is not large. During any experimental 
determination of g by means of a simple pendulum the amplitude 
of swing decreases so that a further correction is necessary. 

If the pendulum swings through a finite angle on each side 
of the vertical, so that when y) = ip — 0, multiplying both sides 
of equation (i) by ip and integrating, we get 


1*9 Q 

= - cos y + K, 

/ 

where k is a constant. But ^ = 0 when rp = so that 


K — 


- j cos Vo 


Irp^ = - (cos ip — cos iPq) 

If 


Equation (iii) may be written 




where t is the time measured from an instant when the pendulum 
passes through its position of static equilibrium, and the integration 
extends over a quarter period. 

If we nou- introduce a new variable ^ defined by the relation 



sin hip 
sin \ip^ ’ 


since ip^ > ip, it follows that sin is always less than unity, i.e. <j> 
is real. The limits for ^ corresponding to the values 0 and ip^ for ip 


TT 

arc 0 and - respective!}*. 
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Hence 


g T 
^4 


sin cos ^ d<f> 


1 

0 2‘ 


1 - sin" 6 sin^ - / sin*' - sin" 6 sin" 

2^2 2 


2 Vo 


2 Vo 


2d4, 


1 - sin'' J, sin" ^ 
^ •> 


.-. T = 4./' 
9 


d(f> 


^ '/•'o 


1 +( 


- (If-v 


, if tpQ is not largo, 


+ '-«'-^)ysinV + 

1.2 16 


= 4 /[ ![ Vo' 1 IT + ! ? 1 Vo* ? 1 ^ 
gl2 2' 4 '2‘2 2'2'2 I6^'4'2'2 


since 


r 

■ 2ni ,1 2« - 1 2« - 3 3 1 TT 

(b.ds = -.- 

Jo 2 h 2n - 2 4 2 2 


.•. T = 4ji”[l + i'eVl, ifv.„'‘->0. 

^ (J 2 


If T. = . 

^ 9 


I<‘-/6Vo^ = 0-0001, 


T — Tj[l + iVvo^i’ 


T, = Til - -hwo^l 


Vo^ = m^oVtf, or xpQ = 0-040 radian = 2’ IH'. 


Example .—When g = 980 cin.sec. ^ the lengdi of the 8efon«ls pen- 
nuium is 99-33 cm. Find the chanRO in the number of oscillations 
per (lay if (a) the length is increased to 100-0 cm., {/>) the intensity of 
gravity is increased to 981 cm.soc.'’^, and (c) both clianges arc inudo 
HJmultaneously, 

If T is the period, wo have 

T2 =4v^-. 

9 

Uifferontiating logarithmically, WO got 

,, dT 61 6<j 
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If N is the number of oscillations made per day bj' a pendulum with a 
period T, 

NT = constant. 


dN <5T ^ 

4* rp — 0. 


. ^ _ l(^ _ 

N “ il¬ 

ia) If g is unoltered, we have approximately, 

.'»K Al 0-67 . 0-335 

'N ^ I - 99-3 ‘ “ 100 * 


Now foi- u secon<ls pendulum, N = 1 X 24 x 60 X 60 = 43,200. 

(24 X 60 X 60) 0-335 


.-. AS = ■ 
(/O If I is not chanpod. 


100 


= -144-8. 


N 


(j “ ■ 980 ■ 


.JX = 43,200 (2 X 980) = 22. 

(<•) When botli cluintros occur sirnultaneously, we have 

AS = -144-8 f 22 = -122-8 


'rims th«- ]>cn<lulum maUos per day 123 complete oscillations less than 
i!k- siH'onils doi-k. i.e. it loses 246 .sec^onds a dav. 

Systems with one degree of freedom.—Whenever the con- 
iiguiatiou of a system is known as soon as a single entit}", called a 
cootY/irin/e. is known, then tliat system is said to have one decree 
of freedom. For cxanipk*, let us consider a rigid bar AB, Fig. 
4-03. susjxMided by two inexten.sihle .strings from fixed points P and 



Q, respeetivelv. In tie- iliagrain A^B^ is the position of static 
equilibrium of the rod and it is assumed that the strings are confined 
to the vertical plane through the fixed points P and Q. Now let the 
.system be displaced from its position of static equilibrium to a 
po.sition AB; the two ends of the rod vill move respectively on the 
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arcs of circles described about P and Q as centres and the con¬ 
figuration of the system is completely determined when <!>, i.e. the 

AqPA, is knoAvn; tj) is the coordinate corresponding to the single 
degree of freedom which the system possesses under the conditions 
stated. 

Potential and kinetic energies. —When a system with one 
degree of freedom is displaced from a position of stable equilibrium 
and then set free, it will vibrate about that position. I^ct x be the 
coordinate defining the single degree of freedom and let the origin 
be chosen so that z is zero when the system is in its position of static 
equilibrium. 

Let the potential energy of the system be taken as zero in the above 
equilibrium position; in a displaced position let it be U. Since U 
is a minimum when a: = 0, it follows that tlie curve showing how U 
varies with z must be concave with 
respect to a point on the U-axis. Such a 
curve is shown in Fig. 4*04 and as long as 
any displacement is small, the curve will 
not differ sensibly from a circular one. 

If P is the point (x, U), since PN is i>ro- 
portional to ON^, we may write 

U = 0X2, 

where o is a constant provided x is kej)t 
small. 

If V is the rate at which z increases with time, tlie velocity of 
every particle in the system will bo proportional to e, so that the 
kinetic energy of the system may be written 

W - f}v\ 

where ^ is independent of v, though it may depend on ;r. Now in all 
vibrating systems with whicli one is usually concei'iied, the velocity 
of every particle will be finite, so that if x is restricted to small 
values, the kinetic energy may be taken as that when x 0, i.e. the 
kinetic energy in the po.sition of static equilibrium. Hence when x 
w small, ^ may be considered constant. 

The periodic time of a system with one degree of freedom.— 
Since the total energy of a vibrating system i.s constant (<lamping 

is assumed negligible) U W = const. 

dU dW 

.*. - - H-= 0, or oxi Bvv — 0. 

(It (it 

Since v = jc, this equation may be written x -f ^ x = 0, so that 



Fio, 4*04.—Potential energy 
a miiurnum in an cqui* 
librium position. 



no 
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the periodic time is given by 



In words, it is often statod that 


T = 2 


TT 



Kinetic energy for unit velocity 


Potential energ}*^ for unit displacement 
Dimensionally this statement is incorrect; the coiTect statement 


IS 


T = 


/(Kmetk energy) . (Potential energ 3 ') 
(Velocity)^ (Displacement)^ 


(Displacement)' 


the dimensions of which are clearly' those of time. In this expression 
tlie term di.splacement is used to denote the coordinate, viz. x, while 
the term velocit 3 ' denotes its time rate of change; the terms, as 
used here, do not necessaril 3 ' denote an actual displacement or an 
actual velocit 3 ', respectivel 3 '^. 

Thus, for a simjdc jiendulum, when the string makes an angle \p 
with the vertical, the kinetic energy of the bob is hnilip)-, while its 
potential energy at the .same instant is 


V lien y; is small. 


— cos ^') = mgl.'Z ain^ 

= n}glA^>-, 

I'luis according to the formula just established 


'r = 27 



which is 277 



y. 


Or)- 

f/ 

for another illustration of this method let us 


= 277 



coiisi(.h'r the following problem. 

The oscillations under gravity of a light helical spring when 
It IS loaded.—Fig. 4-05(<r) shows the spring when it is unloaded. 
\\ hen a load of mass l\ is carried by the spring let be the extension 
of the spring, cf. Fig. 4-0r»((>). If / is the force reciuired to stretch 
the spring by unit Icngtii. for equilibrium. 

where g is the intensity of gravity. In tln.s position tlie energy 
stored m the spring (this is considered as part of the potential 
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energy of the system) is equal to the work done on it. viz. 

'h 

(fi) 


/: 


Now let the spring be extended and released so that it executes 
small vibrations in a vertical plane. If $ is the displacement 
measured from the position of static equilibrium when tlie spring 
carries the mass M, cf. Fig. 4-05(c), the additional energy stored at 
this instant, is 

hfiih + if - V] = fioi + hfi' 



Flo. 4-06.—Oscillations under gravity of n light 
helical spring when it is loaded. 

If the potential energy due to gravity is considered zero in the 

position of static equilibrium, then tlie potential energy cone* 

spending to the position ^ is —My(^. Hence the total [)otentiul 
energy is 


-Mj/f + Ug$ + hje = 
The kinetic energy is Hence 


i.e. 


which 






agrees with the relation 



y 



2 ^ /(Kinetic energy) , (Potential energy) 
^ (Velocity)* (Displacement)* 
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Equation to a cycloid.—A cycloid is the curve traced out by a 
point on the circumference of a circle which rolls along a straight 
line. To determine its equation, let us consider a circle of radius a 
rolling along the line y — 2a —cf. Fig. 4*06. Liet the initial position 
of the circle be such that its centre lies at Cj, a point on the axis Oy. 
Let P be the point on the circumference of the circle which is to 
trace out the required curve. Let the initial position of P be Pj at 
the origin of coordinates. Now let the circle roll along the straight 



Fig. 4 06 .—A cycloid. 

lino ?/ = 2« until its centre is at C 2 , and Bj, a point on the circum- 
ibrcnco of t!u* circle such that = 0, is at Bo on the line along 

wliich tin* circle rolls. 'J'hen C'^Co — oO, and Dj, th^e point diametric¬ 
ally o))iiosite Bj, lies at Do on 6 j*. I^et the coordinates of Pg, the 
po'ition ol tiio tracing point, be (.r, y). Then 

.V ~ UX.. [Xo is the projection of Pg on Ox] 

^ t’li'o -r CoPosin 0 
^ uO i a sin 0 = a{0 1 sin 0). 

Also ,/ ^ R.Xo — (\,!)o - C.P.. cos 0 

-- r/( 1 — eos 0). 

\\ hen 0 tt. the tracing point is at K, the point {-rra, '2a). The 

tracing point then moves along that portion of the curve which is 

the imag'.. ot Ol*oK in a line through K parallel to the y axis. K is 
a cusj). 

The c>cIoidal pendulum.—The motion of a simple pendulum 
is .simi.le harmonic t,nly if the amplitude is siiflieiently small. It is, 
however, possible to constrain a particle moving under gravity so 
that tlie motion is .strictly simjile harmonic, provided that the 
amplitude does not exceed a certain finite limit. The differential 
etiuation which has to be satislied for all values of y is 

s = —g sin \p, 
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for this is the equation giving the motion of a particle constrained 
to move without friction in any curve if xp is the angle made with 
the horizontal by the tangent to the curve at a point distance s 
along it. If this equation is to represent simple harmonic motion, 
the acceleration must be —where // is a constant. Hence 


s = — sin xp. 

y- 

To determine the nature of this curve, we proceed as follows: 
Let 5 = c sin xp. Then ds = c cos xp dxp. 

But 


« • 


dx 

dxp 

. y = 


Also 

dx 

dxp 


. dy . . dx 

tan xp, — = sm xp, and — = cos xp. 

ds ds 

dy ds 

- -= c cos xp sin xp. 

ds dxp 

Jc sin* + A, where A is a constant of integration. 
Jc[l — cos 2xp], choosing y = 0 when y; = 0. 

dx ds „ 

—•— = c cos^ xp = lc(l + cos 2w). 
ds dxp 


.. X = c 


^ + B, where B is a constant of integration 

-2 4 J 


= {c[2xp + sin 2xp], if r = 0 when = 0. 

Thus the curve represented by « = c sin yj is a cycloid, the diameter 
of the generating circle being \c. 

An important property of a cycloid.—We have just seen that 
the length s of the arc of a cycloid, measured from the origin, is 

expressed by 

8 = c sin xp, 

when the equation to the cycloid is 


X = \c{2xp + Bin 2tp) 

♦ 

y = Jc{l — cos 2xp) 

Let P, Fig, 4*07(a), be a point on the above curve, the vertex being 
ttt 0, the origin of coordinate.s, while K is the first cusj). 'J’hen p, 
the radius of curvature at P, is given by 


ds 

p = — = c cos xp. 
dxp 
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Since the diameter of the rolling circle is 4c, it follows that 
c 

p = 2. - cos y = 2CP, where C is the point of contact of the circle 

with the line along which the latter rolls. If PC is produced to Q 
such that PC = CQ, then Q is the centre of curvature at the point 
P. The coordinates of the point Q are therefore 


X — \c{2y) -r sin '2y)) — c cos yi sin y) = \c{2y) — sin 2y)), 
?/ = |c(l — cos 2^^) -{- c cos y> cos yt = ^c{2 -f 2 cos^ tp). 



Now let the origin of coordinates be transferred to the point 
( —jm’. ^c). i.c. the first cu.sp to the original cycloid on its negative 
side. Let X and Y be the coordinates of Q refeiTed to rectangular 
axes throiikdi tills new origin and parallel to the axes 0.r, Oi/. Then 






'h cos 2^] 


He nce tlio locus of Q is a cycloid equal in .size to the original 
evdold. 

4 

From th(“ diagram it is clear that QC makes an QCA = 
with tile horizontal. Hence KQ = c sin — v) = QP- 



The cycloidal pendulum in practice.—The above property of 
a cN c loid is really the one which gives it its importance in the study 
ol sinqile harmonic motion. It has already been shown that the 
mot ion of a simple pendulum is only simple harmonic if the amplitude 
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is small; when the amplitude is finite the period is different from that 
of a pendulum of the same length but whose amj>Iitude is small. 
Hence a clock beating two seconds for a definite angle of swing will 
have a different period if the amplitude is altered, i.e. the clock w ill 
gain or lose. The importance of cycloidal motion lie.s in the fact 
that if a particle can be constrained to move under gravitv on a 
cycloid whose axis is vertical, then the period will be independent 
of the amplitude, i.e. the timekeeping powers of a particle moving 
without friction in a cycloid are unimpeachable. 

In practice, the simplest method by which a particle may be 
constrained to move in the above manner is one first proposed by 
Huvoens (1629-95). The particle is suspended from a fixed point 
by a fine cord of length A^P = 2c in such a way that it wrajis itself 
on the cheeks of two metal jaws, the shape of these being given bv 
the equation a = c sin tp—cf. Fig. 4*07(6). 

Later designers have proceeded differently in endeavouis to obtain 
a pendulum whose period at a fixed temperature shall be invariable. 
They have tried to keep the amplitude constant by applying a 
suitable control force to the pendulum so that the energy losses <lue 
to friction and air-damping are just counter-balanced by the energy 
supplied by the control. 

The oscillations of a sphere on a concave mirror.—\\'hcn a 
steel sphere is displaced from its position of equilibrium on the 
surface of a concave spherical mirror and then set free, it will roll 
backwards and forwards since, when the oscillations are sullicicntly 
small, the friction between the surface.s in contact is great enough 
te ensure that there is no sliding. By ob.serving the periodic titnes 
of the small oscillations of the sphere on the curved mirror, a value 
or j/ may be found. The theory of the method is as follows:— 

I-^t 0, Fig. 4*08(a), be the centre of curvature of the mirroi*. of 
radius r, C the centre of the sphere of radius a, A„ the point on the 
mirror vertically below 0, and P the instantaneous point of contact 
ictween the sphere and the mirror. Let ip ~ A„OP. Then if A is 
the position of the point on the sphere wliicli is in contact w ith 
"hen the sphere is in its lowest position, the arc J’A is equal to the 
AqP since the motion is one of pure rolling. Hence, if is the 

^ngle indicated, 

aij} = rip. 

H CA produced cuts OA^ in B. and i( 0 = OBC, then .since CA is 

a fixed line in the sphere, <f> is the angle through which any radius 

^ the sphere has turned since it left its lowest position, i.<*. after 
time t. 


Now 


^ = V + d, i.e. 


a 


(' 
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To determine the periodic time let ns calculate the energy of the 
system. If the potential energy is reckoned zero for the lowest 
position of the sphere, we have, if m is the mass of the sphere 


P.E. = mg{r — a)(l — cos rp) 

— if y —► 0. 

Expressed in terms of 0 this is - .0^. 

2 r — a 

The kinetic energy is calculated by using the fact that since P is 




Fio. 4'08.—Oscillations under gravity of a sphere on a concave mirror. 


an uistantaneous centre of rest, the sphere is at that instant rotating 
about an axis through P perpendicular to the plane A^OP. If I is 
the moment of inertia of the sphere about a horizontal axis through 
C, its moment of inertia about a parallel axis through P is (I + 


K.E. i(I + ma2)0^ 

since 0 is the angle which a fixed line CA in the sphere makes with 
tlic fixed line OAq in space, i.e. a> = 0. 




P.E. 
■ 02 


= 2ttJ i(I 4- ma^) ~ 



1 inga^ 




l: I = W] 


The length of the simple equivalent pendulum is therefore — a). 
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N.B. The above expression may also be obtained from considera¬ 
tions of the motion of a sphere on an inclined plane. For such 
motion we have proved, cf. p. 96 


a' 


X = 




g sin a 


When the sphere is on the mirror and in a position defined by ip, 
we may regard it as instantaneously on an inclined plane in which 
a = y, so that 


—(r — a)ip = 


a 




gip = ^^gip 


[The minus sign occurs because the motion was down the plane 
when the equation of motion was derived; now, when ip increases 
the motion is -up the tangent plane at P.] 


T = 277 , as before. 

^5 g 

Again, by the principle of the conservation of energy, we have 

mg{r — a){l — cos yt) + = constant, 

since P is an instantaneous centre of rest and 6 is the angular 
velocity of the sphere, cf. p. 116. Now, as before, a<f> = rip and 
~ 0 + ip, so that aO = {r — a)ip. Differentiating tlie energy 
equation with respect to time, we have 


Eliminating 
wo have, if ip. 


which with 


g(r — a) ain Ip.Ip -f + 0^)60 = 0. 
tp and ip from this equation by using aO = 

• / aM 

+ ( - \g0 = 0, 

\r — a/ 

= gives, as before 



T - . 

^ r> g 

Finally it should be noted that the period of oscillations may be 
etermined by making use of the equations of motion. If we 
assume that the reaction at P is a single force so that no fric-tional 
couple acts on the sphere, by taking moments about P, we Iiave 

m(a* 4- K ^)0 + mga sin y» = 0, 
which when ip-* a becomes 


(u® + K*) — y -I- agip = 0, 

which, with k* = gives 



[V aO = Ryj] 


(r -g) 

9 
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The reaction between a sphere and the concave spherical 
surface on which it rolls.—To determine the least value of the 
coefficient of friction which will ensure that the sphere will not 
slide when in motion on a concave spherical surface, let a be the 
greatest value of rp, and N and F the normal and tangential com¬ 
ponents of the reaction at P, Fig. 4-08(6), the point of contact 
between the sphere and surface on which it rolls. Then, by the 
energy principle, we have if (r — a) = R, 


7«^rR(l — cos f) + -f a^) = nw 7 R(l — cos a) + 0, (i) 

since the sphere is momentarily at rest when its angular displacement 
is a. 

Also, since the components of the acceleration of C towards 0 and 
at right angles to this are, cf. p. 60, 

= —(R — Rf/-'^) = Ry>^, R is constant] 

and a.^ = R^ -f 2R^, 

and since the linear acceleration of the centre of the sphere is the 
same as if all external forces acted at that point, we have 

?HR(yj)^ = N — cos ip, . . . (ii) 

?«R^ == F — 771^ sin yj. . . . (iii) 

If in eejuation (i) we use the fact that aO — Rip or ad = Rip, we 
liave, after dilTcrentiation with respect to time, 


^R sin -h (k^ .f. ) W ~ 0, 

K~ -\-a^ „ 

sin v* = — — — - Ri^ 

ga^ 

Eliminating ip from equations (iii) and (iv), we find 


. (iv) 


' + a”’ 


mg sin \p 


Also from (i) and (ii), wc find after some reduction 


N = ]mg{\l cos y) — 10 cos a). 

Tile greatest value of F is |- mg sin a and the least value of N 
occurs when ^ = a; in such circumstances N = mg cos a. Hence the 

F . 

greatest value of is f tan a and so if (.i, the coefficient of friction 
exceeds f tan a, the sphere will always roll and never slide. 



SIMPLE HARMONIC MOTION 


119 


Experiment. —A value for the intensity of gravity may bo obtained 
by observing the period of a sphere rolling on a concave mirror. First 
determine the radius of curvature of the front surface of the mirror Ijy 
an optical method. Then determine the period in the usual wav, 
not forgetting to use a fiducial mark past which the transit of the sphere 
may be observed and timed. A convenient mark for the above pur[)nse 
consists of a piece of black cotton stretched horizontally above the 
centre of the sphere when at rest. If the eye of the observer i.s in the 
plane containing the cotton and its image, formed by reflexion in the 
mirror, the timing of a definite event and its repetition is assured. 

For success in this experiment it is essential that the surfaces of the 
sphere and of the mirror bo free from grease so that the sphere rolls 
without slipping. They must bo cleaned with a detergent: afterwards 
they should not be touched by hand; the sphere may be held in a jiiece 
of clean filter paper when necessary to move it. 

Example. —A uniform circular hooj) is suspendi'd from three lixetl 
points by three strings each of length A. The st rings are vi'rtical and 
the plane of the hoop horizontal. Determine the jieriod of a small 
rotational oscillation about the vertical through the centre. 



Flo. 4-09.—Srnull oscillutioiiH of a circular Ituop sus[)fiiilcd by three vertii-al 
s niigH of equal length. \ In (a) the small 'rise' of the hooj) is not slio\v ii. | 


If h, J?ig. 4 09{u), is the tension in each string, and M the muss of ilie 
noop, we have 


3F cos y> = Mf/, 

where iu intensity of gravity and yi the angle- each string mak*’s 
wttfi the vertical. .Since is small wo may write 

3K = M,. 

•^ujjpose that each radius of the ho()j> iH throijj'}! an angle <p 

BOmo iriHtant. Then, 8inco <f> is email when i/» in Hinull, 


a being iho rudiun of the hoop iho inniiicTit about the axis ofrotulioii 
the forcea tending to inereaHc <f> in 




-^3(F «in yf)a 



X ' 
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But this is where I and k are respectively the moment 

of inertia and the radius of gyration of the hoop about the «.yig of 
rotation. Hence, since = a if the hoop is thin, 


# + 1 ^ = 0 . 


The motion is therefore simple harmonic, its period being 27 r 


J- 


Alternative method .—Let us suppose that when the displace¬ 
ment of each supporting thread from the vertical is y, the centre O 
rises a distance z. Then since \p is small the arc AAj may be taken 
as the side NAj of the right-angled JPjA^N, when 


+ (A - ^)^ 

or 2 A 2 = 

^ small in comparison with unity. The energy principle gives, 
at once, 

+ M(72 = constant, 


or 




2 A 


= constant. 


Differentiating with respect to t, we obtain 


.so that, as before, 



It will be noticed that T is independent of a ; it is also independent 
of the number of strings in excess of two used to support the hoop 
and the manner in which they are arranged round its periphery; 
in this latter instance the tensions in the strings will be different 
from each other, viz. F^, F^, F 3 . . . , where 


1'1 "b 1*2 "b F3 -[-•••= 

Example. —A uniform circular disc, mass M and radius a, is sus¬ 
pended wit h it.s plane horizontal by three symmetrically situated vertical 
threads eacli of length attached to tlie rim. These threads are assumed 
inelastic and to have negligible mass and rigidity. The disc carries 
another tlisc of ninss m, one of the faces of this disc being in contact 
with tlic larger tlisc. What is the period of small oscillations under 
gravity of the above system about a vertical axis through t)ie centre of 
the large disc? Describe and explain how’, by using the above arrange¬ 
ment,* the theorem of parallel axes may be tested experimentally. 

♦ Tlie method is due to Dr. E. J. Irons. 
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The system is shown diagrammatically in Fig. 4-10(a). Let Fj, Fj 
Fj be the tensions in the strings when the centre of gravity of the 
disc m is at a distance r from the vertical axis about which the system 
rotates. If y is the angle each thread makes with the vertical when 
each radius in the larger disc has moved through an angle <f>, then 

(Fj + Fg + Fj) cos V = (M + m)g. 

The couple tending to increase <f> is 

— (Fi + Fo + F 3 ) sin y>.a = (M + m}ga tan y> 

= (M -t- m)ga^.^, 

since a<p = Ay. The equation of motion is therefore 

+ (M + m)ga^. ^ = 0, 

where I is the moment of inertia of the whole system about ile axis of 


P 3 



(a) 

Fia. 4-lU.—Kxporimontal voriiiciition of tho theoront of parullol axes. 


rotation. This moment is equal to 

|Ma2 -i 4- r®), 

where k is tho radius of gyration of tho smaller disc about u vortical axis 
through its centroid. 

Thus - is constant, i.o. tho motion is simple harmonic and its period T 
1 ^ 

given by 

1'* = - f- r^)]A 

(M -f Tn)ga^ 

'fhis equation may bo written 

4fr*Am ^ rn 

If thorofore, after a suitable sot of observations has been made, 
y /I'Z iti plotted against a; = r*, the graph should bo a 


9 
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Straight line \vith a slope unity and making an intercept on the y-axis 

equal to — — (a^ -f- If the disc m is replaced by a cvlinder with its 

2 m 

axis vertical and cut so that its mass is M, the calculations are less 
tedious. 

If these deductions are confirmed, then the theorem of parallel axes, 
cf. ]). 70, which has been used in deriving the lime period, will have been 
verified. 

It should he noticed that under certain conditions it is impossible for 
the large di.so to remain liorizontal. Tlius, in Fig. 4-10(6), lot the small 
<lisc or cylinder D bo nrninged with its axis vortical and passing through 
a priint on the diameter A<3 of the larger disc. Then on, account of 
symmetiy, tlie tensions in the threads through B and C will bo equal, 
although, by proceeding as follows, we do not make use of this fact, 
'faking moments of forces about tho axis BC we have, since this axis 
is at a distance iu from t), 

Fi(« -* ia) -r u{r - h<i) ” W(Ia). 






[i\V« -f «•(!« — r)]. 


Now if Fj is zero tho equilibrium of tho disc becomes unstable. 'Tliis 
<.)ef:ur.s when 

\V 4- ir (t M 4- 7)1 a 


r = 


U' 


in 


In practice any such tentlcncy towards instability may be avoided by 
using i\Vi> etjual small c;vdindci*s an<l arranging them symmetrically on 
a diameter tiimugh O and on opposite sides of O. 

[If each point on tho tlis<; risc.s thnnigh a distance z, the energy 
tM|uati<m Ls easily shown to be 


wluM' 


i (M : >n)ijz = constant, 
^ 

■ 2 ;. ’ 

i.(“. the equal i'>n of mot ion is 

- j/d*'" -- f 

which is as before. Henee, etc.] 


(i\r - }n)g 
2 / 


[cf. p. 120.] 



The compound pendulum.—A rigid body of any shape and 
internal stnuture wliieh is free to rotate about a fi.xcd horizontal 
axi.<. the only external fc»reos being those due to gravity and the 
reaction of the axis on tlie body, constitutes a compound pendulum. 

Su[>|)o.'ie that the ma.^s of the pendulum is m and that it is 
oscillating about a fixed horizontal axis through O, Fig. 4T1. Let 
(1 he the nia.ss-centre and r the distance of 0 from O. Let y) be the 
angl(‘ 0(1 makes with tho vertical when the pendulum is displaced 
from its po.^ition of .static e(juilibrium. Tlien the moment of the 
cxtt'rnal tor<-es about O and tending to increase ip is —mgr 
But tliis is etjual to the rate of change of the angular momentum 
of the pcMiduIurn. viz. (I - mr~)ip or 4- r-)^, where I is the 

nujnicnt of inertia of tl»e body about an axis through G parallel to 




SIMPLE HARMONIC MOTION 


123 

the axis of rotation and k the corresponding radius of g 5 Tation. 
[(I + vir^) is the moment of inertia of the body about the axis of 
suspension since this is at a distance r from 
G—cf. p. 70.] The motion of the pendulum | 

is therefore given by 

(I + mr^)y -|- mgr sin y* = 0. 

or (k^ + r^)\p + gr sin tp = 0 (i) 

If tp is limited in magnitude so that sin rp may 
be replaced by ip, then 

{k^ + r^)ip ■\-gr\p = Q. . . (ii) 

Hence the motion is simple harmonic and the 
period is given by 


= W- 




(iii) 


rg 



Fio. 4-11.—A corn 
pound ponduluni. 


The period is therefore equal to that of a 

simple pendulum of length I** + ^ j' 

straight line OG is produced to P so that OP = I, the length of tlie 
equivalent simple pendulum, P is known as the centre of 
oscillation, wliile 0 is termed the centre of suspension. Then 


OP = i = 


+ OG^ 


OG 

i.e. OP.OG = + OG^ 

or OG(OP - OG) = K^, 

which may be written 

OG. GP = K*. 


This expression shows that P and O are such that if the body 
were suspended from an axis through P parallel to that through O, 
then 0 would be the centre of the oscillation. The centre of oscilla¬ 
tion and of suspension are said to be convertible. This property of 
a compound pendulum was discovered by Huygens. 

Now the expression for tlic period may be written 


r* — r. —- -t- = 0 . . . (iv) 

47r* 

Since the sum and products of the roots of this quadratic equation 
in r are each positive, both roots arc positive, i.e. for a given value 
of T, this equation gives, in general, two positive values for r, viz. Tj 
and fg, i.e. for any particular value of T there arc two positions for 
O on the same side of G. It follows at once that 
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Similarly, if the pendulum is suspended from an axis on the other 
side of G, this axis being perpendicular to and cutting OG produced, 
exactly the same quadratic equation wall be obtained for a given 
value of T. Therefore, on any chosen line through G, there are 
four points about which the period of oscillation of the pendulum is 
the same, the axis of rotation being always normal to the chosen line. 

Suppose h is the distance between two of these points on opposite 
sides of G and at unequal distances from it. The distance between 
them is equal to the sum of the roots of (iv), i.e. . 

47T^ 

It w ill be noted that h is the length of a simple pendulum whose 
periodic time is T; this is the so-called simple equivalent 
pendulum. 

These remarks may be illustrated by Fig. 4*12. Since it is only 
the distance of the centre of suspension from the centre of gravity G 
^s•hich determines the time period, it follows at once that the 

pendulum showm wall have the same 
period for any point of suspension on 
either of tw’o circles defined by their radii 
rj, rg and common centre G. Let Oj and 
O 2 be two such points on a straight line 
through G and in the plane of the diagram. 

Since another pair of points Oj' and 02 ^ 
given by the intersection of OjOgG pro¬ 
duced with the above circles also fulfil 
the same conditions, there will always be, 
in general, four points on a given straight 
line through G for w’hich the pendulum 
wall have the same periodic time. Now 
because 

GOj + G02^ ~ ^1 "b ^2> 

it follows that OiOg' (or OgOj') is the 
length of the simple equivalent pendulum. 

Experiment .—To determine a value for the intensity of gravity 
by means of a compound pendulum. In this experiment use is 
nuule of the facts estnblislied above. Ihe pendulum consists of a 
roctungular brn.ss bar about a metro long wliich may be suspended on 
a knifo-oclgo at different points along its length—for the purpose of 
clesc ripli<ni wo regar<l the bar ns a lamina. If a series of holes has been 
drillecl in the bar so that their centres lie on a lino passing through the 
centre of gravity of the bar, the suspension of the bar in the above 
iimnncr is made more easy—ef. Fig. 4-13(a). 

It is essential that the knife-edge should be level. This usually con¬ 
sists of u piece of hard steel groimd to a sharp edge and fixed in a wooden 



s 


\ 


\ 


/ 
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board, A, Fig. 4-13(6). The heads of two round-headed screws are 
fixed on the under side of the wood while an adjustable levelling screw, 
S, is placed behind. Wlien the bar is placed on the knife-edge it U 
usual to find that it wobbles as it swings. \\’hile the bar is swinging tlie 
levelling screw is adjusted until the bar moves only in a vertical plane. 
It may be necessary to repeat this procedure at evejy hole. 

By means of a chronometer deterinine the period of the bar when it i.9 
suspended from every other hole in turn, using an accurate method 
of timing. Pins and Po attached to the pendulum are used in 


X 

o 


i? 




© 


Knife-edge 


(a) 



Levelling 
j screw 

* S 


Steel plate 




Fio. 413.—A conijiound pciiiiuluiu u.sed to liiid '</. 


conjunction with a fiducial mark t«) <letennino the number of <rornpIete 
oscillations made by the pendulum in u inousuru<l lime interval. Then 
measure the distance of each ptiint of suspension from one end of the bar. 

Use the observations thus obtuincMl to plot a curve with j>erioflic 
times as ordinates and the distunco.s of the jioint of suspeiiHion from ono 
end of the bar as abstussuo. The curve will l>o similar to that shown in 
rig. 4-l4(a). The values for the periodic times when these apju-oach 



tio. 414.—Graphical iriothods of dealing with th<» ohMervntiuns 
obtained on the iK-riodn of a compound ]>cnduluiti. 
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4k-2 = 0. 


the minima indicated, should then be further investigated by using 
every hole bored in the bar in the corresponding regions. 

Let PQRS be a straight line drawTi parallel to the x-axis to cut the 
curve in the points indicated. Now it has already been sho^^^l that if 
we can locate two points in a rigid body, which are on opposite sides of 
its centre of gravity and not placed symmetrically with respect to it, 
such that the periodic t ime when the bar is suspended in turn from each 
has the same value, then the distance between these points is equal to 
the length of a simple pendulum having a period equal to that of the 
bur when thus suspended. Thus P, It and Q, S are two pairs of such 
{joints; hence PR and QS are each equal to I, the length of a simple 
pendulum whose period is represented by the intercept bP makes on Of/, 
say seconds. i 

'fhe inten.siiN- of grav ity is therefore given by g = 47t^ rirh • 

Measure off the lengths of the simj)le equivalent pendulum for several 
differcjit values of the period, and thus obtain a mean value for the 
intensity of gravity. 

The condition that the roots of equation (iv) [cf. p. 123] should be 
equal, say oc, is that 

(£?)■- 

'I’he i>nrticular value for r is then a = 2 ( 4 ni/' ^ 

the coininon tangent to the curve under consideration then ^MN = k, 
tlie ra<liuH of gyration for the bar about an axis normal to its plane and 
[lassing tlirougli its mass-centre (J. The period is then a minimum. 

'I’liis method of dealing with the observations can never yield an 
nccuraic value for the intensity of gravity, or for the radius of gyration 
r<-quired, siia-e curve drawn freehand can never be as gootl as a straight 
line for makitig dedui tiinis like the.se and, in addition, since the minima 
arc r.ilhcr flat tlic jM»ints M ainl X cannot be locatetl precisely. 

A graphical met hod for obtaining a value for '{/' from the observations 
lalicn in this cxpc-rimenl is ilue to Ferguson,f but in using this method it 
is nccesstu-\ to locate, hv t he simple method of balancing, the position of 
the «enlri‘ i>r giaxity of tlio bar so that values for r may be obtained. 
Xou iMjuntion pv) {j>.!:.’!{) may lx* written 

rT“ 

, o . </ = r- + A", 

so tliat if \\>- pl»>t If r- aiul .r ~ rT”, a straight lino whose slope is ^^2 

and \\ liosc inti-rct‘|)t on the y-axis i.s - k“ will lx* obtaim*d. Hence both 
'/ and ». mn\ he tU’lcrmiacd — cf. Fig. 414{6). 

Owen’s bar pendulum.— In an exijcriment with a bar pendulum 
(!cs( ribed })y Owen* many of the tlefeets in tlie ajjparatus used in 
the above experiment are <‘liminated. Tlie many troubles in the 
u>nal fortn of liar pendulum nri.‘<e from the presence of the holes 
ilrilled along its length. Thc*.se liole.s serve as ])oints of suspension so 
that luily a rough degree of aecuraey in the timing of the o.scillations 
can he e.xpected owing to the sliort length of the bearing and the 

\ iScitttcc Proijres- 1 , 22, 40!, 192S. 

J Froc. Ph'js. Soc., 51, 450. 193U. 
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consequent tendency to wobble; moreover it is impossible to ensure 
that the axes of the holes are always normal to the plane of the bar. 

These defects may be eliminated by the use of a carriage, C. Fig. 
4-15, which slides along the bar and can be 
clamped at any point, and which supports 
rigidly a knife-edge, K, projecting on 
either side of the carriage and filed a\^ ay 
in the interior. The knife-edges are sup¬ 
ported on a pair of glass plates Gj. G.^ 
mounted on either side of the platform A 
of a wall-bracket B, the platform betw een 
the plates being cut away to allow free 
passage of the pendulum and carriage. 

The bracket should, of course, be set by 
means of a plumb line so that the glass 
bearing surfaces are in a horizontal plane. 

The pendulum is now apparently com¬ 
plicated by the presence of the carriage, 
which (a) may add to the gravitational 
couple, and (6) must add a term to the 
moment of inertia of the system. The 
effect of [a) is made quite negligible by 
adjusting the carriage until its centre of 
gravity coincides with the line of tlie knife- 
edge. The effect of (6) is rendered negli¬ 
gible by reducing the moment of inertia of 
the carriage about the axis of rotation to a 
value well below' 1 part in 10,000 of that 
of the bar for any po.sition of the carriage, 
while adequate strength and rigidity i.s 
permitted in the carriage, and may thus 
to this approximation be neglected. 

Values for g and for k may then be 
found as in the usual form of exjHTiment, or bettor, by means of the 
method described in the appendix. 

Experiment .—To determine the moment of inertia of an 
irregular solid about a given axis. It will bo assuinoti tlml, lor 
tno purpoHo of this experiment, tlioro is provided u piece of lend or brass 
m uniform tliicknesH untl in the form of a (juudriluteral. Also, ibal it 
i8 required to find its moment of inc-rtiu iil»jut that axis (iiiouKb its 
masH-centro wliieli is nonnal to its plane. Four boles ar<^ ilrilleci near 
IJO corners of the metal sluiot and it is suspended on a bori/.onl ul knife- 
edge in turn from oacli of tlieso liolcs so tiiat its f)lan(' is verlieal, and 
that it swings fre<!ly under gravity. If 'J' is tiio time of swing, tlicn 
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where I is the moment of inertia of the sheet about a horizontal axis 
through the point of suspension. If m is the mass of the metal, r the 
tlistance of the point of support from the mass-centre, k the radius of 
gjTation about a horizontal axis through the mass-centre, then 



since I = r-). 



Hence k may be determined, and from it the required moment of 
inertia. 

To measure the different times of swing accurately we shall make use 
of tlie method of coincidences. Approximate values for the times of 
50 eomplole swings when the lamina is suspended in turn from each of 
the four lioles are tirst obtained. A simple pendulum is tlten constructed 
ao tJiat its period shall be about the mean period of the four periodic 
times determined above. The period of this pendulum is then deter¬ 
mined accurately so that it becomes a standard of time, knoum in 
seetmds. 

The simple pendulum is then placed in front of the metal sheet and 
arranged so that the upper fixed end is level with the knife-edge as 
shouTi in Fig. 4*10. A slit in a piece of cardboard, mounted in front of 

the two pendulums, has stretched 
across it n piece of black cotton. 
This is arranged to bo coplanar 
with the string of the simple 
pendulum when at rest, and a 
vertical line on the metal passing 
through the point of support. 
The system should be viewed 
from a distance of two metres or 
more, or a telescope used, to avoid 
parallax errors. The two pend- 
ulun\s are sot swinging together, 
and it will be found convenient 
to make the amplitudes approxi¬ 
mately equal. If both pendulums 
have the same period and com¬ 
mence to oscillate together, they 
will appear to move as one when 
viewed as above. If the periods 
arc not identical, the pendulums 
soon get out of step. If this 
motion is examined carefully it 
will be noticed that at some 
instant the lino on the inotal, the string of the simple pendulum and the 
\ ert i< al rofci cnce lino are coplanar, and that the tw«j objects are moving 
in till' .same ihrection. This event d<ies not occur again tmtil one 
{xTidulum has lost or gained a whole swing with respect to the other. 

•Suppose the simple pendulum of period Tj makes ?ij complete swings 
during the hxtorval of time in which the m<‘tHl sheet makes (/ij ± 1) 
com]ilctc swings. If T is the period of the metal sheet 

«iT, = («i ± 1)T, 

so that T may bo oalculateil. The correct sign to be used is ascertained 
b_\' looting which pciululum gains on the other. 



iMcgiilur lamina - -exj>oriinontal 
dftcriainatiuii. 
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The above is repeated at each hole and then the radius of g\Tation 
for the metal sheet about a horizontal axis through its mass-centre and 
normal to its piano is calculated. 

Example .—Determine Nsiien the time period of a component pen¬ 
dulum is a minimum. 

The position of the axis of rotation of a compound pendulum of mass 
M is adjusted so as to give the time period of the pendulum its minimum 
value Tj,. A piece of metal of mass m but of negligible size is then 
attached at the centre of gravity of the pendulum. Derive an expression 
for (a) the new time period for the same position of tlie axis, (b) the new 
minimum value of the time period. 

Before loading we have, with the usual notation, 


^ rT2 = r2 -f 
4rr 

Differentiating with respect to r, we have 




_9_ f, 

4^1 


T2 + 2rT ^ = 2r. 


dT 


^ dT Sv^ 
2rT -j- = — r 
dr g 


g \ rg ! 


Hence — = 0 when 2r* — (r^ -f »f*) = 0, i.e. r = »<. 
To show that the period is then a minimum, wo have 

^ _ T 

dr ~ g T 2r ‘ 

dn 

" dr'^ g 


lYj 

“ n\ T^ldr 2Lr dr r^J’ 


d,^ IT 

and when ^ = 0, this expression is essentially positive quantity. 

Hence the period is a minimum and wo have 


-f" = ■ 


The added mass has no eflect on lo. tho moment of inertia about a 
horizontal axis through G. 

la = = (M + 

whore is the new radius of gyration. 

(«). .'. Now time period about the sumo axis = 2ir / — 

[ V r = «•] 


(M. 


Now 


mmiinurn 


-T /^• 
~ 2(1 

period = 2^ / - = . 


2M -f m 
2(M + wT) ■ 
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The compound pendulum; reaction on a fixed axis. —Let a 
compound pendulum be oscillating in a plane about a fixed horizontal 
axis through 0, as in Fig, 411 [cf. p. I23j, and let OG, where G is the 
centre of gi-avity, make an angle y; with the vertical. Let G be at 
a fixed distance r from 0. Let R and be the components of the 
reaction of the axle on the pendulum in directions along and at 
right angles to GO—we assume that there is no fi*ictional couple. 

Now the motion of G is the same as if the whole mass of the 
])cndulum were concentrated at G and if all the external forces 
acted at G, the lines of action of the forces being parallel to those 
along which the forces actually act. 

Now the radial and transverse components of the acceleration of G 
are, in general, r — rt})- and ry) + 2ryj respectively. In this instance, 
when r is constant, they become — ry)'^ and ry>. Hence resolving 
forces along and perpendicular to OG, we have 

m{ — ryr) = mg cos ^ — R . . . (i) 

m{r^) = ^ — mg sin y) . . . (ii) 


Also [cf. p. 123], 


gr 

y>^ -;;-i sm y), . 

K- ~ r- 



wlierc K is the ratlins of gyration about an axis through G parallel 
to the axis of suspension. 

From (ii) and (iii) 



sin y) — mg 


K” 

--—.siny) 
/c* + r- 



To determine R it is necessar}’ to know 
the energy equation which, in this instance, is 


This is obtained from 


lm{r^ 4- K“)y’“ H — cos yf) = A, 

w here A is a constant. To determine A we use the fact that if the 
pendulum has an amplitude y-g, so that y) = 0 when y> = y*Q, then 


A = mgr(l — cos yf^), 

r being a constant under the conditions contemplated. 



2«/r(cos y) — cos v^q) 


K 




COS y) -i- 



(cos yf — cos 



Centre of percussion.—When a single impulse applied to a rigid 
body, whicli is free to turn about a fixed axis, produces no impulsive 
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reaction on this axis, the line of the impulse is called the line of 
percussion and the point in which this line meets the plane througli 
the centre of gravity and the axis of rotation is called tlie centre of 
percussion. 

As a simple case consider a thin uniform rod OA, Fig. 4-17. 
suspended freely from one end and struck by a 
horizontal blow at a point Q. I-et P be the impulse 
of the blow and call OQ = z. Let 2a = OA and lot 
<oq be the instantaneous angular velocity acquired by 
the rod. Let X be the impulsive reaction upon the 
rod of the axis about wliich it rotates. 

Now G begins to move with linear velocity ao)^ and 
the momentum of the system equals the momentum 
of the whole mass m supposed collected at G. 

Resultant impulse = P — X 

= change in linear momentum 
= mao}Q. 

Also the moment of momentum of the rod about 0 immediately 
after it has received the blow is given by 


0 


J--V 


.V 


o 




r» 




I 


Q<^ 


A 


Fio. 417.— 
centre of 
porcu.sj>ion. 


Px = {mK^)ojQ, 


where = ia~. 




jnao}(f = P 1 1 — 



Hence X is zero, i.e. the impulsive reaction at 0 is zero if a: = 
4 

~ = -a and thenOQ is the length of tlie equivalent simple pendulum, 


i.e. the impulse at O is zero if the blow is delivered at the centre of 
oscillation, i.e. the centre of percussion with regard to the fixed axis 
of rotation coincides with the corresponding centre of oscillation. 
[The jar which is sometimes felt in the handle of a bat docs not occur 
if the ball strikes the bat at the centre of percussion.) 

Experimental determination of the centre of percussion of a bar 
pendulum. —From tlic remarks made in the previous ]mragiai)h ii 
follows that if, when u bur |)enduluiti is suitably susiiendcd, tlio centnj o( 
jiorcuMsion can be determined exi)eriinentuUy, then a value for I lie 
length of the simple equivalent pendulum may be found. An ox[)ei i- 
mental arrangement,t designed by C. A. Hay wood for tluH purpoKC, Ik 
B hown in Fig. 4‘l8(a). It enabled one to apply iho Huino irnpiilso \o 
Uiflerent points on one Bide of u eoinj>ound pendulum aiul to ineiiHuro the 
reaction ut the support. The condition for no reaction in found by 
interpolation. The Bupport bracket, A, coiuiiHtB of a pietnj of hard 
aluminium Bhoet, 013 cm. thick, 9 cm. wide und 32 cm. high; un extra 
length bi bent at right angles bo that the bracket thiiH foriiH»d nuiy bo 
Hcrewod to u piece of wood, H, which, when clumped to a bench top, 


t Private coujinuriicution. 
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provides the necessary overhang. The knife-edge B, on which the 
pendulum swings, consists of two pieces of mild steel fastened together, 
one on either side of A. One of these extends further than the other 
and is ‘sharpened’ to provide the actual knife-edge on which the pen¬ 
dulum may swing. A fairly stiff bristle, not too long, is attached by 
soft wax to the end of B remote from the pendulum and presses lightly 
on the smoked surface of a glass plate, G, held in a retort clamp. 

The pendulum C is a bar of aluminium with a square cross-section of 
about 4 cm.^; it is 60 cm. long and a hole, 2*5 cm. from its upper end is 



Fjo. 4-18(a).—Experimental determination of the centre of percussion 

of a bur pendulum. 


drilled to take tljc knife-edge. Similar holes may bo provided so that 
the ex[)erimont may bo repeated for different values of the natural 
period. The knife-edge may bo lowered nearly to the base of A when 
the natural period is detennined; this is only required if a value for 
gravity is contempluto<l. 

The impuLso is applied by rolling a 2 cm. diameter steel ball F do\vn 
u brass tube D, 2-2-2-3 cm. in internal diameter and 45-50 cm. long. 
This tube is hold in a retort clamp in a box-tjqDe retort boss which is 
clamped to a length of angle iron E with a web of 2-5 cm. Thus the 
tube D may be raised or lowered while still remaining with its axis at 
the same angle, about 3.5°, to the horizontal. In this way a constant 
irny)iilso may bo apjdicd at different points along one side of the pen¬ 
dulum. The ‘impuci-face’ of C has a strip of white paper gummed 
al<)i\g it and a piece of carbon paper is also attached on top of the gum¬ 
med strip. NNTien the experiment is complete the carbon paper is 
removed and the series of dots on the white paper indicates where 



SIMPLE HARMONIC MOTION 133 

impacts have occurred. The plate G is also moved between impacts so 
that a series of short scratch marks on it may be obtained. 

The direction of the initial reaction should be observed so that it may 
be plotted algebraically against the distance of the centre of impact 
from the knife-edge; the centre of percussion is given by the inter¬ 
section of the graph with the ar-axis, cf. Fig. 4-18{6). Jsinco tlie damping 
is constant for the initial reaction on the support, the lengths of the 
lines drawn upon G are proportional to this reaction. 



Finally, it must be pointed out that the frequency of oscillation of 
the knife-edge is very much greater tliun tluit of the pendulum but as 
the centre of percussion is approached the peiuhilum builds up a larger 
amplitude duo to the impact. This is ‘coupled’ e\eatualiy to the knite- 
<xlgo and a slow swing, with largo umi>iitudo, results; it is much longer 
than the initial reaction ‘judder’. Consequently, undcT tliese circum¬ 
stances and preferably throughout the experiment, the plate G must bo 
removed from contact with the bristle before tlic slow oscillation oceui-s. 

[Instead of using a bristle, a concave iniiTor (or etc.) may be attuc?hed 
to the plate A and the reaction measured by the first deflexion of llio 
spot of light on the scale arranged in the normal manner, cf. ]). :179.] 

The oscillations of a uniform bar rolling on a horizontal 
cylinder.—In Fig. 4'10{a), let PQ be the central cross-section of a 
uniform rectangular bar resting on a cylinder whose centre is C. 
^suppose A is the point on the bar in contact with the cylinder at O 
when the bar is not oscillating. Jxd G be the centre of gravity of 
the bar, while 2a and 2h arc its length and depth res])ectively. ^^'e 
shall further assume tliat the axis of the bar is in a vertical j)lano 
normal to the axis of the cylinder. When the bar i.s displaced so 
tlmt B is the point of contact between the cylinder and tiie bar. let 


= y. Through G draw a vertical line to meet a liori/.ontal 
line through B in L; this is shown in greater detail In Fig. 4-lU{b), 
where Gj is the ‘re.st-position’ of G and Gj a ‘diHjjIaced-position’. 
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Then the moment of the external forces acting on the bar and tending 
to restore it to its position of equilibrium is 

vig . LB = wi^[AB cos \p — AG sin y] 

= mg[rtp cos y — 6 sin y] 

= 7ng{r — b)\p, 

if is so small that and all higher powers of y may be neglected 



Fio. 4*19.—Osc.'ilIatioiis of a uniform bar on a horizontal cylindrical 

surface. 


in comparison with The motion of the bar is expressed by the 
equation 

+ mg{r — b)\p = 0, 

M’hei e I is the moment of inertia of the bar about an axis through 
B, parallel to that of the cylinder. But I — m{K^ + GB^), where 
K is the radius of gyration for the bar about a horizontal axis 
through G normal to the plane of the diagram. Also 

GB- = GA2 + AB2 


= 62 7^y^. 

If is negligible in comparison with b^, the equation for the 
motion becomes 

The motion is therefore simple harmonic, the period T being 
given bv 

I -t-'P 

T = 

But + 62), so that 

T = : 


j 


g[r — 6) 


+ 462 


3i7(^ — b)' 


Experiment .—We may make use of the oscillations of a bar on a 
cylinder as investigated above to find a value for the intensity of 
gravity. For this purpose the bar should be about a metro long, 2 cm. 
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wide, and 1 cm. deep. The cylinder may consist of a wheel about 20 cm. 
in diameter. To obtain a good result the surfaces of the wheel and bar 
where they come into contact with one another should be very clean. 
In order that observations may be made on the occiiiTence of some 
dehnite event a horizontal white line should be drawn on the end of the 
bar and the time measured for this to move an integral number of times 
in a chosen direction past a piece of black cotton placed in a horizontal 
position close to it. 

Now an examination of the equation for the periodic time shows that 
it IS necessary to know the distance of the centre of gravity of the bar 
from its lotver side. This is not easily determined. Suppose, however, 
that observations are made to detennine the period when first one face 
and then the opposite face of the bur rests on the cylinder. If 6 | an<l 63 
bo the distances of G from these faces and Tj and To the corresponding 
times of oscillation, then 

4”^ / 2 
(a 2 ■ 


r — 6 . = 


Similarly 


r — 6 „ = — 


3</T, 

o 

4tt^ o 
.--•Cl 

2 




if is small. 
a 




M 1 \ 
^ 3{r - t)lT,2 T//' 


m- 


A method for determining the centre of gravity of a body.— 
It will be assumed that the body is in a uniform gravitational field, 
Lc. the lines of action of the weights of all its constituent {>arti<ies 
ftre parallel. In practice, this means 
that the following analysis will onlj' be 1/ 
applicable to bodies which are not very 
arge. Let A, Fig, 4-20, be an irregular 
plane lamina situated in the plane arOy. 

Suppose that the gravitational field acts 
vertically downwards. Consider a small 
element of area dA, surrounding P, the 
point (z, y), If (j the mass per unit 
area of the lamina, the moment of the 
weight of the above element about Oy 
(Tf/.dA.x, where y is the intensity of 
gravity. Por all such jiarticlcs the total moment of their weigiits 
about Oy is Xt agx.dA. Now the centre (jf gravity (1. (r. y), will be 
«uch that if the whole weight of the lamina acted at <*, the moment 
about Oy of this weight would be X agx.dA. Hence 

(S a<j.dA)z = X ayx.dA 


0 



M 


X 


Fkj. 4-20 .—(Vntro ofgnn'il \ 
ol* i\ body ill a uiijlunn 
gnivitntioiml field. 


or 


X = 


^ x.dA x.d\ 
XdX' ~ ’ A 
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Similarly, 


2y.6A _ Sy.M 
2M “ A ' 


and the method may at once be extended to the case of a solid body. 
If the distribution of matter in a body is continuous we may use 
the notation of the calculus and write 


X — ~ 


and 


y = 


j j x.dx.dy j jx.dx.dy 

jjdx.dy ^ 

j jy.dx.dy j jy.dx.dy 

jjdx.dy ^ 


where dx. dy is the area of the small element at P. 

In the problems we have to deal with in physics, it will be found 
that, in general, there is an axis of sjTumetry, so that the evaluation 
of the above integrals is much simplified. The method will be 
illustrated by the following problems. 

To determine the position of the centre of gravity of a 
uniform circular arc.—Let AOB, Fig. 4*21, be the arc of radius a, 



Fio. 4'21.—Centro of gravity of 
ft uniform circular ore. 


A 



Fio. 4-22. —Centre of 
gravity of ft uniform 
eirculor sector. 


of mass fi per unit length and let it subtend an angle 2a at its centre 
of curvature C. Take axes O.r, Oy as shown. Consider a small 
element PQ, of mass y, PQ, its position being {x, y). Let <j> be 
OCP. Then PCQ = and PQ = a bj,. 

a: == NP = OC - MC, 


Now 
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where M and N are the projections of P on the coordinate axes. 
Hence 

X = a(l — cos <l>). 

the moment of the weight of this element about 0^ is 


{figa.d(l>)a{l — cos<f>). 


.. X = 


£ 


figa^(\. — cos <l})d<f> 




ad<l> 


= M- 

[ a — sin a 
a J 


cos 


]-r 


d(f> 


and since the arc is symmetrical with respect to Ox, // — 0. 

[N.B. It is more usual to determine the position of the ceiilie 
of gravity of an arc with respect to C, hut in tlie problems whieli 
follow it is the position of the centre of gravity with respect to O 
which will be required; it has been deterrniiKMl directly by the 

above analysis.] 

To determine the position of the centre of (gravity of a 
uniform circular sector.—Let AOB(.’, Pig. 4-22, be sucli a sector 
of radius a, of mass a per unit area, and let it subtend an angle 2y. 
at C. its centre of curvature. Let P and i}. be adjacent points on 

the circumference of the are, such that OCP = <l> and PCQ =- ^<l>- 
Then the area of thin triangular element is iPQ.QC = ts 

centre of gravity will be at J, where (M = 5 «- 'Ibe sector xmder 
consideration may therefore be replaceil by u scries of particles cacli 
of mass \a^a.d<f> uniformly distributed along an arc of radius ~a. 
If this arc cuts OC in D, we have 


DG = la 


a — sin a I 

a J 


= 3« 


1 - 


Kin a 


7. J 


. sin y. 

OG = OD + I>G = \a 4 la - ia. 



10 
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To determine the position of the centre of gravity of a 
uniform circular segment.—Let AOB in Fig. 4-23 be a segment 
of a circular disc cut off by a chord AB. Take axes Oar, Oy as 

sho\vn, and let C be the centre of 
the circle of which AOB is an arc. 
Let P and Q be points on the 
periphery of the segment such 

that OOP = ff> and PCQ — d<f>. 
Through P and Q draw straight 
lines perpendicular to Oar to cut 
this axis in M and N and the arc 
OB in Pj and Qj, respectively. 

Let 2a be the angle ACB. Consider 
the element PQQjPj. If (ar, y) are 
the coordinates of P, the height of 
this strip is 2y, and its ^vidth 



MN = PQ cos 




= a sin 

Now y = a sin <l>, and the shortest 
distance of everj' 2 )oint in the strip PQQjPj from the y-axis is equal 
to OM = r/{l — Qos<f>). The moment of the weight of this strip 
about OY, if g is the intensity of gravitj’’ acting normally to the 
plane of the diagram, is 

'In sin ^.(i sin <!> . bfj) . o<ja{\ — cos <j>), {a = mass per unit area] 

= 2a<ja^ sin" <f>{l — cos d<l>. 

Tlic area of the segment is 4a-(2a — sin 2a). The position of the 
centre of gravity is therefore given by 


2 I rt^(.sin" tf) — sin^ ^ cos <f>) dtf} 




lrt^(2a — sin 2a) 


4rt I sin" ^ — j* sin" d(sin i^)J 


2 a — sin 2a 


a 


= a 


'la Tk 

sin a cos aL 


— ^ sin 2a 


sin® a 
3 


__ 1 , 

La — sin a cos oJ 


and y = 0, since the segment is symmetrical about Ox. 
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We are now in a position to continue our study of the periods of 
oscillation of certain compound pendulums. 

Small oscillations of a uniform circular arc about a hori¬ 
zontal axis through its vertex.—In Fig. 4-24(a), let AOB be a 
uniform circular arc of mass (i per unit length, subtending an angle 
2a at C, its centre of curvature, and oscillating under the influence 
of gravity about a horizontal axis through its vertex 0. We require 
an expression for I, the moment of inertia of this arc about the axis 
of suspension, Con.sider the small element PQ of length a.d<j>, 

where is the PCQ, ^ being the OCP. The mass of this element 



C 


Fio, 4-24.—SinuU OHcillaJions under gruvity of («) a uniform circular arc and 
(t) a uniform circular lioop, about a huii/coiital axis tlirougli the vortex. 


is fjLa.btf), and its moment of inertia about tlic axis of su.spetision is 

= //a.6^(20M)'^ where M is the midpoint of OP. But 
OM = a sin Hence, tlie moment of inertia of the complete arc 
about the axis of suspension is given by 

I = 2 j fia OP" d<f) = 8/i«^ I sin" - fl<f) 

Jtl dt) 2 


ua OP- d<f> 


= 4/urt^ I (1 — cos •l>)d<f> 

•0 

= 4/i«'’| 7. — sin a]. 

The motion of the pendulum, for small angular displacements, is 
therefore expre.ssed by 

+ nujinp — 0 , 

where ip is the angular displacement of the j)endulum at a given 
instant, h the distance of the centre of gravity from O. and /n = 2 /jot. 
is the mass of the pendulum. This may be written 

4/ia®[a — sin 7.\ip 2fxfja% -- fp = 0. 


V + f r = «• 

2 a 
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The motion is therefore simple harmonic with a period the same 
as that of a simple pendulum whose length is equal to the diameter 
of the circle of which the arc forms a part, i.e. 



We notice that this time is independent of the length of the arc, 
so tluit the period of a complete circular hoop oscillating under 
gravity in a vertical plane about a horizontal axis through a point 
on its circumference will be giv’cn by the same equation. This fact 
mav be verified as follows. 

4 

Let O, Fig. 4-24(6), be the point of suspension of a circle of radius 
a and mass // per unit length. Its total mass is therefore 'iTiafi, and 
its moment of inertia about an axis through its centre and normal 
to its ])lane is [^Tra.(x)a^ = ^TTfia^. Then I, its moment of inertia 
about its axis of su.spension. is 27rrt//(a" + ct“), since a is the distance 
between the axis of suspension and the axis through C about which 
the moment of inertia has been calculated. If yt is the small 
angular di.<plaeement of the pendulum at a given instant, its motion 
is determined bv 

4 

lyi -r = 0, 

i.e. 47r//rt^^' + 'iTTfigarip = 0. 



as l)elbr(‘. 


The oscillations of a physical balance.—For simplicity it will 
be assumed t liat the balance has equal arms of length a and all three 



Fio. —O.scillrttions of n plnsioal balance when it is loaded. 

knife-edges arc coplanar. I^ot M be the mass of the beam and its 
imnietliate attachments and 8uj)pose that G, the centre of gravity 
of this system, of. Fig. 4-2o((i), lies at a distance r below the fulcrum 
O. Let (-Ij and fL be the centres of gravity of tlie scale pans; 
tlie.se points are at a vertical distance 6 below O when the balance 




SIMPLE HARMONIC MOTION 


141 


is in the position of static equilibrium. When the beam is swinf^ing 
freely, let y be an instantaneous small angular displacement of the 
beam from its equilibrium position; cf. Fig. 4*25(6). Siiice the 
beam and pans do not form a rigid system we cannot equate the 
rate of change of angular momentum to the restoring couple in 
order to obtain a value for the period but proceed as follows by 
considering the total energy of the system. 

If K is the radius of gyration of the beam about the horizontal 
axis through G and normal to the plane of the diagram, the kinetic 
energy of the beam is -I- Now the displacement of tlie 

centre of gravity of each pan is a\f> and is independent of b. When 
this displacement is changing the velocity of each pan is i.e. its 
kinetic energy is where ft is the mass of the pan. If the 

position of static equilibrium of the beam is taken as the position 
of zero potential energy, then when the tilt of the beam is y, the 
potential energy of the beam will be Mi/r(l — cos y) ^ 4Mj/ryr. 
Since the centre of gravity of one pan rises by an amount ecjual to 
that through wdiich the .second pan falls, the total chang(* in j)otential 
energy associated with the pans is zero. Hence the total energy of 
the system is 


|M(r2 + -t- 2fi/.a^v''). 

and this is constant. Differentiating with resj)cct to time we obtain 


{M{r^ -i -f -i M[/ry> = 0 , 

i.e, the motion is simple harmonic and the periodic time is given by 




Mf/r 

Now when each pan carries a concentraUxl load of ma.ss m, the 
position of the centre of gravity of each pan and its load will vary 
but since b docs not enter into the cxpres.sion for the period, this will 
be given by 

T — 2ti ■*' 

M//r 

when each pan is equally loaded. 

lo verify these conclusions the period of a balance was measured. 
Then from the supports for the pan two equal 100 gin. masses were? 
suspended by short threads; the centres of the masses were at a 
distance below the knife edges. Finally the ma.sses and thrciids 
were placed in the balance pans at a distance b., below tlie knife 
edges. Ixjt T| and Tg be the periods, \^'ith 

2a = {13-1 i 0*1) cm., = (O oO | 0 0(i) .sec. 

= (12*5 ± 0*2) cm., Tj = (13-15 i 0*00) sec. 

62 = (24*2 ± 0-2) cm.. = (13-08 + 0-0(1) sec. 
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A comparison of the values of Tj and T 2 shows that the period 
is independent of the quantity we have called b. 

The bifilar suspension.—^Tliis consists of a heavy uniform rod 
or bar suspended by two cords or threads of equal length and 
symmetrically arranged so that the rod may make small oscillations 
in a horizontal plane under gravity. We shall consider the two 
cases which may arise. 



Fio. 4-26.—Bifilar suspensions, (a) parallel cords, (6) non-parallel cords. 



Fio. 4-26(c). 


(rt) Parallel cords: Let us suppose that each cord is of length A, 
tlie distance between them being 2a. Let them support a brass 
cylinder or bar AA^, Fig. 4*26(a), of uniform cross-section and 
density. If the cords are attached at their upper ends B,Bi» ®' 
horizontal beam, then the bar may be made to oscillate under 
gravity in a horizontal plane (if the cords are long and the angular 
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displacement small), about a vertical axis OOi- which passes through 
the centre of gravity of the bar. 

Suppose that the bar rotates about the above axis through a 
small angle tp] then the displacement of the lower end of each cord 
is aip and <f>, the angle of inclination of each cord to the vertical, is 
given by 

X<^ = ay). 

When the bar is in the position defined by <j>, let F be the tension 
in each cord; if m the mass of the bar and g the intensity of gravity, 
we have 

mg = 2F cos (j> = 2F, 

if the cords are always approximately vertical. 

When the cords are at an angle (f> to the vertical, F sin </> is the 
force at each end of the cylinder where it is attached to the cord. 
These forces act at right angles to the axis of the cylinder and tend 
to restore the latter to its position of equilibrium. The moment of 
these forces about the axis of rotation is (2F sin <f>]a, or 2F^, when 

O 

<f> is small. Since this couple, which may be written as ~j^~.y\ 
tends to diminish tp, the motion of the cylinder is expressed by 


A 

where I is the moment of inertia of the rod about a vertical axis 
through its centre of gravity. If k is the radiu.s of gyration of the 
bar about this same axis, I = uik", and the above equation becomes 



so that T, the periodic time, is given by 

g 

(6) Non-parallel cords: When the cords are of equal length but 
not parallel, let 20 ^ be their separation where they are attached 
symmetrically to the bar and 2 a 2 their separation where they are 
fixed to the horizontal beam supporting the system. Let the 
coordinates of A referred to the axes indicated in Fig. 4-26(t) be 
initially (0, Oj, 0). When the system rotates through a small angle 
V about the vertical axis OOj, which is the straight line joining the 
centre of AAj and BBj, these coordinates become 


where z is 


a^ sin Ip, cos rp, z, 

the distance through which every point in the bar rises. 
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Since the length A of each string remains constant, we have, if 
h = OOi and usuig Fig. 4*26(c), 

7,2 + [(A.D')- + AiN^] 

= (^ — 2 )“ + a/ sin^ y + (Oi cos y — a.,)®. 

If 2 ^ is small and neglected, the above equation reduces to 

hz = — cos ip) 

if xp is small. Hence the increase in potential energy of the bar is 

O1O2 2 
itigz — ^ -—g.ip*. 

ft 

The energy equation is therefore 

^tiiK^ip^ + ^ = constant. 

2 Jt 

Differentiating with respect to time, we get 


a.a. 


2 •• , “•l“2 n 

niK (p H —gip — 0. 

h 


Hence the motion is simple harmonic with a period T, where 


T = 2 


K 


7T 





Example .—A uniform rod, of length 2a and mass m, hoxigs in a 
iu^riz-ontal position being supported by two light vertical strings each 
of lengtli /. Tlie lower end of each string is attached to an end of the 
rod while the vippor end is attached to a fixed point in a suitable support. 
Tile rt)d is gi\ ojx nn angular velocity o) about a vertical axis through its 




centre. .Sliow that it will rise a distance-, whore g is the intensity 

of gra\-il y. Find also the periotl of small oscillations about the position 
of static equilibrium and examine two other possible modes of vibration 
of the system. 

Let AB. Fig. 4-27(a), be the initial position of the rod, the strings APj 
and 111*2 being v'ortieal. Lot AjBj bo the position of the rod when it has 
risen through a vertical distance z and its axis rotated through an 
angle 0, and lot ^ be the inclination of the strings to the vertical at the 
same instant; lot C and D be the projections of the points and on 
tlio horizontal plane through AjBi. The energy equation is 

hnz- 4 - ^»(k2£)2 4- ,ngz = »j(7(0) + 

wlioro the symbols have their usual meanings. 

Now 2 = /(I — cos <f>) and AjC = 2a sin \ 0 = I sin 

z ss I sin = tan <f>.a cos ^0.^ 


sin 


O.O 




[/“ ~ 4a" sin® 

a® sin® 0 ,11 1 a* » 

- 4^2 sin® J 0 3 J “ 2 "3 * ~ 
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This gives the angular velocity in any position of the rod. The rod 
is at rest instantaneously wlien () = 0, i.e. the rod will rise through a 
vertical distance given by 



Fio. 4-27.—Throe possible modes of vibration of a uniform rod 
8 up|>orted horizontally by two eijual vortical st rings. 

For a small oscillation about u vortical axis through O, the centre ol 
the rod Ali, if F is the tension in each string, 

2 F cos >f> = t»y. 

and the equation of motion is 

m.~^6 I 2FHiii = 0. 

If 0 is small, <f> is also small, and then l<f> = «0; also 2F = fiuj. 

0 4- mg.j.O = 0. 

Hence the period, Tj, is given by 

'L\ = 2it , 

which agrood with the result obtained by uning tlio general formula 
given on p. 143. 

The rod may also move in a vcrtieal plane through itfl points ofnap* 
port, PiP^. Fig. 4*27(6) Hhowa the rod when it in thue dinploced through 
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an angle y from its position of static equilibrium. Since the moment 
of inertia of the rod about a horizontal axis through Q, the mid'point 
of P 2 P 2 theorem of parallel axes, Tn{\a^ + J^), the equation 

of motion is 

ly + nujl sin = 0, 

so in the usual way we find for this mode of motion that the period, T 2 , 
of small oscillations is given by 

The rod may also make oscillations when it moves in such a way that, 
at any given instant, each point in the rod is at the same distance from 
the vertical plane through Pip 2 - If x is the inclination of each string 
to the vertical, cf. Fig. 4'27(c), which is an end-on view of the system, 
the tension F in a string is given by 

2F cos X = 

while the equation of motion is 

X'x + 2F sin X = 0, 

where I is the moment of inertia of the rod about an axis through Q and 
parallel to the axis of the rod, i.e. I = rnl^. If x is small, we have at once 


z + fz = 0, 



where Tg is the period in this instance; the system behaves as a simple 
pendulum of length 1. 

Example. —(u). A uniform rod, of length 2a and mass m, is freely 
attached to a fixed support at its end A and swings as a compound 
pendulum in a vertical plane through A. Determine the frequency of 
small oscillations. 

(t>). If a particle of mass is attached to the rod at B, prove that 
the Irequcncy of its oscillations is reduced in the ratio 



(c). If the rod is the pendulum of a clock which keeps good time, 
hut loses one-third of a minute a day when the particle is attached, 
prove that 

3A(3N2 _ 6N + 1) = 6N - 1, 

where N is the number of minutes in a day. 

(a). In this instance the period of the pendulum is given by 



[In an examination this formula should be obtained from first prin¬ 
ciples; it is obtained hero from the formula for the period of a compound 
pendulum since the method has been explained, in detail, on several 
occasions.] 
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(6). The system is shown in Fig. 4-28. If is the angular displace 
ment of the rod at a given instant, the equation of rnotion is 

Ivi + r - 0. 

where I is the moment of inertia of the rod about a 
horizontal axis through A and F is the restoring couple 
due to the external forces acting on the rod. In the 
usual way we have 

f (mga + = 0. 

provided tp is small. Hence the period is given by 

T = 2 IWTJM _ 0 /■*(! + -i/^) « 

^(a + 2ati)y ^3(1 1- 2/1)'^ 

Frequency is reduced in the ratio : 1. 

^ \ '6 [i 

(c). Let t be the period in seconds when the pendulum keej)s good 
time, i.e. t = 2. Then its period in minutes i.s given by 

t , j-iu I 

^ ^ 60’ 

If there are N minutes in a day ami the clock loses one-thii'd of a minute 
in that time, the ratio of tlie frequencies is 

N 1 



2 '« /l -i- '2If 

N ^ 1 !• 3// 


2 

/3X - l\^ ^ 1 t 2// 

■ ■ ' ;(X / 1 I 3/;' 

- ON = 1 ) ox 1 . 


KXAMPLKS IV 

401. Kind the position of the (centre of mass of u uniform cinnilar arc. 

A uniform chain of weight \V is uttucheil to the highe.st iioinl A of a 
fixed smooth sphere and rests on the surface, its free end liciiig level 

2 \V 

"ith the centre. Prove that the horizontal pull on A is 

* n 

4-02. Find the centre of gravity of a triangidar liimina bounded by 
the straight lines x ~ a, y = rnx and // 0, ihe sui-faco density at 

each point varying us the square of its (ii.stancc from tlie origin. Also 
determine the moment of inertia about tlie line jr = 0. 

- t". « 'S I ^ 

4 0J. Kind the (:entr<iid of n rod in whioh llic linear dcmHily vurioK as 
the distanco from one end. Show that tlio nioinuiit of inert in of the rod 
about itfl centre in whore a ik the length of the* ro<l arid m itK iniiKH. 

4*04. In the /irnt (juudrant of the eirele -f tlie Biirfuco 

domity vurioH at ouch point an xy. S1k>w that Ihe <*ontro of gravity of* 
thig cjuadrant in given by 


i ^ 9 ^ 
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and that the moment of inertia about either coordinate axis is ^ma^, 
where m is the mass of the quadrant. 

4-05. Use the theorem of Pappus to show that when a semicircular 
arc of radius a revolves about the diameter joining its extremities, the 

position of its centroid is x = 0, y = —, these being referred to rect- 

1T 

angular axes. Ox coincides with the above diameter and O is its 
mid-point. 

Also show for a unifoiTn lamina in the form of a semicircular area of 

radius a, that x = 0, ^ = —. 

Stt 


4-06. A uniform lamina in tlie form of an equilateral triangle of 
nxasH m hangs u\ a horizontal position suspended by three equal vertical 
light strings each of which passes through an angular point in the 
triangle. The length of each string is 2a, where 2a is the diameter 
of the circumscribing circle. Prove that the couple required to 
keep the lamina at a height 2(1 — w)a above its initial position whore, 
0 < n < 1, is mffti V1 ~ 

4-07. Explain what is meant by saying that a certain quantity varies in 
a simple harmonic marmcr. Define amplitude, frequency and phase. 

A jiarticlo oscillates along a straight line with s.h.m. Its greatest 
acceleration is orr- cm.scc."^ and when its distance from its zero position 
in 4 cm. its velocity is 37 t cin.sec."^. Calculate the period of oscillation 
of the particle, and its amplitude. [28ec., 5 cm.] 

4-hM. An aluminium disc 10 cm. in (hametor and 0-5 cm. thick is 
supported .symmetrically with its plane horizontal by a suspension con¬ 
sisting of t\vf» fine threads each 25 cm. long, the upper ends being 
4 c-in. and the lower 3 cm. apart-. Find the time of oscillation for 
sinnU angvilar displacements of the disc about a vertical axis. [The 
«len.slly of ahnt»inium may bo taken as 2*72 gm.cm.“®.] 

W'liiit would the i>erind bo if the disc were supported in a horizontal 
})lanc Viy three parallel strings each 25 cm. long, the ends of the strings 
being arrango«l a\ mmctrically round the edge of the disc? 

[2-05 sec., 0-71 sec.] 

•t on. A test-tube, weighted with lead shot, floats in water with a 
Irngdi of 15 cm. irnmei'sed. When displaced vertically from its 
efjuiiibriutn p'>sition the i>oriod of oscillation is found to be 0-89 sec. 
.Show ho\\- a value for tliis period could have been predicted and suggest 
reasons why the ob.sorvuil period is not exactly equal to the calculated 
period. [0-78 sec.] 

410. A bexly i.s oscillating vertically under gravity at the end of a 

light helical spruig. The body is cylindrical in shape and its axis is 
\’ei-tical; it is surroumled by a coaxial cylinder with a small clearance 
between the two cylindrical surfaces. This space is filled with a thin oil 
so that the motion of the cybndcr is subjected to a resistance varying os 
the speed, if x is the distance of the body below its equilibrium position 
at time f (see.) the equation of motion is ir 4- 0*lx + 4x = 0. Obtain 
a value for the period of the motion and find how many complete 
oscillations occur while the amplitude is reduced to one third of its 
initial value. [3*14 sec., 70] 

411. From successive observations on the ‘turning points’ of a 

balance pointer, show how its rest position may be deduced. The 
scale across which the end of a balance pointer swings has its zero at 
one end. Successive turning points occur at 11, 3 and 8 divisions. 
Deduce the rest point. [0-08.] 
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4'12. A light rough circular cylinder of radius a rests on a horizontal 
plane with a particle of mass M attached to its lowest point and a 
string of length I, carrying a j)article of mass m, attached to its higlicst 
point. Show that the system is stable if M m. 

Show that the period of small oscillations of the system is 





and deteiTnine the ratio of the excursions of the cylinder to tlie excur¬ 
sions of the bob of the pendulum. Discuss the fact that thougli the 
system has two degrees of freedom it has only one free pei ioil. 

4-13. Investigate the condition that the time period of a com[uumd 
pendulum shall be a minimum. 

The position of the axis of rotation of a compound pendulum of mass 
M is adjusted so as to give the time period of the pendulum ita mininnim 
value T^. A piece of metal of mas.s m but of negligible size is then 
attached at the centre of gravity of the pendulum. Derive exi)ressi<)n.s 
for (a) the now time period for the same position of the axis and {h) the 
new minimum value of the time period. 

^Minimum when r = k-. 


4'14. a circular ring of uniform thicknesH has a mass /«, the internal 
and external radii being a and b respectively. Show that the moment 
of inertia of the ring about on axis through it.s centre and normal to its 
plane is 0-5m{a8 b^). 

The ring is allowed to oscillate in its own plane which is vertical about 
on axis peq>endiculur to the piano of the ring and passing tiirough a 
point on its outer edge. Obtain an expression for tlie period of oscilla¬ 
tion for small amplitudes. Fiiul values for the length of the equivalent 
simple pendulum (i) as a ^ 0, (ii) oh a —»■ b. 




j- 

h ' 


(i) 26 


. (ii) 36.] 


4*16. Five circular discs, of the some thickness anti density, are 
fastened together us shown in Fig. 4-29. The smaller outer discs rest 



Fio. 4-29. 

on two parallel horizontal rails which ore rough enough to prevent slip- 
PWg- If the radii of the discs are a, 2a and 4a, us shown, pruv'o that 

the periodic time of small oscillations under gravity is . J 339 - , whore 
y is gravity. ■* ^ 






Chapter V 


THE INTENSITY OF GRAVITY 


The intensity of gravity.!—In this chapter it is proposed to 

<liscuss methods wliieh have been used to determine accurately the 

intensit\’ of ijravitN' ancl the manner in which it varies over the 
» <> • 

surface of the earth. The u.sual laboratorv methods for deter- 
niininjt the value for this intensitv have been described in an earlier 
chapter and elsewhere^; a discussion of these will not be rei)eated 
now. It is necessary, however, to examine the eflect of the earth’s 
rotation on a measure<l value for the intensity of gravity. 

The effect of the earth’s rotation on a measured value for 
the intensity of gravity.—Consider a body of mass m at a point A 
on the eartli's surface, cf. Fig. o*(il((/), and in latitude <f>. Let r be 
the least distauct‘ of A from the axis about which the earth rotates, 
i.<'. r - AN — a cos where X is the i)rojeetion of A on the axis 
and a is the earth's ra<lius. The acceleration of the body due to the 
earth's rotation is err ~ to-a con (ji and it is directed along AN. 
Now tiio earth's attraction on the body at A is independent of the 
earth’s rotation, i.e. it is always direeted along AC. where C is the 
<-< jiiie of tin- earth: this foree is mg, where g is the intensity of 
u'tavily. and, in general, this is not a quantity that can be measured 
(lirectly. bet be the measured value for the intensity of gravity 
at A. i.e. is tlie weight of the body. Consider Fig. 5‘01{6) in 
wliii li, e>n a much-exaggerated scale, there is shown a simple pendu¬ 
lum with its h(>l> at A. The forees on A. when the ])endulum is at 
lest relative to th(‘ earth, are the gravitational attraction mg, directed 
towards and tlu* tension. F n>g,i,’ in the string. These two 
forces must proviile a resultant which gives to the bod^' an accelera¬ 
tion cos {/> al«»ng AN. From a triangle of forces we have 

- (r i <l>)~ — -g.ora cos (fj.cos <j}, 

and since e»-./ is very small compared with g. we may neglect the 

I • w hen obtain 


and using 

a 


1 

1 - 



1 

, 1 

o 

- COM*' 

<7 


" 0-5 


=" 0 


o>“a cos" <f> 


= g — /u cos® <f>, 

t Formerly culled the acoelenition duo to gravity; cf. l.P.^ p. 27. 

i Cf. pp. 30 and 45. 
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where fi = ap-a, the maximum value for the diminution in the 
measured value for the intensity of gravity. The diminution is zero 
when <f) = 90®, i.e. = g. We may therefore write 

94' = (f90- cos- 

Now a = 6-37 x 10®cm., 

and w = 277 (24 X 3G00) 

= 7-27 X 10“® radian.sec.'^ 

(j. = 3*37 cm.sec."^ 

Hence the acceleration of a freely falling body in latitude ^ is 
less than its value at the j>oles by 3-37 cos* ^ cin.sec."*. 



(<■/ 


Fia. —Kffuft of eurth's rotation on 'y\ 

To test the accuracy of the above formula let us use the value for 
9i&, viz. 980'62 cm.sec.”*, and calculate <j^ and g^, comparing the 
values so obtained with the accepted values. We have 

= 980-62 cm.sec."* = — 3-37 cos^ 45° 

= Olid — *’*^ 9 . 
g^ = 982-31 cm.sec.^*. 

Hence = 982.31 - 3-37 = 978-94 cm.sec.'*. 
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The corresponding accepted values are 983*21 cm.sec.”® and 
978*04 cm.sec The above suggests at once that a better formula 
expressing the variation of the intensity of gravity with latitude is 


= (983*21 — 5*17 cos^ cm.sec. 

The difference must be attributed in part, at least, to the fact 
that the simple treatment given above regards the earth as a sphere 
and, moreover, the earth is certainly not homogeneous. 

To determine the angle which a pendulum at rest relative to the 
earth makes with the radius passing through its bob, it is convenient 
to use Fig. 5*01 (c), which is similar to Fig. 5*01(5), except that 
accelerations, instead of forces, are indicated. Then the acceleration 
(a cos along AN is the resultant of g and g^. Considering the 
components of the accelerations parallel to Ox and Oy, respectively, 
we have 

g cos <l> — 9^ cos {<f> -{■ 0) = a<o^ cos </>, . . (i) 

and sin ^ sin (^ + 0),. . (ii) 

where 0 is the inclination required. Eliminating g^, we have 


cos — 


aco 


g cos {<f> + 6) 


sin ^ sin (^ + 6) 

Expanding the terms in (<^ + 0) and cross-multiplying, we get 

2 


.‘tin 0 1 — 


aco 


9 


COS’ 




= .sin 26.cos 0. 
20 


aco 


Since — is small in comparison with unity. 


9 


0 tan 


-1 


(aco^ . nj\ 
\2g V 


By eliminating {<f> -{- 0) from equations (i) and (ii), we get 


(^ + 0) + cos- (tf) -f 0)J 

= g~{cos^ <f> -psin^ ^)— 2gaco^ cos^ cos^ 

Neglecting the term in co*, we obtain, as before 

/, ^ uw^ 

94 , 


= »(i -2 


aoj o 
-cos 


cos' 
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The experiments of Borda and Cassini. —In 1792, Borda and 
Cassina, working in Paris, carried out a series of 
experiments with the aid of a simple pendulum to 
determine the intensity of gravity at Paris. But 
before entering into a discussion of theii' work it 
is necessary to examine the extent to which a pend¬ 
ulum consisting of a bob of finite size differs from 
an ideal simple pendulum, and the effect of a knife- 
edge and its adjuncts—the whole being termed tlie 
‘head’ of the pendulum—on the period of tlie 

pendulum. 

A simple pendulum: correction for finite 
size of bob. —Let a homogeneous sphere of radius a 
be suspended from a fixed point O, Fig. O'02. Let G 
be the centre of the bob: call OG = r, and let X be 
the distance from 0 to the lowest point in the bob 
when at rest. Then I, the length of the simple 
equivalent pendulum, is given by 



l = r + 


Kir;. 5 ^2.-—JSiiu- 
pin peiuliiliiiu 
with \ioh of 
(iiiito 


where k is the radius of gyration for the hob about a horizontal axis 
through G. Since we have 


l = r + = (A - a) + -- 

5 r 5 (A — a) 


The period is therefore given by 


T = 2Jl 

\ 16 

if we introduce the correction for the fact that the amplitude is 
finite and not quite constant hut decreases from to during tlie 
time interval from which the period is deduced, i.e. ipQ, cf. j). 107, is 
the geometric mean of and 

To examine the fact due to the finite size of the bob let us coiisidtu* 
(i) A = 105 cm., (ii) A = 405 cm. and as-sumo a to be 5 cm. in each 

instance. Then -.:r—— w (*) 0-1 cm. and (ii) 0-025 cm. The 

6 A — a 

effective length is therefore increased by 1 in 10^ and 1-6 in 10^ 
rwj>ectively, i.e. the corrections are by no means negligible in pre¬ 
cision determinations of the intensity of gravity. 

11 
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The period of the knife-edge and its effect on that of the 
simple pendulum.—Figs. 5*03(o) and (6) suggest a method of 
clamping the wire to the knife-edge. The position of Gj, the centre 
of gravity of the ‘head’ of the pendulum, may be adjusted by 
altering the position of the screw-head S. The period is increased 
as Gj approaches from below the axis of suspension. 



Fio. 5-03.—Tlie period of the knife-edge and its effect on that of a 

simple pendulum. 


Let Ggs Fig. 5*03(c), be the centre of gravity of the bob, of mass 
?« 2 - ^ tlistance below the axis of suspension. Let = OGj. 

If Tj is tlic period of oscillation of the head alone, then 


T, = 

^ WirjJ/ 'V 

wliere is the mass of the head and its radius of gyration about 
a horizontal axis through O. 

Now T, the period of the complete pendulum, is given by 


T = 




(m^ + ■m2)rg 

where r is the distance between O and the centre of gravity of the 
whole pendulum. 

If the position of the screw S has been adjusted so that T = T,, 
tlien 


K 


+ m2»c2“ 

{w, + Wglr 

2 1 ^ 
•r Wg/Cg 




Wjrj -f rn^r.^ 


[*.' (Wj + Wglr = Wjrj + 
2 — ^ ..2 


^1^2 ^2^1 * 


Hence 
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But Tg, the period of the pendulum in the absence of the head, is 
given by 


Stone 

s/at 


T, = 2 W --2- = 'IttJ ^ 

^ ^ r^g 

in virtue of the condition just established. Hence 

T2 = T = Tj, 

i.e. the period is unaffected by the head of the pendulum if its 
period is adjusted to be equal to that of the pendulum as a whole. 

The work of Borda and Cassini on the length of a seconds 
pendulum.—The apparatus used by Borda 
and Cassini (1792) to determine the length 

of a seconds pendulum at Pari.s is shown - 

diagrammatically in Fig. 5*04. The bob of / j J [ ] 

the pendulum consisted of a platinum sphere ^ t 

3*48 cm. in diameter. A brass cap having a 5 /^ 6 ^ 

concave base with a radius of curvature 

equal to that of the sphere was attached to : to 

a thin iron wire whose upper end was fixed 

to a knife-edge in the manner indicated. ; | 

The knife-edge rested on a steel plate rigidly : 

attached to a stone slab projecting from a ^-/ron wire 

massive wall. The bob was attached to the . 

cap with a thin layer of molten wax—this BS 

provided a means of rotating the sphere and ; 
then making observations on the period of ■ f ; 

the pendulum. The mean value for the \ f q~~^~7 — 
period thus obtained was independent of the yy^Pt. bob 

fact that the centre of gravity of the sphere i ' I 
may not coincide with its geometric centre. 

Borda and Cassini used a metallic w’irc for 

the suspension instead of one made of silk puj. 5 04 .—Borchi and 

or from a material having a vegetable origin, (’ussini’a pendulutn. 

because they found that threads of the.se |T»'o lowor halfot Gns 
cp 111 , ... «niiKriiiii IS drawn front 

oncrea a much larger area to the medium in a viow-iioint in a di- 

which they moved than did metallic wires rection at ri^lit anKles 

of cc^al rtrength. An iron wire was finally 'Z ul 

selected since, although it was thin, it was tha rnaiuitirig for the 

not stretched by the platinum bob. Plati- mul tho (K 

num was chosen for the material of the boh due ml murk.) 

since it could readily be obtained in homogeneous form. 

The effective length of the pendulum, i.e. the length between the 
knife-edge and the centre of gravity of the bob was apj)roxiinately 
4 metres. These investigatorH preferred such a jieiululuin to one of 
l^^ngth 1 metre since the relative error in measuring the length was 


"Iron wire 


^^Brossy 

j 


Pt. bob 


Fns. 6 04.—Uordii and 
('assini'a peiuliiluiii. 
|Tlio lowor half of this 
din^niin is drawn from 
a viow |)oint in a ili* 
root ion at ri^ht ungle.s 
to tliut for thu ui)f)(T, 
in ortlar to show l>uth 
thn rnoiuitirig for the 
knifoaHl^o an<l the (i* 
ducial murk. I 
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much less. Moreover its period was about four seconds so that it 
could easily be accurately determined by means of the method of 
coincidences using a standard clock beating seconds. The period 
of the head of the pendulum was first adjusted to be the same as 
that of the complete pendulum by altering the position of the nut 
A on the screw B. The j^endulum of the clock used was one of the 
grid-iron variety so that its period was unaffected hy small tem¬ 
perature changes. 

To determine the period of a pendulum, the time interval between 
two occasions when tlie pendulum passes tlu*ough its position of 
static e(iuilibriuni must be measured; this position must be definitely 
marked, for it is only po.ssible to determine a time interval between 
two <leiinite events in the world’s history. Thus, if ii complete 


swings are made in t seconds, T = -• If Ms known to within one 


n 


second, the period is known to within second. [It is always 
more expedient to consider the pa.ssage of the pendulum through its 
static ccpiilibrium position rather than when it is at one extremity 
of its swing, because it j>asses through the former position wdtli 
maximum velocity, a fact which helps to make the estimation of 
tile instant w lien the particular event occurs, viz. the passage of the 
pendulum across a fiducial mark, more precise.] 

Ill orde r to measure the period more accurately, Borda developed 
the so-called method of coincidences, a form of whicli had already 
licen used by Bouguer in his experiments in the Andes in 1737 on 
t lie gravitational constant [cf. p. J27]. In this method it is necessary 
to use in conjunction with tlie pendulum whose period is required, 
the iHMiduIum of a standard clock, i.c. one which beats seconds and 
tlicrefore wliose period is approximately two seconds, and this 
period may be determined accurately from observations on the 
sui-<’essi\e transits of the sun acros.s the meridian at the place of 
<»l)si r\ation. Borda suspended the simple pendulum immediately 
in front of that of the standard cluck and both were observed through 
a It ]( scope, 'riie boh of tlie clock’s pendulum was marked with a 
wliite cross mi a black background. The instant when the image 
< if the wire of the experimental pendulum appeared to coincide with 
the ((“ntre of that of the white cross was noted; the instant when 
this ni'xt occurred was likewise observed. If the time interval 
b(‘tween the.se events was / seconds the standard clock will have 


made ^ complete oscillations, while the number made by the simple 
pendulum will bo( ^ 1 j. Hence 


if ± 1 
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The correct sign to be used follows at once if a note is made of 
the pendulum which appears to be gaining on the other. 

In this method, if t is large, one is never quite sure when the 
coincidence is exact. Let Al be the time interval between the 
instant when the coincidence appears to begin and when it appears 
to end. Then 


T = 


t + A« 


2(t I- M) 


— o 


t -f M 


± I 


) 


{t + AO ± 




= 2 


1 T 




t + M + AO 


.]■ 


1 


1 ± 


it + AOJ 


[neglecting higher terms], 






Fractional error is d; 


2AI 


Thus if At ~ 5 sec. and t = 1000 sec., the error is about 1 in 10^. 

The method of coincidences is most accurate when the period of 
the experimental pendulum is 2 seconds or 2n seconds, where h is 
a positive integer. It is for this reason that Borda used a pendulum 
in which (A — r) = 400 cm. He actually measured the di.stance 
from the knife-edge to the lowest point in the sphere, and sub¬ 
tracted from this the radius of the sphere. 

Borda displaced the pendulum 2“^ and found that even after five 
hours the amplitude was still sufficiently large for accurate ob.scrva- 
tions to be made. The interval between successive coincidences 
was of the order 73 minutes with a possible error of 30 seconds 
owing to the difficulty of estimating an exact coincidence. But 
smee five such periods were observed in succession tlie error on tliis 
account was much reduced. His final value for '(/’ at Baris was 
980'882 cm.sec."*, the length of the seconds pcuidulum being 00-353 
cm. In connexion with this result it must be reineinbercd that 
Borda and Cassini assumed that the bob and thread inovccl together 
a rigid body, cf. p. 158. This is not so and lienee the value for 
Q obtained in this way caimot be accurate to within the limits 
which the figures quoted suggest. 
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Other determinations of the intensity of gravity by means 
of simple pendulums.—Since g = 47T2iT“2, it follows that when T 
is known it only remains to measure I accurately in order to obtain 
a reliable value for the intensity of gravity. This is somewhat 
difficult to do in practice, so that Whitehurst (1787) and Bessel 
(1826) used pendulums of lengths and 4 determined their 
periods and Tg. In Bessel’s experiments, which will be briefly 
described, a bob was suspended by a wire first from one point and 
then from another, the ffistance between the points of suspension 
being accurately known. The position of static equiUbrium for the 
bob was identical in each instance. Then 



so that 



and 



y 



Thus, if it is legitimate to regard the pendulum as an ideal simple 
pendulum, the difference of the squares of the i)eriodic times is the 
square of the periodic time of an ideal pendulum w-hose length is 
(/j — l^). But we liave seen [cf. p. 153] that, more accurately, 



It is therefore necessary to know and but since is small, 
they need not be known with the same accuracy as their difference 

~ ^2)- 

Instead of a knife-edge or a pair of jaws, Bessel suspended the 
wire from a horizontal cylinder on whieh the w'ire WTapped and 
unwrapped, having showed theoretically that for small oscillations 
this did not affect the period of the motion. He also made correc¬ 
tions for the stiffness of the wire for the w’ant of rigidity between 
the wire and the bob. L.u»lace had first pointed out that the w'ire 
and the bob could not move as one—in practice, the bob turns 
tlirough a slightly greater angle than does the wire, but the correction 
on this account is small if the radius of the bob is small compared 
with the length of the wire. 

Not content with all these refinements in the theory and use of 
a simple pendulum, Bessel reinvestigated the effect of the medium 
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(air) in which the pendulum moved during its motion. The nature 
of the effect is threefold, being due to 

(o) the buoyancy of the air. 

[b) the fact that some of the air i.s carried along with the ])endulum 
and thereby virtually increasing its mass, 

(c) that air is a medium possessing a small viscosity, a fact w hich 
accounts in part at least for the motion of the pendulum 
being slightly damped. 

Let us first consider the effects of (a) and (6). Let m be the ma.<s 
of the pendulum, r the distance of the centre of gravity of the bob 
from the point of support, Wj the mass of air displaced by the 
pendulum, and the mass of air carried along by the pendulum. 
The moment of inertia of the system about its axis of rotation will 
be + m^d^, where k is the radius of gjTation for the pendulum 
about a horizontal axis through its point of support and is a 
term representing the increase in the moment of inertia of the 
pendulum about the above axis due to the air carried along with 
the pendulum. The equation of motion is therefore 

(m#c* + 7n.^'^)0 + {m — m^)rgO = 0. 

It should be noted that does not appear in the last term of 
this equation since the air carried along with the pendulum will be 
buoyed up by the atmosphere, its weight therefore not contributing 
to the restoring couple. The length of the simple equivalent 
pendulum is therefore 

niK^ + _ _ m 

r(m - m,} _ m, 

' m 

The value of is determined from the known volume of the 
J>endulum bob and the density of the air umler the conditions of 
the experiment. The value of m./l^ was determined by using bobs 
of the same size but of different materials, the periodic time being 
measured in each instance. 

The above theory had already been given by Newt<jn and by 
Lu Buat, the latter estimating the magnitude of tlie second effect 
due to the air in the way now u.sed by Bessel, the work of Du Buat 
being unknown to him, however. Bessel shoved that the above 
analysis is not quite accurate but his work i.s too diHicult for 
discussion here. 

The effect of the viscosity of air on the motion of tlie pendulum 
was examined by Besskl, but the theory was not really a<lequate 
until it was developed by Stokics (1847). He shoved that the 
effect could be represented by introducing into the equation of 
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motion a term proportional to the velocity of the pendulum, i.e. 
the equation assumcvs the form 

^ -f = 0, [cf. p. 33]. 

The solution is 

0 == C exp { — cos + ^), 

where C and ^ are constants. Tliis assumes that a? < 4^, but the 
observation that the motion is slightly damped shows that this is 
justified. The period is given by 

47r 27r 1 ^ 


T = 


V4/3 - a" 


In the absence of viscosity the period would be Tq, where 


Tq = 27r/? K Hence the period is increased 


_l 


To" 


T = To( 


1 + 


[■ - 1 ] •' 


times. Since 


477 ^ ''\ 327 ^= 

To examine the magnitude of this effect let us consider one of 
Borda’s e.xperiments in which Tq = 4 sec. and the amplitude was 
reduced to half its value after about 4000 sec. Then 


exp ( — lap 
exp {—+ 4000)} 


exp (2000a). 


In2 

.*. a =-. 

2000 


• ^ 0>5 X 16 

327r" * 4 X 10® X 320 ’ 

= 6 X 10-®. 

Hence the effect of damping is negligible. 

Kater’s reversible pendulum.—A determination of ‘g' accurate 
to one or two ^jarts in a million is very difficult—perhaps impossible— 
A\ ith a simple pendulum because, although this may be constructed 
true to figure, slight variations in the density of the material of the 
bob displace tlic centre of gravity of the latter by an amount which 
cannot be determined with the necessary precision. In 1790 Prony 
s\iggested using a compound pendulum provided with tluree knife- 
edges aud developed a theory which would enable the length of the 
simple equivalent pendulum for a given period to bo calculated 
from the times of swing and the positions of the knife-edges relative 
to the centre of gravity of the pendulum. Now although Prony 
was acquainted with Huygens’ theorem concerning the reciprocal 
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nature of the centres of suspension and 
of oscillation for a compound pendulum, 
it does not appear that he realized the 
importance of it as providing a means 
for determining the length of a sec- 
ondspendulum. Bohnenberger(181 1) 
pointed out this important deduction, 
but it was left to KiTERf to realize again 
this important property of a compound 
pendulum and to put it to practical use. 
The pendulum he used is shown diagraro- 
matically in Fig. 5‘05{a). It consisted 
of a brass bar somewhat more than a 
metre long, 1’5 in. wide, and ^ in. thick. 
It was provided with two knife-edges 
Ki and Kg turned towards each other, 
but on opposite sides of the centre of 
gravity of the complete pendulum. 
Near to the knife-edge Kg there was 
rigidly fixed a cylindrical brass weight, 
B, of mass 2 lb. 7 oz., its diameter being 
3*5 in., while it was 1*25 in. thick. The 
knife-edges were made in India of a 
special variety of steel called ‘wootz.’ 
They were made as hard as possible and 
tempered by immersing them in boiling 
water. The straightness of their edges 
was tested by holding them against a 
flat surface; they wore considered 
straight if no streak of light could be seen 
coming through betw’cen the edge and 
the flat surface. 

The ends of the pendulum were pro¬ 
vided with brass plates about 6 in. long 
and 0*75 in. thick—a side view of the 
upper portion of the pendulum is shown 
in Fig. 5*05(6). They were screwed to 
the brass bar and extended beyond it. 
The gaps thus formed served to hold 
pieces of deal wood, each of which 
carried at its extremity a thin piece of 
whalebone which was used in estimating 
the amplitude of the pendulum, so that 
a correction could be applied to its period 



{CL) 
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t Kator, Phit. Tram., p. 33 (1818). 


tu 





162 


THE GENERAL PROPERTIES OF MATTER 


owing to the fact that the arc of swing was finite. The pendulum 
was supported on agate plates fixed horizontally to a slab projecting 
from a stone wall. 

Now the centres of suspension and oscillation are reciprocal, i.e. 
if the body be suspended on a liorizontal axis passing through its 
centre of oscillation, its former point of suspension becomes the new 
centre of oscillation, and the vibrations in each position ^vill be 
performed in equal times. If the times of vibration in each position 
are not ecjual, they may be made so by .shifting a movable mass 
attached to the bar of the pendulum. In Rater's pendulum, 
was sucli a mass, about 4 02 ., and wjo ^ smaller mass whose position 
\\as capal)le of fine adjustment by means of the screw S. 

Rater determined the time of vibration by the method of coin¬ 
cidences. The reversible pendulum was suspended in front of a 
.standard clock to whose bob there was fixed a u hite circle dra^^Ti 


on black paj)er. When br)tli pendulums were at rest the tail of the 
exj)erim(*ntal j)endulum just covered the white circle: both were 
viewed through a telescope a few feet distant. A slit was placed in 
the focal plane of the eye-piece of the telescope, the width of the slit 
being equal to that of the imago of the tail, or of the white circle. 
.\ coincidence occuire<l when, as the two pendulums swung past their 
jiosit ionsol jc.st. no image of any port ion of the white circle was visible. 

Katcr us(“d the knife-edges at the already mentioned fixed dis- 
taiu c apart nf in. and adjusted the positions of and until 
till' nurnbci' of vibrations per <iay was inde])ondcnt of the knife-edge 
UM il. The mean time of swing was then corrected for amplitude, 
and .inotbei’ correction a[ij)lied for the air displaced on the assump¬ 
tion that gravity was thereby diminished in the ratio of the mass of 
t he pendulum in air to its mass in a vacuum. It only then remained 
to dctfiininc the distance between the two knife-edges in order to 
drlvrmitu' the intcn.sity of gravity. The value thus obtained 
was iininlliicncrd by any irregularity in the density of the material 
<4 the pendulum or by any departure of its form from that of some 
simple gctmuMrii-al figure, for tlie pendulum had no particular shape. 

In (trilci ti> measure the <listance between the two knife-edges 
Ivater supporte<l the j)enduhini in a horizontal j)osition on a rigid 
[>i ee (4 mahogany and stretched the pendulum with a force, applied 
by means of a common spring steelyard and slightly greater than 
the weight of tlu* pendulum. Thus there was little error due to the 
tact that the pendulum was used in a vertical po.sition while the 
ilistanee between the edgt\s was measured when the pendulum was 
in a hiH'i/.ontal position. 

1 he final value tor ih(' length of the seconds pendulum at sea- 
le\cl in th<‘ latitude <4 l.ondon wa.s given hv tliese experiments as 
;hbi:h»2'.> in. 
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Bessel’s theory of the symmetrical pendulum. —Bessel’s 
main contribution in this field of investigation was his theory of 
a reversible pendulum whose external form was symmetrical. He 
proved that if such a pendulum is loaded at one end to lower the 
centre of gravity, and provided with two knife-edges, as in Kater's 
pendulum, one very nearly at the centre of oscillation for the other, 
then the length of the seconds pendulum could be derived witliout 
reference to the air eflfect. 

Laplace had already shown that the knife-edges must be regarded 
as cylinders and Bessel proved that by inverting the jiendulum the 
effect due to this curvature was eliminated if the knife-edges were 
the same; further, if they were different, the effect due to this was 
eliminated by interchanging the knife-edges and again determining 
the period of oscillation when the pendulum was swung from each. 
To realize such a pendulum Bessel suggested that two cylinders 
should be attached to the bar of the pendulum, the axes of the 
cylinders being normal to the axis of the bar and parallel to each 
other. The cylinders were placed to be symmetrical with respect 
to the centre of the bar, but one was to be solid while the othoi- 
was to be hollow. The theory of this ])endulum is as follows. 

Let K be the radius of gyration for tlie pendulum about an axis 
through its centre of gravity and parallel to the knife-edges. If U, 
the centre of gravity of the pendulum, is at distances and from 
the knife-edges, and Tj and Tg the periods appropriate to them, then 
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where A and B are independent of an<l r^. Then, 
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Now (rj r 2 ) is the distance between the knife-e<lges, so that the 
first term in tlie above expre.s.sion may be calculatetl from tlie 
observations. Moreover, (Tj*^ — T.y) —*-0, since tlie knife-edges 
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are so placed that the periods are approximately equal; hence the 
second term in the above expression is small compared with the 
first, and the quantity (r^ — need not be known very accurately. 
It is sufficient to determine the position of the centre of gravity 
by balancing the pendulum on a knife-edge, and measuring /j and 
in the usual manner. In this way the series of trials made by 
Kater before obtaining exact equality for the periods when the 
pendulum is swung in turn from each knife-edge is avoided. 

Let T be the period of a simple pendulum of length (r^ -}- rg). 
Then 

^ 2 . 1 T 2 T 2 

(r, + rg) = + Tg^) + i.iX—^ 

i) 2 ri - rg 



We sliall call T the computed time. This relation is useless for 
calculating T from the observations, since it assumes and fg to 
be known accurately, but it is needed in developing the theory 
given in tlie following paragraphs. 




Vtn. 5'06.—Effect of curvature of a knife-edge on 
tho period of a pendulum. 


To investigate tho effect due to the curvature of a knife-edge, let 
us assume that this has a .small but constant radius of curvature p. 
f'ig. 5*0G(a) shows such a pendulum in its position of static equili¬ 
brium. Thus if G is tlie centre of gravity of the pendulum it will 
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lie below 0, the point of contact of the knife-edge with the horizontal 
plate on which it rests. When the pendulum undergoes a small 
angular displacement \p, the instantaneous axis of rotation will pass 
through the point P, Fig. 5-06(6), where P is directly belou C in its 
new position. During this displacement the centre of gravity G 
will have risen a distance 

CG(1 — cos yj) = (r + p)(l — cos f), 

if OG = r. Hence, if m is the mass of the pendulum and y the 
intensity of gravity, the potential energy of the j)endulum in its 
displac^ position is 

+ p)(I — cos f), 

if this energy is considered zero when the pendulum is in its position 
of static equilibrium. 

Now in so far as it is correct to assume that PG = r, since P and 
0 are close together, the kinetic energy of the pendulum at the 
instant considered will be where k is the radius of 

gyration of the pendulum about a horizontal axis through G. 
Since the total energy of the pendulum is constant, wo have 

+ g{r + p){l — cos rp) = constant. 

Differentiating with respect to time, we obtain 

(r^ 4- + y(r + p) sin = 0. 

When yj is small this corresponds to a simple liarmonic motion of 
period T, where 



9(r + p) 


Now when a reversible compound pendulum is used, let Oj and 
Oj be its centre of suspension and its centre of oscillation respectively; 
then OjG = and OgG = r^, w’hile pi and p., may be taken as the 
radii of curvature of the knife-edges. lA‘t 'i’l be the period when 
the pendulum i.s supported on its first knife-edge; it may con¬ 
veniently be called the ‘erect time’. Then 


rp 2 _ 


+ Pi 


r-.- a^ol. 

r, L rj J L r, J 


Similarly, for the other knife-edge, T^, tiu* Ko-culle<l ‘inverted’ 
time, w given by 


£/_ rp 2 _ d" I Pal 

4^ " r, L rJ' 
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In the expression for T, the ‘computed’ time, when this is expressed 
in terms of Ti, T,. etc., and hence in terms of k, rg, pi and p^, 
may be put equal to r^rg, cf. p. 164, in terms which are small 
compared with the remaining terms. Hence 



- '*2 

= ~~ ^ 2 ^ ) - iPl ~ /> 2)(^1 + 



= (/-j + /-g) - - — (^1 + ^2)- 

- '*2 

Suppose now that the knife-edges are interchanged, no other 
alteration being made. If T" is the computed time in this instance, 
we have 


_P _ m/2 

477^’ 




Hence, we liave 




0 


477- 


(T2 + T'2) 


= (''i + ^2). 


so that the terms invohing the radii of curvature of the knife-edges 
have disappeared. 

The eftcct of the curvature of the knife-edges may also be elimi¬ 
nated by having plane bearings on the pendulum, and a fixed knife- 
edge. Under such circumstances, = P 2 ’ s® that the correction 
term disappears. The one disadvantage arises from the fact that 
it is difficult to be certain that the same part of the flat plate is 
being used on all occasions; against this, however, must be set the 
facts tl\nt it is not necessary to interchange the edges, and it is 
claimed that the distance between the plates, i.e. (r^ -f- r^), can be 
more accurately measured. Moreover, if a knife-edge should be 
damaged it may be repaired without affecting the pendulum; in the 
pattern as ordinarily used, the pendulum becomes a different one if 
the knife-edges have to be reground. 

It now remains for us to investigate how the effect of the air which 
is pushed along by the pendulum may be eliminated without having 
resort to suspending the pendulum in a vacuum. Consider the 
pendulum in its erect position. Let p be the mass of air displaced 
by the pendulum. Then the moment of the forces tending to restore 
the pendulum to its equilibrium position when displaced, will be 
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reduced by the moment of a vertical force of magnitude y.g acting 
vertically upwards through the centre of gravity of the displaced air. 
Let this point be at a distance Sj from the axis of rotation. The 
mass of air flowing with the pendulum will increase the moment of 
inertia of the latter about its axis of rotation. Let this be rejire- 
sented by a terra A Ij. The mass of this air will not affect the moment 
of the restoring forces since it will be buoyed up by the surrounding 
air and have no effective weight. The motion of the pendulum is 
given by the equation 

{m{r^ + K^) + Al^\f + = 0 , 

if the angular displacement is small. Hence the period Tj is sucli 
that 

T 2 - -t- + -'ll! 

AtT mr^ — (iSx 

_ m{r^ 

mr, L wi'*!-* 

Tj mrj rj 

neglecting the term whicli is very small in practice. 

® mr-^ mr^ 

In the inverted position, the air set in motion may have a dilTeiont 
effect on the moment of inertia about the axis of rotation let it k 
denoted by dig. The mass of air displaced by the pendulum will 
still be fi: let its centre of gravity be at a distance from the axi.'» 
of rotation. Then the period Tg is given by 

J. = 

to the same degree of ajjproximation as before. 1 he comjmted time 
T is therefore expressed by 


rp2 _ TI ''2T2^1 

Att^ 47r*L ri — J 


rj + rj /i(«i - 
= rj + + - 


ri - rg 


m 



if, in the terms which arc small we put befoie. 

If the external form of the pendulum is .symmetrical a jou a 
horizontal axis through its geometric centre, then -t, — •'^2’ 

Al^ = zJIg, 80 that 


(/ 

477 ^ 


- (r, 
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Thus the air effect is eliminated provided that the temperature 
and pressure of the air remain constant while the experiment is in 
progress. Nowadays the pendulum is caused to swing in a vacuum 
so that the correction for the air effect is negligible except in work of 
the highest precision. 

Repsold*s pendulum.—Although Bessel is responsible for the 
theory of a reversible pendulum symmetrical in its external form, yet 

he did not construct one. The first such pendulum 
appears to have been made in 1860, i.e. some years 
after the death of Bessel, by Repsold, who was an 
instrument maker. One, as used in the Indian Survey, 
is shouTi in Fig. 5*07. It consists of a symmetrical 
brass frame AB, to which the knife-edges Kj and 
are fixed. The masses attached to this frame were in 
the form of solid and hollow brass cylinders which 
could be screwed to it. In this way, G, the centre of 
gravity of the whole pendulum, was caused to lie nearer 
to Kj than to K2. According to Helmert, for whom 
Repsold made a reversible pendulum,f the knife-edges 
were not interchanged, but by interchanging the 
positions of C and D, the effect was the same as if the 
knife-edges had been interchanged provided, of course, 
that the frame had been made truly symmetrical about 
a horizontal axis through its geometrical centre. In 
this way the distance between the knife-edges remained 
c onstant and, moreover, the same points on them were 
ahvaj’sin contact with the flat plate which carried the 
pendulum. The pendulum used in the Indian Survey 
poiKluluin. ^vjis a half-seconds pendulum, i.e. it was easily trans¬ 
portable since its overall dimensions were necessarily 
smaller than those of a seconds pendulum. 

In the earliest form.s of this pendulum the support was not 
sufliciently rigid, so that reliable results were not jjossible. Perhaps 
this was not unfortunate, for it directed attention to the fact that 
coiTCCtion.s were necessary for the 3'ielding of the support. 

The yielding of the pendulum support.—Let G, Fig. 5 08(a), 
be the centre of gravity' of a compound pendulum of mass m, and let 
O bo the point of suspension. Jjct X and Y be the horizontal and 
vertical components of the force wliich the support exerts on the 
pendulum. Now' the motion of the pendulum may be obtained by 
considering the external forces acting on it to be concentrated at its 
centre of gravity, the directions of tliese forces being unchanged—cf. 
Fig. r>-08(;;). Call OG = 

■f Beilrdge sur/i Theorie des lieversionapendeJs, Potsdam, 1898. 
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Now and are the components of the acceleration of 0 along 

GO and normal to it respectively. 




FlO. 6 08.—Pendulum with a yielding support. 


Horizontal acceleration of G = ^iV' 

— rjvi, ifv'-*-0. 

Similarly, vertical acceleration of G = co.s ^ ^hi ^ 


= r.v- 

.'. Force in horizontal direction = wrjyi 


2 


if \p 


0 . 




if K is the radius of gyration of the pcnduliiin about a hori/.onlal axfs 
through G, normal to the i)lane of the diagram. The force i.s 
and the minus sign indicates that it acts in the direction Ox . lienee 
by Newton’s third law of motion, the j)endulum will exert a force of 
magnitude X in the direction Ox on the support. If llie support is 

not rigid, it will be deflected from its zero position. 

Let I be the displacement of the support in the direction Ox ilue 

to unit force acting in that direction. I^ct OC, big. ‘ ‘ jne 

the zero position of the pendulum, while AO defines its position 
when the amount of yielding of the support in a horizontal direction 

is OA, where 


OA = I X I ^ 




f IV cf. p. 123 k"* •= Val- 


12 
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Now S, the instantaneous centre of motion, is given by the 
intersection of GA produced with the vertical through 0. Hence 

AS = os = ^ 

W rj + rg 

or the effective distance of G from the axis of rotation is 


‘Si + 1 = (say). 

L n + roJ 


If Tj is the period for the pendulum in its erect position, 

477^ r, + CT, 

Similarly, in the inverted position, 


9 rp 2 _ ('^i + + « h- I rr \ t 

4_2 --- + *^ 1 ) + —: 

rj +<ri 


477-2 


— (^2 4' ffo) + 


K 


U + a, 


T, the computed line, is given by 


4Tr2 47 t2L ^1 — ^2 J 

1 r 2 I „ K^ro 1 

-- ri* + rjOi +- 1 -- rgCTg- — I 

^1 — ^2^ ^1 4" ^2 4- tTgJ 


If in the terms in this expression which contain we write, as an 
approximation, = r^rg, we get 

43 = ’-. 


in so far as 


+'•>'•4' - ?) - - ?)]• 

-mav be written 1 — —, etc. Hence 

*' MM * 
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47r2 


— 4- ^2 + 
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rj - r 2 


[(ri — rgloj + (ri ~ 


Since 


= ri 4- r2 + mg^, 
nigr,$ 


( 7 , = - 


, etc. 


4" ^2 

This expression shows that the effective length of the simple 
equivalent pendulum is increased, due to the yielding of the support, 
by an amount equal to the distance through which the weight of 
the pendulum, applied horizontally, w'ould dedect the support. 
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It should be noted that in the above theory we have neglected the 
inertia of the support, and also the fact tliat there is a varying 
vertical force acting on the support. It may be shown that the 
effect of the varying portion of this vertical force which is of the 
second order in xp is negligible in comparison with that due to the 
yielding in the horizontal direction. 

Experimental investigation of the yielding of the support for 
a simple pendulum.—First let us regard a pendulum consisting of a 
light string and a bob as a compound pendulum. If I is the distance 
from the support to the centre of gravity of the bob, which point is 
also the centre of gravity of the pendulum, then, with the usual 
notation, 

+ < 7 i ) + (^"2 + ff ,) = I , 

(J*! + (JiXr^ -f Og) = K^-^0. 

Since is finite, it follows that (r^ + a.,) -► 0. and since each 
quantity in this expression is positive, r.^ and cr^ must eacii tend to 
zero. For this pendulum, (Tj, will equal the deflexion of the siipjjort 
in a horizontal direction due to a force, equal to the weight of the 
pendulum, acting in that direction. 

The above argument shows quite clearly tliat although <J^ and 
must be small for the theory we have developed 
to apply to a compound pendulum vibrating on 
a yielding support, yet for a simple pendulum (jj 
may be finite since rg is necc.ssarily very small. 

To determine Oj experimentally, a simple })en- 
dulum is constructed in the following manner. 

Fig. 5*09 shows the pendulum, in which the frame 
carrying the knife-edge consists of a circular ring 
about 10 cm. in diameter, the metal rim being 
1 cm. thick and 1 cm. wide. To this rim there is 
fixed the knife-edge and vertically above this a 
screw Sj carrying a movable mas.s Mj. Below 
this there is a pair of metal jaws with clamjjing 
screws Sjj to carry the fine wire and the bob of 
the pendulum. This bob should have a mass of 
about 5 kgin. 

First remove the wire and bob and adjust the 
position of M| until the period of the frame 
carrying the knife-edge is approximately equal 
to the period of the pendulum to be constructed. 

Let this be a seconds ])endulum. When the 
period of the frame is large its centre of gravity 
Gj will be just below the knife-edge but the 
position for any given period must be determined experimejitally. 



Fio. irOt).— 
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The we and bob are then placed in position, the distance from 
the knife-edge to the centre of gravity of the bob being made about 
100 cm. Then the period of the pendulum will be about one second 
—and under the conditions stipulated this period will not be affected 
by the presence of the frame carrying the knife-edge. 

Now let the period of the pendulum be determined, using the 
method indicated on p. 128 when it is mounted, (a) on a rigid support, 
(6) on a yielding support. This latter may consist of a brass bar, 
50 cm. by 3 cm. by 0*5 cm., clamped horizontally in a vice so that 
the frame carrying the pendulum may be supported on the narrow 
edge of the bar. 

Let and T 2 be the periods of the pendulum in these two 
instances. If r is the length of the pendulum, and a the increase in 
this length due to the presence of a non-rigid support, then 


2 _ 



477 ^ 

and T.,^ = — (r + a). 


.so that a may be determined. The value so obtained should be 
compared with the deflexion of the support due to a horizontal force 
equal to the weight of the pendulum. 


MODliUy ]VOJiK OX THE ABSOLUTE MEASUREMENT 

OF GRAVITY 

Introduction.—One of the main reasons for determining, in 
absolute units, the intensity of gravity is that the earth’s gravi- 
latU)nal attraction on a body of known mass provides a convenient 
.stundard of force. Again, in using a current balance to measure a 
current in absolute units, the force of attraction between two coils 
carrying a current is balanced against the gravitational pull on a 
known mass. Also, in an e.xperiment to determine the gyromagnetic 
ratio of the proton, it is necessary to balance the force on a coil 
carrying a current against a similar gravitational force. For these 
and .similar applications the value of ^ at the site should be known to 
1 or 2 parts in 10^, but in the calculation of pressure from a baro¬ 
metric height the eiTor in g should not exceed 1 part in 10®, i.e. 
1 p.p.m. This very high accuracy is needed to improve the precision 
with which the international scale of temperature can be reproduced, 
for one of the chief limitations at present is the measurement of the 
]>rcssure at which water is boiling in the apparatus used to establish 
the 100® C. point. If this temperature is to be known to 10“^ 
deg.C., the pressure must be correct to 3 p.p.m. Unfortunatel}', at 
the present time, the difference in the value of 'g' as measured at two 
standardizing laboratories does not agree with the difference as 
recorded by a gravimeter standardized at two other laboratories. 
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Viewed in the light of modern achievements the results obtained by 
Kater are valueless, for in his day the effects of the surrounding air 
and the elasticity of the pendulum and its supports were not well 
understood. 

The Clark reversible pendulum.—A value for the intensity of 
gravity at Potsdam was made by Kuhnen and Furtwangler in 
1906. The reversible pendulums used by these investigators had 
knife-edges attached to the pendulum rods so that much difficulty 
was experienced in measuring the precise distances between these 
edges. Subsequent experiments have confirmed the view that the 
length measurements could be carried out with much higluT precision 
if the knife-edges formed a part of the pendulum support and the 
reversible pendulum itself carrie<l two fiat and jtarallel surfaces 
which rested in turn on the knife-edges. Since the distance betwci-n 
such surfaces can now be measured interferometrically with high 
precision, Clark (1938) designed and used a suitable pendulum. It 
is now known that the eartli’s magnetic field has an appreciable 
effect on a pendulum made of invar steel; ('lark therefore used a 
pendulum rod made of a non-magnctic light alloy. It is shown 
diagrammatically in Fig. o-lO(a). The rod was machined out of a 
solid block of forged aluminium alloy so that it had an 1-section. 
The ends of the pendulum were reinforced so that rectangular 
blocks could be attached; tiiesc reinforcements were cut away at Aj 
and Aj so as to permit the insertion of the knife-edge on which the 
pendulum swings. The heavier block was made of three pieces, 
C, D and E. C is identical with the lighter block 11; each of these 
has its opposite faces <ia and hb ground and lapped fiat, after being 
chromium plated, and then made parallel. One of these two ))lated 
surfaces on B serves as the j)lane which rests on the knife-edge K 
and the other serves as a plane mirror by means of which tlu' 
amplitude of the pendulum is observed. 'Die blot-k 1) is reducetl in 
length by repeated trial until the i)endulum is found to havi* vcjy 
nearly the same period whether it is .swinging with the heavy end 
or the light end above the knife-edge; the.se arrang<*ments are show n 
in Fig. 5-10(6) and (c). The lower face of K was platetl on one 
surface only, viz. cc, so that it provided a plane mirror for (hdermining 
the amplitude when the pendulum is in the inverted position. JCach 
of the blocks B and C is bored transversel}' so that the pemlulum may 
rest on a suitable support until it is ready to be lowered on to the 
knife-edge. 

The support for the pendulum is a truncated pyramhlal iron casting. 
The pendulum itself was enclosed in a high vacuum; tlu- residual 
pressure was measured with the aid of a McIx;od and a Pirani gauge*, 
ef. 705 et seej. Three j)latinum thermometers were u.-jcdtodete'rmine 
the mean temperature of the pendulum rod. A precision chronograph 
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was available for measuring time correct to 0*0002 second and a 
suitable electrical device, w'hich can be brought into action when 
required for a short time at the beginning and end of any period of 




First 

position 






nj; 


K 


(C) 


Second 

position 

-A, 


Fkk 5*10,—Clark’s reversible pendulum* 

[N.P.LO 

time wliich it is desired to measure, enabled a value for the mean 
period to be determined with very high precision in a much shorter 
time than had hitherto been possible. 

The knife-edge was made of hardened steel; many such edges were 
used, the most 'sharp' having a radius less than 20 yu (0*0008 in.). 
Clark found that the apparent values of g, viz. were related to the 
value of p by the equation 

% = + 0-05/. X lO-’j, 

where p is the radius of curvature of the knife-edge in microns. A 
value for g^^Q was determined by using the above equation. Clark 
attributes the increase of g with p to an irreversible loss of energy 
caused by the friction between the knife-edge and plane. 
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Corrections were made for the change in lengtli of tlie rod due to 
temperature variations, the departure from zero amplitude, the 
effect of residual air pressure on the period and non-uniformity in the 
rate of the standard clock. 

The length of the pendulum, i.e. (r^ + r^) was measured by Barrcll 
using a wavelength comparator, cf. Vol. III. p. 550, and the value.s 
of and were determined by balancing the pendulum horizontally 
on a length of steel wire 0*36 cm. in diameter; a steel metre scale 
enabled these distances to be measured with sufficient accuracy .since 
the last term in the equation 


g ^1 + ^2 ^1 — '■2 ’ 

which was used in these calculations, cf. ]>. 1(53, is very small 
compared with the term involving r, + r^. 

Clark found 

p = 98T1815 cm..sec."'^ 

with a po.ssible error of il-O ingal., cf. p. 185. Jeffreys has recal¬ 
culated the elasticity correction which Clark had applied with the 
wrong sign and gives 

^N.p.L. = 981’1832 cm..sec.~'^ 

= 981183-2 mgal. 

Since 1946 Aoeletski and Egorov have 
used three fused silica pendulums and their 
results are in good agreement with those 
obtained by Clark. 

The long pendulum.—The idea of the long 
pendulum method is that the work done by 
forces at the support is much reduced in com¬ 
parison with the total energy of the system. 

IvANOFF, 1936, used pendulums 2(J and 30 
metres long. To correct for the mass m of the 
W’ire let us consider Fig. 5-11 in which a sphere 
of diameter 2R and mas.s M is shown supported 
at the end of the wire of length L; Gj and 0^ 
fire the centroids of the sphere and wire res{)ectively. If 0 is tlie 
point of suspension, the moment of inertia of the system about a 
horizontal axis through 0 and normal to the plane of the diagram is 



Ku!. .'■>•11.—IvanofT's 
long |)on(lu]iiin. 


I 

i 

j 


M -1- (L + R)* 
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If ^ is the small angular displacement of the pendulum from its 
position of static equilibrium the equation of motion is 

+ (L + R)*! + {^”2 

so that the motion is simple harmonic with a period 


T = 2^ 



2 R2 
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Hence I, tlie lengtli of the simple equivalent pendulum, is given by 
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In these experiments the wire was clamped rigidi}' to the support 
so that it was necessary to apply a correction for the elasticity of the 
wire. This correction could iiave been much reduced if advantage 
had been taken of a device due to Biot who employed a knife-edge 
with a free period equal to that of the pendulum itself. Now there is 
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no reason why the distance L could not be measured to 1 in 10® by a 
tape hanging beside the wire but this requires that the mean 
temperature of the wdre should be known to within 0*1 deg.C. The 
pendulum used by Ivanoff was mounted in a double-walled tube 
through which water circulated. The spheres were non-magnctic 
but unfortunately a steel wire was used so that small forces arising 
from its presence in a magnetic field may have caused errors which 
are by no means negligible. Ivanoff found 

— 981*928 gal. 

The rotating liquid method.—In Chap. XI p. fill it is shown 
that if a liquid rotates about a vertical axis with uniform angular 
velocity oj, then the free surface of the liquid assumes the form of a 
paraboloid of revolution with a focal length /, where 


Now it may be shown that the disturbing effect of surface tension 
on the shape of the above surface is very small and confined to the 
annulus which is close to the boundary. With these known facts 
to hand Medi has proposed to determine the value of g from measure¬ 
ments on the focal length of the jiaraboloidal surface formed when 
mercury is rotating as described above. Tlie focal length will prob¬ 
ably be of the order 10 cm. and although such a length may be 
measured to 1 p.p.m. yet the focus may not be sufficiently well defined 
for this to be possible. In this proposed experiment, contamination 
of the mercury surface may destroy its regular outline and .so render 
meaningless the use of the term ‘point focus’ in connexion with it. 
A Michelson interferometer is to be used for this purpose while the 
angular velocity will be measured by means of a pulse generatoi* 
giving 10,000 pulses per revolution and fitted to the axis of the disc. 

No accurate results for thi.s method have yet been reported and 
this is not surprising when other sources of trouble, a.s first roj)orted 
by Wood (1909), are recalled. Wood attempted to use tlie .surface 
of mercury in a rotating dish for astronomical j)urpose.s but foiiiul 
that there was a periodic change of focus due to periodic variations 
in the speed of rotation and this caused ripj)lc8 to spread out from 
any irregularity in the sides of the dish. Wood also found that the 
axis of rotation must be truly vertical and the base of the dish flat 
and perfectly horizontal, for otherwise a roUiting wave will tlevelop 
in the mercury. 

Methods using the free fall of a body. —In 1940 
suggested that the value for g might be determined by high speed 
photography of a line standard fulling freely. His method was 
improved by Rieckmann who used a plain bar coated with a 
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photographic emulsion and on this images of a fine slit illuminated 
by timed flashes of light were formed. Martsinyak has made a 
similar determination using a quartz rod similarly coated. 

The definition of the time interval in these experiments is quite 
precise since lamps with flashes lasting for less than 0*2 fisec. are 
available; they are controlled by means of a quartz oscillator. It 
is doubtful, however, whether or not the distance can be measured so 
precisely. In addition, the temperature of the bar must be known 
and forces other than that of gravity maj' be exerted on the bar; 
they will arise from its motion in magnetic and electric fields and 
from the air itself. 

Ihe falling bar experiments suffer from the following weaknesses; 
the two images on the photographic plate of the illuminated slit are 
not equally well defined and distances are not measured interfero- 
metricallj'. Cook, at the National Physical Laboratory, is therefore 
carrying out experiments on the following lines. 

Let a ball be thrown vertically upwards and let the times at which 
it crosses two planes separated by a distance s be measured. Let 
be the time between successive passages (up and down) across the 
lower plane and At 2 the corresponding interval for the upper plane. 

is the height above the upper plane when the ball is momentarily 
at rest, we have 

.? -H 

s„ = 

. _ 

Hie method, in principle, has two main advantages:— 

(a) The up and down passages across a plane occur with the same 
velocity so that At is the difference in time betw’een two events 
occurring w'ith equal sharjiness. 

{h) The planes defining the length are stationary and their 
sejja ration can be measured interferometrically. 

To investigate any effect on the sphere due to its motion in a 
viscous medium, let distances measured downwards be denoted by x. 
If the force due to viscosity is directly proportional to the velocity, 
the equation of motion for the downward flight is 

mx = mg — kt, 

or X + (XX = g, 

where k and a are constants. Let the origin of time and of height be 
taken at the highest point of the trajectory, i.e. at / = 0, ar = 0 
and i- = 0. 

Writing x — v, we have 

V + <xv g, 
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SO that using a = exp a/ as an integrating factor we get 

V — exp (—at) - exp a/ — - . 

La a- 

since the constant of integration is — - exp ( —a/)- 
Integrating again we get * 

Q ut 

X = — exp ( —a/) + - + B, 


a 


where B = — —, since at i = 0, ar = 0. 


a 


^ = -Jexp (-aO — 1} + 

or a 


9^ 


an 2! a! 


3i3 


9J: 

a 


= 9 
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12! ” 3! 5! 




* • 


(i) 


Let Iq be the time required for the body to descend u distance x 

V 2x 

—, and <0 + T be the time to descend the same 

distance in a slightly viscous medium. If a is small t /y. Sub- 
Mtituting in (i) we get 

= 9{Wii ^ ■* 

i.e. neglecting terms in the second order in a and t. 

Wq = 9{Wo + 


or 


a/ 


T = 


D 


G 


Thu8 


/(, -I- T ^ 


Similarly, for an upward flight, the time is aj)pioximately 
since the equation of motion is 


2 = ~fj — 02, 

if 2 is measured vertically upwards, i.e. x = —2 + A, wliere A is a 

constant, so that 

■X — rfje = (J. 
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Hence, to the first order in a, the total time of flight is 


(?)' 


g 

which is independent of a, i.e. of the small damping effect. 

To investigate the efiect of variation of gra\nty with height, we 
take our origin for t and x as before, and assume that if gravity has a 
value gr at X = 0, then at a distance x below its value is 

g + 

whore (i is 0-309 rngal.raetre"^, or 0*31 X 10“^ cm.sec.“2metre~^, i.e. 
0-31 X 10"® sec.“^. We therefore have to solve the equation 

X = g + ^Xy or X — ^x = g. 

Tlie ])ri!nitivo is 

X = A cosh + <f)), 

where A and (f) are constants, while the particular integral is 

~ [cf. p. 35] 
Since x = 0 at f = 0, ^ = 0; again x = 0 at / = 0 so that 

(j 

A — ^ and the apjiropriate solution is therefore 

X = |.cosh — f.(ii) 

P P 

In this equation let -r t' be the time to descend when variation 
in gravity is taken into account. Substituting / = (j, + (' in (ii) 
we have, .since t' < and <^g, 

if.f 2 _ glt^i^o , 

— + 2V') + 

if second order terms in fi and f' are neglected. 

V' ^ or ^ 

••• 

Similarly, for the upward flight, the time required is also + t'. 
Hence to the first order in fi, the time of flight is 


Ai = 2tjl - 
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i.e. the value of gravity determined is that corresponding to a point 
+ x.^) below the highest point of the trajectory. 

A ball seems the only practical form of body to use for any 
rotation given to it when it is projected upwards will not affect 
the detection of its passage across the reference ])lane.s. A ball of 
highest quality optical glass is therefore u.sed so that forces due to 
magnetic and electric fields are negligible and to detect the position 
of the centre of the ball relative to a plane to better than 1 fi the 
following procedure is adopted. 

The essential features of the apparatus are shown in Fig. 5*12(a); 
further details are shown in the frontispiece. G| and G.^ are gla.ss 
blocks with their opposing faces truly parallel and horizontal: the 
distance between these faces is determined interferonietrically. One 
of these blocks is shown in greater detail in Fig. 5-12(6). S and S' 
are fine slits and as a glass sphere passes acro.ss the jilane containing 
them an image of S is focussed on S' when the ball is .syiimicti ically 
between the slits. Thus a flash of ligltt falls on a photoimiltiplier 
placed behind the second .slit and the time interval between succe.ssi\ c 
signals from the photomultiplier are measured. To do this the 
current from the photomultiplier is amjdified and the time interval 
measured on a counter in terms of the period of a 100 kilocycle.sec. ‘ 
standard frequency signal. This standard oscillator is .started and 
stopped by the ball in flight. To measure tlie fractional [)art of a 
period both at the beginning and end of a flight by the sphere a 
differentiator is used in conjunction witli a cathode ray tube; in 
such a way the positions of maxima on the main curve bcconn* zero 
Gn the differential curve and tliese can be located much more 


accurately than any maxima. 

By means of a erossbow-typc eataj)ult, the bail is j)ut into flight in 
a high vacuum. To eliminate all corrections for cliange in tempera¬ 
ture the separation of the opposing faces of Gj and G.^ is measured 
during the time tlic ball is in rnotioji. For this purpose tlie .separa¬ 
tion is expres.se<I in terms of the optical juith in a 20 cm. ctalon. 'I'o 
understand the principle involved suppo.se that two pairs of plates 
with seini-reflecting surfaces are set up as shown in Fig. r)-12(r) so 
that the separation S of one pair of |)lates is a small multipli^ n of tlie 
wparation « of the other pair. If a collimated Ix-ain of light i."' 
incident normally on the plates, light wliich undergoes two reflexions 
m the first pair will be retarded by the .same amount as light which is 
reflected 2n times in the second pair. The two beams give rise to 
interference fringes and since the path difference is nominally zero, 
the fringes will be seen in white light. Such are Brewster’s fringes, 
cf. Vol. HI, p. 533 ^ when they are observe<l visually they are 
wmetimes indistinct since the two interfering beams have different 
intensities and the fringes have U) be ob.served over a background 
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which is not dark. Cook and Richardson (1959) examined the 
fringes photoelectrically and at the same time brouglit the path 
differences concerned to the correct ratio by altering tlie pressure, 
and therefore the refractive index, of the air in the shorter etalon. 



Fi«. 5 12. 

The essential principles of the optical sy.stein are shown in Fig. 
5'12(d), The longer Etalon had a length of one metre; the axis of 
the 20 cm. Etalon was parallel to that of an observing telescope as 
defined by a pinhole, diameter 0*8 mm., in its focal plane. The 
incident light was interrupted at 200 cycle.sec."* by rotating a sector 
disc shutter D. The light jjassing through the j)inhole fell on a 
photomultiplier and the output from this was amplified and rectified 
to give a direct current proportional to the intensity of the light 
received by the pinhole. If this system is to be used to measure the 
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longer ^talon in terms of the standard wavelength, the optical path 
of the shorter etalon must be knowTi in terms of this standard at the 
pressure for which the central white light fringe falls on the pinhole; 
this necessitates measuring the pressure with an error not exceeding 
a few thousandths of a millibar. Such a difficult operation is avoided 
by measuring the lengtli of the shorter etalon in terms of the standard 
wavelength simultaneously* with the white light comparison, for then 
the error in measuring the pressure may be as large as one millibar 
since the value of the pre.ssure i.s only required to obtain the integral 
part of the order of interference in the short Etalon. 

The output of the multiplier is connected alternately to two 
ampliliers A^ and A., by a switch K synchronized with the shutter 
obscuring the souree.s so that the outj)ut of one amplifier is propor¬ 
tional to the intensity of the white light and that of the other to the 
intensity of the monochromatic light. The two outputs are recorded 
simultaneously and from the combined record it is possible to get the 
order of interference in monochromatic light corresponding to the 
central wliite fringe without needing to know the air pressure very 
precisely. 

The distance l)etwcen the horizontal planes containing the slits 
cannot be measured directly and so the following procedure is 
i\doj)ted. Let /q be the distance between the nearer surfaces of the 
two blocks (Jj and G 2 ; thi.s is the distance measured interfere* 
y 1 n t li^ y are arranged as in Fig. 5*I2(e). Then if rfj and 
tl., ar(‘ the tiiickne.s.ses of the blocks and j*j and Xg the distances of the 
slits from the upper surfaces of the respective blocks, 

.9i = Aj -i- Xi + (rfg - -Ta). 

wluTo is tile vertical distance between the slits. 

\\ hen (Jj is inverted, the distance between the slits becomes 
wlicre 

«■* = + (rfl — Xj) + ((/g — Xg), 

if fi., is the separation of tlie nearer surfaces of the two blocks under 
tlieso conditions. 

W'hcn G., is also inverted, we have 




= A3 + (rfi — Xj) -f Xg, 


wliile when Oj is re.stored to its initial position and Gg alone is 
inverted 

= A4 -{- Xj -P Xg 

'■’i -i f 53 -p (say) 

= Aj -p A^ + A3 -p Aj -p 2(/j -p 2(^2, 

S = h -p d^), 


i.e. 
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where 4^ = + ^3 + h^. 

Now the expression for g in terms of 5, and may be written 

= 85 . 

i.e. ff[Mean value of = 8[Mean value of s] 

= 85. 

This is the formula from which g is finally evaluated. The final 
result of these experiments is not yet (July, 1U60) available. 


GRAVITY SURVEYS 

Introduction and early work.—A gravity survey lias for its 
main object a determination of gravity at various jioints on a sea- 
level surface which is defined a.s that surface bounding the ocean 
in the absence of all tides. Nearly all instruments measure tlie 
vertical component of the earth’s gravitational field at a station and 
it is this vertical component which is denoted by ‘y’ and termeil 
gravity. A subsidiary object is to ascertain from the results 
obtained how matter is distributed below the earth’s surface tor 
it is now a well-established fact that small local variations in gravity, 
after small corrections, cf. p. 197, have been apjilied, are intimately 
connected with definite geological structures almo.st immediately 
below the area surveyed. 

The earlier workers in this field used reversible pendulums and 
made absolute determinations of gravity. At the present time, 
instruments, known as gravimeters, enable small changes in gravity 
to be carried out with much smaller expenditure of time and trou))le 
than is incidental to all exj>eriments with reversible j)endulums. 

The gal and milligal.—In recent years an acceleration ol 
1 cm.8ec.~2 has been termed a gal. In geoj)hysics it is eustomary 
to express small differences in the intensity of gravity in terms ol 
^ unit known as a milligal. Thus 

1 mgal. = 10'“ gal = 10'“ cm,see."’* 

Gravimeters.—There are to-day, three l)asic tj'jjcs of instrument 
for determining small variations in gravity; they depend uj) 0 u 
dynamic, gas-pressure or static principles. Later on it will be 
convenient to divide the static type of gravimeter into two elas.se.s, 
called respectively astatized and unastatized: formerly they were 
called unstable and stable but since it is only when an insli umerit is 
ubout to become unstable and not when actual instability has set in 


13 



186 


THE GENERAL PROPERTIES OF MATTER 


that it can be used, the more precise terms stated above have been 
introduced. 

Dynamic gravimeters.—All pendulums may be used as dynamic 

gravimeters but they are not very sensitive to small variations in 

gravity. Many modern djmamic gravimeters make use of the 

Holweck-Lejay inverted pendulum, the essential theory of which 
is as follows. 

Let G, big. 5* 13(a), be the centre of gravity of a rigid and uniform 
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Fig. 5-13.—A dynamic gravimeter. 


rod OA of lengtii 2a and mass M, and let its axis make an angle B with 
the vertical wlicn a couple expressed by C0 + D, where C and D are 
constants, acts upon the rod; its sense is such that the couple tends 
to decrease 0. 

U hen tlio rod is in equilibrium let the couple be + D; then 


M(/a sin Bq — CB^ + D, 

wliere Bq is the equilibrium value of B and g is gravity. 

.’. D = Mj^a sin — 00^ 

= (Mga — C)6q, 

if Of, is small. 

Ihe equation of motion, for small angular oscillations, is 


10' = Mj7a9 - (CB + D), 

10 + (C - Mga)ie - Oq) = 0. 

Since 0 = ^ (0 — Oq), a solution to the above equation is 


0 


^^0 = 


A sin 


J 


C — Mga 


I 


t. 
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if 6 s= 6 q at time t = 0 and A is an integration constant, 
oscillation is about 0 = 0^ with a period given by 


Thus the 


T = 


'VC - Mj/a 


Differentiating logarithmically, we obtain 


T 


Ma 




For a simple pendulum 


2 C — M!7a 

1 Mja dg 

2 C — M^a g 

r^_i^ 

F 2 g' 


Thus the sensitivity of the inverted pendulum exceeds that of a 
simple pendulum of the same period by a factor of (j” 

ratio can be made very large by chosing the elastic constants of the 
lamina, which supports the rod and exerts a couple on it ulicn the 
rod is displaced, so that C —Mgru—►O. In practice, however, 
C — yiga cannot be made too small for then the lamina becomes so 
thin that a twist in it may develop easily; under such conditions tlie 
motion of the rod is no longer simple harmonic. 

Ivejay found that the above fraction .should not exceed a value of 
200 ; with such a value, to detect a change in gravity of 1 milligal, 

i.c. — ^ 10“®,thc corresponding change in a time interval, Ty. will be 

10“^ Ty. Thus, if the time interval is 1,000 seconds this need only bo 
measured to within 0*1 second to give tlie required accuracy. 

The pendulum designed by Hoi.weck-Lejay consists of a rod of 
quartz, 6 cm. long and O-S cm. diameter, suppoited at its loA\cr end 
by a thin lamina made of elinvar. Its width is equal to the diameter 
of the quartz rod but its thickness is only a few thousandths of a 
centimetre. Fig. 5-13(6) shows two side views of the pendulum one 
of which reveals the fact that part of the elinvar spring lamina is 
removed in order to reduce the couple per unit angular displacement 
which this lamina exerts, when bent, on the quartz rod. This 
consists of two parts; one forms the main part of the pendulum 
while the other, which is much lighter enables the period to bo 
adjusted to a suitable value before the jicndulum is finally enclosed 
in a glass bulb, which is highly exhausted. This allows the pendulum 
tf> oscillate for a sufficiently long time interval for aci-urate observa¬ 
tions on the periodic time to be made. 
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To eliminate electrostatic effects the surface of the quartz rod is 
silvered and the pendulum itself lies within a Faraday cylinder. 




/ Datum 

I /ev'e/ , , 

1_ £. VjL—i 

l"io. 5-14.—Principle of Haalck’s gos-prcssure gravimeter. 


The instrument is calibrated erecting it at two stations where 
the values for gravit}'^ are accurately known and observing the time 
period at each. The formula 


T = 277 



ina}^ be written 


I _ 
C - Uga 


QL 


0 


where f/y and a are constants. Thus while observations at two 
stations serve to standardize the instrument, it is always advisable 
to chock the calibration from observations made at other stations 
w here absolute values for gravity are knowTi. 

Gas-pressure gravimeters.—In the gas-pressure gravimeter 
designed })v Haalck in 1935, use is made of the elastic properties of a 
ga.s to exert a force which will oppose one due to gravity. To 
appreciate its principles let us consider, cf. Fig. 5*14(a), two glass 
vessels of volumes V' and rcspectivel 3 ', filled wdth a gas at pressures 
]) and p and connected bj' a sj'stem of tubes filled with mercury. 
Let c and z' be the heights of the mercurj’ surfaces above a datum 
level and suj^pose that the temperature is invariable. Then if p is 
the density of mercur}'. we have 


P -r fjpiz — z') =p', 
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which, on differentiating, gives 

bp + gp{bz — dz') + p(z — z'}d(j = dp'. 
Since pY is constant 



with a similar expression for dp. If S is the cross-sectional area of 
each tube at the upper and lower levels of the mercury column 


dY = —S dz and dV' = —S dz'. 


pS 


- dz + yp{dz — dz') + p{z - z') d(j = 




Haalck then increased the sensitivity of this gravimeter by placing 
toluene, density cr, on top of each mercury surface and arranging for 
the toluene surfaces in contact with the gas to be in capillary tubes 
as shown in Fig. 5’14(6). Let x and x' be the heights of these 
surfaces above the datum level and s the cross-sectional area of each 
capillary. Then 


P + j;<t(x — 2) - 1 - (jp[z — z') = })' + ga{x' — z'). 

. + dg.a{x — 2) + ga{dx — dz) \ _ dp' + dg.ai^x' — 2')j 

\ + dg.p{z — z') I- gp(dz — dz')i I- ga{dx' — dz')\' 

As before 


and also 



^ dY and dp' = - ^ dY', 
V V' 


riV = —« dx = —S dz, 
dY' = -a dx' = -S dz'. 

— dY -I- dg.aix — z) ga(^l — dx 


and 



190 


THE GENERAL PROPERTIES OF MATTER 



~~s dx' + 6g{a{x ~ z) + p{z — 2 ') + a{x’ — z')} 



s 

a\ - 

S 


cr- 


S 


ij dx -i- p.^ (dx' — dx) ~ (T^~ — ij (5a:'j 

1) - 


dg^Cdx-C’ dx', 

wliere C and C are instrumental constants. By tilting the capillary 

tubes the instrument becomes more sensitive but even so the error 

is seldom less than 3 or 4 mgal. It possesses, however, one great 

advantage and that is its ability to record variations in gravity at 
sea. 


Static gravimeters.—This tj’pe of gra\imeter is based either on 
the spring-balance (unastatized) or on the astatic-balance (astatized) 
principle. 

(m) Unastatized gravimeters. When a mass is suspended from 
a helical spring the length of the spring will change with variations 
in g-, the greater gravity becomes, the longer is the spring. Actual 
changes in the length of the spring are ver}^ small and since any 
satisfactory gravimeter must be capable of detecting changes in g of 
the order of 0*1 mgal, this means that changes in length of the spring 
amounting to no more than one fiftieth of the wavelength of light 
must be measured. Optical, mechanical or electrical means must be 
em})Ioycd to get the necessary magnification and because of these 
practical difficulties many 3 'ears had to elapse before a marketable 
instrument of this t^^je appeared. 


The Hartley gravimeter.—This instrument, which is shomi 
diagrainmatically in Fig. 5T5, was designed in 1932 and was one 
of the fiist successful gravimeters. In each previous design an 
attempt had been made to obtain extreme sensitivity by some 
mcciujiiioal aiTangeinent approaching unstable equilibrium, and one 
reason for inevitable failure which followed is that the unstable 
<oiulitioii exaggeuatos all disturbing factors. In Hartleys instru¬ 
ment the design is .such that there is maximum stability and the 
.small displacements caused by changes in ‘g' are amplified by 
optical methods. 

'I he fundamental j)rinciple is as follows. If we can appl^' to a 
su.spended ma.ss an tipward force almo.st, but not quite, equal to the 
gravitational attraction on it. then it will be relatively easy to 
measure changes in the small additional force required to hold 
the system in equilibrium. The main spring is made from an alloy 
of tungsten and tantalum and can-ies about 99-9 per cent of the 
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weight of the load. The wire used in constructing this spring has 
a fairly heavy gauge and the spring is not stressed to more than 20 
per cent of its apparent clastic limit so as to give the maximum 


Micrometef' 

screw. 
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spring 
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Fixed 
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Reflecting prism 
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'mass 


Fio. 515.—The principle of n Hurtley gnivimeter. 


dependability. A very light beam is attached by suitable Hexible 
ligaments between the spring and load. This beam is hing<*d, on the 
left, to a fixed support, and at tlie other en<l carries two small mirrois. 

Although very few details concerning the method for mounting tlie 
mirrors have been published, it is probable that it operate.s somewhat 
as follows. 

The beam is hinged by a ligature type of suspension at its left liand 
end and, except for the mounting of the mirrors is eontplet<‘ly free at 
its opposite end. The mirrors, one on either sitle of the beam, are 
mounted by fine ligaments between th<; free eiul of the beam juid a 
separate fixed support. The two ligaments supporting the mirrors 
are arranged differently for the mirrors on opposite sides of the beam 
as in Fig. rrl(5{a) and {b). Hence for a downward movement of the 
beam, the right-hand mirror tilts anticlockwise; and the left-hand 
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mirror clockwise. [It is probable that the ligament to the fixed 
support may in each instance be stronger than that to the beam and 
be attached to the mirror through a collar which allows a slight 
rotation. This maj’^ not be absolutely necessary, but would give 
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Fig. 5-16.—Some possible details of a Hartley gravimeter 


greater smoothness perhaps. It raaj' also be true that the ligament 
from the fixed support is attached to the centre of the mirror in each 
instance.] 

These two mirrors form part of an optical lever and are so mounted 
lliat a vertical displacement of the beam causes them to rotate in 
opposite directions about horizontal axes. This not only doubles 
the magnification but avoids the nece.ssity of a fiducial mark in the 
()])tieal .system. When the two mirrors are coplanar the two images 
of tlie lamp filament will be collinear irrespective of any small 
displacements in the remaining parts of the optical system. A very 
light ‘weighing spring’ is attached to the beam in the position 
indicated and the tension in this spring can be adjusted by means 
of a inicTometer screw. The sum of the tensions in the two springs 
and the magnitude of the weight of the load and beam are such that 
there is tension in the hinge filament. Tliis is found to be essential if 
the beam is to be stable. 

Since the optical system is used only as a means for obtaining a 
null setting, actual measurements being made on the reading spring, 
slight defocusing when the beam is out of the null position is only a 
slight disadvantage. The changes in the field of view when g is 
changed are indicated in Fig. 5* 16(c) and (d). 
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The instrument is adjusted at a certain station so that tlie two 
images of the filament are collinear. When it is taken to a second 
station the change in the value of the intensity of gravity will cause 
a slight displacement of the two images. By means of the micro* 
meter screw this displacement is made zero; the difference between 
the two readings of the micrometer dial is a measure of the difference 
in the intensity of gravity at the two stations. If thi.s ditierence 
is known the instrument is at once standardized. 

Although the frame carrjdng the spring a,ssembly is in part 
temperature*compensated by the use of aluminium and ingot steel 
rods, in practice it is found necessary to house the instrument in 
an air*tight cylindrical case kept at a constant temperature. The 
instrument will detect differences in 'g’ equal to one milHgal. 

(6) Astatized gravimeters. Schematic design for such a 
gravimeter. Fig. 5*17 shows how a beam A and a mass M at one 
end are supported by two springs S and Sj attached to a rigid 
framework; a frictionIe.ss pivot at P makes contact between the 
beam and frame. The tensions in the springs are adjusted so that 


_ P 

y'//'/ f 1 \ 
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sk 
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Fio. 5-17.—SchoiiiHtio dosign of un 


a pointer attached to A read.s zero when the gravimeter is at a 
station where an absolute value for gravity is known. Wlien taken 
to another station where, in general, g will be different, tlie couple on 
the beam due to the weight of M will change and this will cause 
corresponding changes in the tensions in the .springs. By rotating 
the numbered reading dial D, which controls the spring Sj, the mass 
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M may be restored to its original position. Provided the readings 
on D have been standardized, a value for Ag is easily obtained. 
Such a principle is the basis of a Worden gravimeter, an instrument 

in the foremost class of its kind. 


I 



Fic. 5-18.—Tlie principle of a Worden 
tTUvirnetcr. (Bnsed on La Coste’s 
soisinograpli.] 


The essential theory of a 
Worden gravimeter.—Let the 
mass M be carried at the end A 
of a light but rigid rod or lever 
OA, Fig. 5-18, which is free to 
rotate about a horizontal axis 
through 0; let B be a point 
vertically above 0 and to which 
one end of a spring of ‘zero 
length’, cf. p. 393, is fixed. The 
other end of this spring is 
attached to C, a point in OA. 
Then if a, b, p and s are the 
distances indicated, the moment 
of the weight of M about 0 is 


jMj// sin 0, where g is gravity, I the length of the lever and 6 = AOB. 
The moment of the stretching force in the spring about the same 
point is k^p, where k is the spring constant. But from JBOC, 
wc have 

8 a 

• 

sin 0 sin a 



I 1 sin 0 , . , , . 

ksp = k.a. - .b sm a — kab .sin 


sm a 



^^’hon tlie system is in equilibrium let Sq be the couple due to the 
auxiliary’ spi-ing Sj, i.e. the total torque on the lever is 


{kab — sin 6 + Sq, 

and this is zero. In actual instruments a = 6, so that 


{ka^ — ISlgl) sin 0 + Sg — 0. 

Now suppose that the beam is displaced slightly from its zero 
position, i.e. 0 becomes 0 + /9, where ^ is small. If the increase in 
the restoring couple due to Sj is Zfi, where Z is assumed constant, 
the equation of motion, if I is the moment of inertia of M about a 
horizontal axis through O. is 

I/j + {ka^ - Hhjl) sin (0 + ^) + (S„ + Zfi) = 0, 

'4 (0 + ft) = ft- 


Since 



THE INTENSITY OF GRAVITY 


195 


Expanding sin {6 + /3) and using the fact that 

{ka^ — Mt//) sin 0 + = 0, 

we have 1^ + {(ka^ — Mgl) cos 6 + Z}/9 = 0, 

since sin ^ may be replaced by /? when this is small. Thus the 
period T, of small oscillations of the system, is given by 


= 27r — 




(ka^ — Mf^/) cos 0 + ZJ 

In passing it should be noticed that if/(0) is the couple 1 on a 
system, then when d becomes 0 + /S, where {i is .small, 

f(0 + (i) =/(0) + ^f'{0) [Taylor’s theorem.] 
- 0 + 

if the system is in equilibrium before being displaced. Since 




the equation of motion is 


i.e. 


ifi +/W = o. 


T = 277 



which agrees with the result obtained above, when it is recalled tliat 

S„ + Zj^ = .S„ + 


Ko that Z = — 

do 

A Worden gravimeter.—The in.strument itself, shown diagram- 
matically in Fig. 5'19, is made almo.st entirely of lu.sed (juartz; three 
such rods form part of a rectangular framework who.se fourth arm 
consists of a small quartz rod Kj attached to the rest of the frame by 
two torsion fibres also made of quartz. The arm of the retdangh* 
opposite to that carrying llj is attached to a support so eonstrueted 
that the inclination of the frame to the horizontal niay be adjusted. 
This is a very desirable h^ature of this gravimeter for the structure of 
the elastic quartz system is such that its response to changes in 
gravity is directly proportional to the cosin<^ of the angle of tilt ajid 
this affords an accurate means of calibration. another quartz 



196 


THE GENERAL PROPERTIES OF MATTER 


rod supported by two torsion fibres and carries a long pointer P whose 
upper end is horizontal. This end is illuminated and it is the central 
fringe in its diffraction pattern, observed through the microscope M, 
which serves as a fiducial mark; the field of view is sho^vn in Fig. 
5-17(6), where the shorter lines are marks on a graticule in the eye¬ 
piece while the space between the two long thin lines represents the 
central white light fringe of the diffraction pattern. 


[0-4000 
C mgal 


Rzsetdiat 

Spring 



Torsion hinges 


Fin. 5-19.—The structure of a Worden gravimeter; 
(iiagrommntic and not to scale. 


TIic qtiartz load Q is carried b}’ a lever rigidly fixed to R 2 « 
mass of this load is about 5 mgin. and stops prevent it from moving 
except between naiTow limits. The low mass of Q and the almost 
ideally elastic properties of quartz eliminate the necessity of clamping 
the suspended system while the instrument is in transit. 

S is the zero length spring with its lower end fixed to a lever 
attached to R 2 ; its upper end is carried b 3 ' a composite biexi)ansion 
thermal compensator joined to R^. 

.Sj is the measuring dial sjjring and the tension in it can be altered 
by rotating the head Dj; the full range of this spring corresponds to 
a change in gravity' of 80-120 mgal. To extend the range of the 
gravimeter to 4,000 mgal, the re-set spring Sg is also attached to R^ 
and the tension in it controlled by the knob D 2 . 

The gravimeter is set up in turn at two or more stations, at each 
of which g is known accuratelj*, and this enables the readings on D 
to be interpreted. When the instrument is at a station for which 
Ag = 120 mgal., the spring is used to bring P to its zero position 
after setting D to read zero. When the gravimeter is taken to other 
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stations further values of Ag are obtained from the readings on D 
when P is restored to its zero position. 

Since the elastic system of a Worden gravimeter is constructed of 
fused quartz, it is highly resistant to shock and fatigue and entirely 
free from all magnetic effects. The complete instrument is scaled 
in an enclosure when a low’ vacuum has been produced and the whole 
then fitted inside a thermos flask. Tlie scale readings on the dial 
D are linear to within one part in a thousand. The complete 
gravimeter and its carrying case have a mass only just exceetUng 
5 kgm.; the small size of the outfit and the elimination of an external 
power source for temperature control are the chief reasons why tliis 
gravimeter is used extensively in geological surveys. 

The instrument is null reading, balance being obtained by rotating 
the reading dial until the pointer, viewed through a reading micro¬ 
scope is central with respect to the fiducial marks on a graticule. 

The small reading dial has 100 divisions each of w hich corre¬ 
sponds to a change in gravity of 0-1 mgal. or O-Ot)! cm.sec.“^: a 
vernier enables observations to be made to di0*01 ragal. A orden 
gravimeter is capable of measuring changes of between 10““^? and 
I0~’</, where g denotes gravity, i.e. the vertical component of tiu' 
earth’s gravitational field. 


The reduction of field data obtained with a Worden gravi- 
nieter.—The observed changes in gravity must be corrected lor 
several effects; the more important are as follows. 

(a) Instrumental drift. The existence of instrumental di-ift in 
apparatus used in gravity surveys is perhaps the greatest dis¬ 
advantage of this method of carrying out a geological survey. Such 
drift in the Worden gravimeter, which is much less tliaii that in 
many other instruments, is caused by departures from tlic ideal 
elastic properties which arc assumed to be associated witli tlu* 
Buspension and the net effect of this drift is to create an apparent 


discrepancy in the value of Ag at a given station as clet(“rmln('d on 
a subsequent occasion. The effect is eliminated by using the gravi¬ 
meter at -|- 1) hours at a station w here it was first used at t hours. 
The drift is small and i.s assumed to be linear ; it seldom exceetls 
01 mgal.hr.'^ 


(6) Altitude effect. The altitude of a station causes tlie observed 
value of Ag to differ in tw'O ways from the variation due to elianges 
in the distribution and nature of the local rock.s etc. In the first 
place gravity varies inversely as the stpiare of tljo distance of the 
station from the centre of the earth, the normal vertical gra<lient of 
gravity being -f-0'3085 mgal.metre"^. This is the so-called free 
air' correction. Secondly, the material between the reference 
plane and the horizontal plane through the gravity stalit>n tends to 
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increase the value of g\ the necessary correction is —0-04187/) 
ragal.metre"^, where p is the mean density of the rocks lying 
between the above planes. This is called the Bougner correction. 

(c) The latitude effect. All values of g must finally be reduced 
to a standard latitude, usually that of the station at the centre of 
the north-south axis of the area being surveyed. This variation is 
due to the rotation of the earth, cf. p. 150, and its departure in shape 
from that of a sphere. 

(d) Tidal and temperature effects. These are very small and 
are incorporated in the ordinary drift correction. 


EXAMPLES V 

5-01. A uniform lamina in the form of a circular sector makes small 
oscillations under gravity about a horizontal axis through its vertex 
and nonnal to its plane. Find the angle of the sector when the length 
of the equivalent simple pendulum is equal to one half the length of the 
arc. [2 8in“* f.] 

o 02. Investigate the angle of a uniform lamina in the form of an 
isosceles triangle, so that the period of small oscillations in a vertical 
piano and about a horizontal axis may be the same when the axis 
passes through its vertex as when it passes through the mid-point of 

its base. ^Thc vertical angle must be ^ -J 

5*03. A light rod, pivoted about a horizontal axis normal to its 
length, carries at its lower end a particle of mass m whose distance 
from the pivot is r^. At the upper end is a mass d;/»(0 < 0 < 1) and 
the distance of this mass from the pivot is r^. Find an e xpression f or 
the period of small oscillations under gravity. /r,* + Br^ "j 

j 

5 04. A unifonn square lamina oscillates about a horizontal axis 
normal to its plane. Find where the axis must pierce the square in 
order that the period may be a minimum. 

[If a is the side of the square, the locus of the required point is a circle, 

radius and centre at the centre of the plate.] 

V G 

5 U5. A uniform beam of length 2a and mass 3w» has a light arm of 
length a utta<;hed to it perpendicularly at its mid-point, and hangs in 
u liorizontul position from a pivot at the end of the arm. At each 
end of the beam is a simple pendulum of length a and mass m. The 
whole system executes small oscillations in a vertical plane. Show 
that the lengths of the equivalent simple pendulums are o, 2a, la, and 
describe the corresponding modes. 

5-OG. Show how the moment of inertia of a uniform liorizontal bar 
about a vertical axis through its centre of gravity may bo found from 
observations of its period when supported by a bifilar suspension and 
making small oscillations in a horizontal plane. 

5 07. Show that a compound pendulum will oscillate with the s^e 
period about four points in a stmight line through its centre of gravity. 
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Eacplain the application of this result to the determination of the 
acceleration due to gravity. 

5-08. By WTiting 


show that 


In! = ^ 

g - r/ -r ^2 ''l ” ^2 

4t^ _ - T/ 

g ~ 2(ri -h r.^) 2(rj - r.,)' 


A Kater pendulum gains one whole swing every 60 seconds on a 
clock whose period is 2-00 seconds. When inverted so that the more 
massive end is at the top it gains one swing in ever>' 58 seconds. If 
the distances of the knife-edges from the centre of gravity of tlie 
pendulum are 65-62 cm. and 27-81 cm. respectively, find a value f<u- 
the intensity of gravity. [980 <- 111 . seo.“-J 

5- 09. Explain the method of using Katcr's pendulum to determine 
the acceleration of gravity in any locality. Why are tlie determinat ions 
with such a pendulum much more accurate than those made by timing 
the pendular oscillations of a small body at the end of a thread? 

Indicate the nature of the variations of g over the eartli's surface. 

6- 10. Give the theorj’ and practical details of the determination of 
the acceleration due to gravity by means of Kater’s pendulum, 'flic 
period of small oscillations in a vertical plane of a unift>rm bar alxaii 
a smooth horizontal axis 10 cm. from the (-entre of gravity is 1-2.7 
seconds. Find the length of the bar and determine the other position 
of the axis about which the period has the same value. In making tlie 
calculation, the lateral dimension of the bar may bo neglected. ((J) 

[58-8 cm., 28-8 cm. from the centre of tho bur.] 

5-11. Describe an experiment to dotormino the lime period of a 
pendulum by the ‘method of coincidences’. What is the a<lvuntage of 
tho method? 

A pendulum consists of a flat vertical disc of diainoler 6-0 cm. ami 


mass 220 gm. fixed at a point on its rim to the end of a ro«l 22 cm. 
long and of mass 30 gm. It oHcillutes about an axis through tho uj)|)er 
end of the rod perpendicular to tho plane of the disc, (’ulculate its 
time period for oscillations of small amplitude. [0-994 si-c.J 

5-12. A flywlieel having a moment of inertia I about its axis «)f 
revolution is mounted on frictionless hearings with its axis horizontal. 
A mass m of negligible size is attached to tho wheel at a distance r from 
the axis and the wlieol is released from rest in a position for which tlu» 
radius through m makes an angle 0 with tho vertical. Derive an 
expression for tlie maximum angular velocity utluiiicd hy tho ulie«“l. 

Iho above system is then allowed to perform Htnull o.scillations ami 
the length I of a simple pendulum adjusted to have an equal time 
period. This is repeated for different values of r. Explain liow the 
relation between r and I may be roprosentod by a straight lino graph 
nnd show liow, if m is known, u value for I may bo delerinimMl from 
the ^apb. 

Give tho theory of any other method for determining tho monionl 
of inertia of a flywheel about its axis of revolution. (L.S(-h.) 




I - cos 

-f mr* I 


; plot ogQirmt W wh<m I — m / (intercept) 


0'13. A thin unifoi^rn ro<l of length I HwingH in a V(*rti<*al piano about 
horizontal knifo-edgu paoHiiig through <ino extremity of tl>u nnl. At 
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what point in the rod must a concentrated load be placed if the period 
of small oscillations under gravity is to remain imchanged? 


rsi. . , 1 

l^— from the upper end. 


5-14. (n) If the intensity of gravity be increased by -th of its value, 


n 


prove that a pendulum will gain one complete oscillation in every 2n. 

(6) Tlie ijeriod of a simple pendulum at the top of a mountain is 
observed to be less than its period at the foot by aV per cent and the 
decrease in length due to the change in temperature Vo per cent. Show 
that the percentage increase in the intensity of gravity is V*. 

(c) A pendulum clock is observed to gain 24 seconds a day when 
taken to a different locality. A&suming that there is no change in 
temperature, find a value for the difference in the intensity of gravity 
in the two localities. [^1800] 

5-1.5. Tlio balance wheel of a watch may bo regarded as a heavy 
rim c)f radius 0-80 cm. Its mass is 0-96 gm. Find the restoring couple 
per unit angular displacement which the spring must exert in order that 
the period of one oscillation may be one second. [0-0156 erg.radian."^] 
516. A (piadrant of a uniform circular disc of radius a oscillates 
under gravity in its own plane about a liorizontal axis through its apex. 
Find it.s period. 


j'irt a 


5-17. A piece of w ire is bent to form two arms of a rectangle with 
lengths a and b respectively. It swings in its own plane under gravity 
about a horizontal axis passing through the bond in the wire. Show 
tliat the length of the simple equivalent penilulurn is 

-t- 

5-18. A thin circular loop of radius a swings in its o^\'n plane about 
a horizontal axis passing through a point in its rim. If the oscillations 
are small show tliat the length of the simple equivalent pendulum is 2a. 

5-19. A light rotl of length 2a has two equally massive particles 
lixi d at its ends. If the rod is pivoted at a pomt distant r from its 
C'-ntro, shenv that the length of the simple equivalent pendulum is 
(u- -i- /••)/•“*. 

.5-20. Tiio amplitude of oscillations of a long pendulum is 10 0 cm. 
After -f minutes the amplitude is 8-0 cm. What time elapses before the 
aniplitvulf' is 6 0 em.? [10 min.] 

.5-21. A uniform elliptic plate makes small oscillations in a vortical 
plane under the influence of gravity. If the axis of rotation passes 
through tme end of the major axis, prove that the length of the simple 
ecinivalent {H'ndulmn is (on- -r 6“)(4a)“^, W’hero a, b are the semi-axes 
witli a . ■ b. 

5-22. Prove that the time of small oscillation under gravity of a 
rhombus in its tiwn plane about a horizontal axis passing through one 
ecirner is 



whore a is the length of the diagonal through the point of suspension. 
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6-23. A non-uniform rod may oscillate in turn about two horizontal 
axes passing through points in the rod at a distance I apart. If 
and fg are the respective periods of small oscillations, prove that the 
mass centre of the rod divides the distance / in the ratio 


gtx- - 

- 4 ^/ • 

5- 24. Give in outline the chief correction.s whicli liavo to bo made 

in making an accurate determination of the acceleration due to gravity 
by means of the compound pendulum and consider in detail the cor¬ 
rection duo to the curvatures of the knife-edges. (^) 

6*25. Define mass and weight and describe the experiments you 
would carry out to test the proportionality of the mass and weight of 
a body at some given place. 

6.26. A rigid body is mounted so that it can turn without friction 
about a fixed horizontal axis. Deduce an expression for the period 
of its small oscillations. 

Describe how you would use such a system for the purpose of measur- 
tng g, the intensity of gravity. 

5‘27. If a body is let fall from a point above the earths surlace, 
prove that it undergoes a small easterly' deviation fn)m the N'erticnl 
and also a very small deviation towards the ecjuator. 

Show that the easterly deviation varies as the cosine of tlic laiitiuh' 
and as the cube of tho square root of the vertical distance fallen, ^bow 
further that in latitude 51^ this deviation is about V; im h for a fall 
of 100 feet. 

6- 28. A faulty seconds pendulum loses 20 ‘seconds a da>. Siiov\ 
that it will keep correct time at the same station if its length is shorteiici 
by about 0 046 cm. 

5-29. Show that if tho earth were not rotating about its axis the 
intensity of gravity at tho equator would exceed its present \aluo >} 
3-38 cm.sec.-*. 

6'30. Describe in detail how tho intensities of gravity at two slat ion> 
may bo accurately compared. Wluit knowledge can l>e obtaine<l from 
the results of a gravitational survey? 

6’31. A square inotal plate of uniform thickness is arrange<l to 
execute small oscillations in its own plane, about a lu)ii/.onlal axis 
through one comer, Wliut is the length of the simple cquiNultaU 
pendulum if the side of the square is of length 2«? 

T-f \ 2 '1 


6*32. A straight uniform rod of lengtlt A metres and mass m kgiu-. 
hinged at one end so that it may move in a vortical plane, is 
from a horizontal position. Calculate the angular veloc-ity alion l 
rod ponses through tho vertical position. U’ould this \el(n ii> 
doubled if the rod were released from its position of unstable cijmli anno. 
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5-33. A uniform metal rod of length 30 cm. is supported horizontally 
by a bifilar suspension consisting of two vertical strings each 100 cm. 
long. These strings are attached to the ends of the rod. If the mass 
of the bar is 1000 gm. determine the couple acting upon it when it is 
twisted through a small angle 0. 

If the radius of gj^ration for the bar referred to a vertical axis through 
its centre of gravity is 10 cm., find the period for small oscillations of 
the bar in a horizontal plane. [1-34 sec.] 

5-34. Derive an expression for the periodic time of a body oscillating 
with simple harmonic motion. Use the result to find the time of 
oscillation of a compound pendulum when the amplitude of its motion 
is small. 

.4 rigid circular disc of ratlins r and mass m is supported so that it 
may perform ostullations of small amplitudo about a horizontal axis 
through its rim and perpendicular to its plane. Find the periodic time, 
T, when a particle of mass M is fixeil to the lowest point of the disc and 
show that, however great the value of M, the change in T cannot exceed 
about I.*} jifT cent. (G) 

5-3.i. S1 k>w that the kinetic energy of a rigid body rotating about 
a lixed axis Ls ilor. wliere (he symbols have their usual meanings. 
Describe and explain how the moment of inertia of a flywheel about 
its axis, whi^-li is horizontal, may be determined by fixing a small body 
"f known muss to the rim and observing the oscillations as a compound 
penrluliim. 

Kx])lain (he term motiient of inertia and state the theorem 
of parallel axes. Obtain, from first principles, the ecjualion of motion 
(thunping negligible) of a peuduluin consisting of a bob of finite radius 
Huspojuloil b\- a thin string. Show how the period of the pendulum 
may In* <lc‘ri\ od from the cijuation of motion. 

A pcniluluin consists of a spherical bob of radius 2-24 cm. suspended 
I'V a string of length 15 0 cm. t’nlculate vahies for (o) the period of 
t be penilulnm, (h) tlu* length of the equivalent simple pendulum. 

[(a) 0-836 sec., (6) 17-4 cm.] 

.")-37. Obtain an expression for the period of oscillation, T, of a 
unitonn circular shoot of metal, radius a, about an horizontal axis 
l.crjictulicular lo the plane of the sheet and at a distance r from its 

ct.'iii ri'. 

If tlu- diameter of the sheet is 30 0 cm., calculate 
(«) the jieriod of oscillation, T,., wlien r = a. 

(f>) atiother vuhie of r for the same period T,.. 

{>•} the minimum period of oscillation, 

[(a) 1-04 sec., (6) 9 0 cm., (c) 1-01 see.] 



Chapter VI 


GRAVITATION 

Kepler’s laws of planetary motion.—The motion of the planets 
has been a subject of much interest from very early times for even 
Babylonian astronomers were able to compute tables of the planetary 
motions with some success. Ptolemy, assuming that the earth was 
the centre of the universe, discovered that the aj)parcnt motions of 
the planets as observed from the earth could be represented by a 
system of circles and epicycles. In 1.542 CorERNices tried to 
simplify the above representation and in his tlieory the sun vas 
considered to be the centre about Minch the planets revolved in 
circles. He died shortly before his results could be published in 
book form. 

In 1609, Kepler, having made a systejnatic study of the astro¬ 
nomical observations of Tycho Brahe, published tMo laws con¬ 
cerning planetary motion; these were followed in 1618 Ijy a thirtl 
law. Kepler’s laws of planetary motion are as follows.— 

(а) Each planet describes an ellipse with the sun in one focus. 

(б) The radius vector from sun to planet sweeps out equal 
areas in equal times. 

(c) The squares of the times of revolution of the planets are 
proportional to the cubes of their mean distances from the 
sun. 

[To-day the expression ‘mean distance’ is replaced by ‘the major 
semi^axis of the ellipse’.] 

The first and second laws, it should be noted, refer to the motion 
ofa single planet; the third expresses a relation between the motions 
of the different planets. 

Newton’s law of gravitation.—Kepler’s laM-s are a summary of 
observations on the motions of the planets and, as such, give a 
Simple and accurate description of these motions uithout offering 
any explanation. In 1666 Newton, at the age of twenty four, gave 
us an explanation of planetary motion in terms of the force of gravita¬ 
tion which exists betM-een sun and planet; this actual work was not 
published for about tM’enty years and it was largely due to the 
influence of Halley that the work uas published as part of the 
Principia. 
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To gain an insight into the reasoning whereby Ne\\'tou may have 
discovered his law of gravitation let us assume that a planet moves 
about the sun as centre in a circle of radius r, T is the period of 
revolution of the planet and oj its angular velocity. The accelera¬ 
tion of the planet towards the sun is oj-r, so that if its mass is vi 
the force of attraction on the planet is 


vio/r == in 



where T is the period. Now according to the third law T^ = /cr®, 
where k is a constant. Hence the force on the planet is proportional 
in , 

to ^ i.c. the attraction is inversely proportional to the square of the 

distance between the sun and the planet. 

By some such reasoning as that just given Newton was led to 
jjropose hi.s law of gravitation, which states that any particle of 
matter attracts any other particle with a force which is 
directly proportional to the product of their masses and 
inversely proportional to the square of their distance aparty 
the line of action of the force being the line joining the 
particles. If and mg masses of the two particles and r 

tlicir distance apart, the force F tending to increase their separation 
is gi^•(•Il by 



~y 


viiin^ 


wluTf y is a univcr.sal constant known as the constant of gravita- 
tion. Tlic negative sign indicates that the force is one of attraction, 
^\ hich is in conformity with the usual practice in magnetism and 
cicrtii* ity, although it is not always so in works on gravitation. 

Now if. with Newton, it is assiimedf that the attraction due to a 
''plicrc at an external point is the same as if the mass of the sphere 
were concentrated at its centre, the validity of the inverse square 
law in the case of the moon’s motion may be tested. Let and 
HI., be the masses of the eartli and the moon, r the distance between 
their centres and a the radius of the earth. If T is the period of the 
moon (27 d. 7 hr. 43 min.) then 



force of attraction on the moon and due to the earth 


r~ 


I Cf. p. 212 for a proof of this statomont. 
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If? is the intensity of gravity at a point on the earth's surface, 
by considering the attraction of tlie earth on a unit mass at this 
point, we have 

, mi X 1 

g X I = y. -—. 

These equations give 



so that if we take as a close approximation ;• = 60a. we have 

g = ^ (GOfa. 

Assuming a = 4,000 miles, we find 

g = 32-4 ft.sec."^ 

This deduction from observations on the moon’s motion is in 
accord with experimental facts and thus points to the validity of 
gravitational theory. 

In the above discussion the planetary orbits have been treated as 
circles, whereas Kejiler asserts that they are ellipses. Ix.*t us t here¬ 
fore examine Kepler’s laws more critically and try to discover what 
deductions can be made from them. 

First let P and Q. Fig. 6-01(a), be the positions of a planet at 
times t and (< + di) in its motion round the sun. Then S is one of 
the foci of an ellipse and if v is the speed of the planet 

PQ = v.dt. 

Thus if A is the area swept out by SP and as measured from some 
fixed position of that vector, 

dA = JSPQ = ip.PQ. ' 

where p is the perpendicular SM from S on to the chord PQ produced 
or, in the limit, on the tangent PT at P. 



Since equal areas are described in equal times (Kepler’s second 

dA 

law) is constant, i.e. pv is constant, say k. If m is the mass of 
the planet it follows that 


mpv = constant, 

i.e. the moment of momentum, or angular momentum, cf. p. 00, 
of the planet is constant. 
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In the second place it remains to show that the only law of force 
consistent wth an elliptic orbit having the sun at one focus is an 
inverse square one. Thus let 

dt 



and the force of attraction be f{r) = F. Also let 56 be the angle 
which the chord PQ makes with the radius vector SP. In the limit, 



Fio. 6-01.—Planetary motion. 


when Q is very close to P, <f> will become the angle wliich the tangent 
at P (or at Q) makes with SP. Then, cf. Fig. 6-01(6), F cos (tt ~ (j)) 
or —F cos <f) is the force giving an acceleration v to the planet at P, 


i.e. 


—F cos <p = m —, 

dt 


and since pv = k, a constant, 


dv dp 

p -h t’ — = 0 . 

dt dt 


• . ^ — • > 

p at 


j^*.' cos = cf. Fig. 6‘01(c).J 


^ mv ds dp mv^ dp 

, , X ■ • ' • “ ■ ' 

p dt dr p dr 




GRAVITATION 


207 


Now the (p, r) equation to an ellipse with regard to a focus is 


[cf. p. 14.] 


If we write F 
the planet, 


^ _ 2ff _ 

r 

dp p^a 

— _ mh^ p^a m h~a 
7n k^a 

~ M f. 2 ' have for the j>eriod of 


^iT = TTab. 


[■: dA= \pvbt\ 


. T = 


2770 /.* 


lira 


J 


i.e. 


h p 

T2 oc o®. 


l 


Hence Kepler’s third law imj)lies that p has the saine value for 
all planets, i.e. the force on a planet is proportional to its mass. 
Since the attraction is mutual, it will also he proportional to the 
mass of the other body (the sun). Then 



or 



where M is the mass of the sun and y is the universal constant of 
gravitation. 

The above discussion is necessarily only an approximate one since 
the sun has been assumed to have a fixed position. Strictly speaking, 
both sun and planet describe ellipses about their common centre of 
mass as a focus, the sun’s ellipse being very small on account of its 
large mass compared with that of a planet. 

There is no a priori reason for Newton’s law of gravitation, 
but astronomical calculations based upon it agreed so well witii 
observation that its validity was established. As one very importa nt 
discovery made as the result of an application of this law, we may 
cite the following. In 1781, Sir Wm. Herschkl discovered the 
planet Uranus and for a time it appeared to behave in the same 
manner as did the other planets, but early in the nineteenth century 
certain discrepancies with regard to its motion were discerned. 
Some force was evidently at work on this distant planet, causing it 
to disagree with its motion as calculated according to the Newtonian 
law of gravitation. In 1845, J. C. Adams, nt (’ambridge, showed 
that the refractory nature of Uranus would be exj)lained if there 
were an outer, and as yet unknown, planet in a position he specified. 
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He communicated his theorj' to the Astronomer Royal who took 
little notice of the news. In 1846, Le Verrier announced a similar 
theoretical deduction, and the Astronomer Royal noted that each 
of these investigators predicted the existence of a new planet, now 
called Neptune, in practically the same position. Only a casual 
search was made for this new planet in England and it was left to 
Galle to discover it on 23rd September 1846. As further support 
in evidence for the validity of Newton’s law of gravitation, it may 
be mentioned that predictions of the times of return of certain 
comets, based on it, have been fulfilled. Thus, in general, New'ton’s 
law of gravitation has proved adequate as a basis for astronomical 
calculations; there are, however, a few instances where minute 
discrepancies between calculation and observation occur but these 
have been accounted for by Einstein’s Theory of Relativitj". 

The strength of a gravitational field—Gravitational in¬ 
tensity.—If a small mass dm is placed in a gravitational field and it 

experiences a force dF, tiien 



tfw—0 dm 


is called the strength of the gravitational field (or gravitational 
intensity), G, at the point occupied by dm. Thus 



6m-^ dm 


Cousiiler a small mass dm at P, Fig. G*02(a), a point situated at 



Fig. 0*02.— Intensity in n gravitationnl field duo to a matorial particle. 


a distance r from a j)article of mass m. Then 6F, the force on dniy 
is given by 



m dm 

r- 


Hence 
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This is the gravitational field strength at P due to a particle of 
mass m at 0. The negative sign indicates that the intensity (as 

also the force 6F) is actually directed towards 0; cf. Fig. 6 02(/>). 
where 6F denotes the force on dm when it is measured along the 
direction of r decreasing. 

The gravitational field due to a uniform linear distribution 
of matter.—Let AB, Fig. fi-03(a), represent a iiniforin linear 




Vio. 0-03.—Grovitatioiml 


fluid duu tu a iiniforiu 


linour dislrilmtimi uf iimtlor. 


distribution of matter of dcn.sity i)er unit length. lA“t P be the 
point at which the gravitational intensity is to be ealeulatod. 
Consider tlie contribution to the gravitational field at P due to the 
element MN of the distribution of matter. Let OM — J", and 
MN = dx. Then the contribution we arc considering is 


AG = - 


if MP = r. If OP = p, X — p tan 0 and r — p sec 0 


yup sec* 0 dO 
dtj = — -—r — 

/r sec^ 0 


- hO 
V 
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Thus the field at P due to MN is the same as that of an element 
mn of a circular arc CD, radius p and centre P and linear density fi. 
This is true for all such elements of the rod and hence the field at 
P is equal to that of a circular arc CD, of radius p and linear density p. 

The component of the field at P due to vm along PR, the bisector 
of CPD, is. cf. Fig. 6-03(6), 

— ^ cos <j> dtf>, 
p 

where <f> is the angle indicated. On account of sjonmetry only 
these components liave to be considered and we have accordingly 

G = — — f " cos (j> d(j} 

•r 

= — sin i(/3 — a). 

P 

Hence if A is the attraction at P, i.e. A = —G, we see that A has 

'lyu 

a magnitude — sin — a), and makes an angle with 

tlie vertical througli P drawn downwards, i.e. cf. Fig. 6-03(c), along 
the bisector of the APB. 

Gravitational field due to a uniform spherical shell of 
matter.—Let 0, Fig. ()-04(a), be the centre of the spherical shell, 



of radius «, and 1* the point at distance r from 0 at which the 
gravitational intensity is required. Consider that portion of the 
slioll wliich is cut off by two vertical neighbouring planes inter- 
.secting the .surface of tlie shell in the plane of the diagram at points 
N, Nj and respectively. Then the surface area of the element¬ 
ary shell is 'lira sin 0.a d0\ its mass is therefore 27raV sin 6 <50, 
where a is the surface deusit}* of the material of the shell, and every 

point in the shell is at a distance PM = V(o- + — 2(2 rcos0) 
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from P. We cannot, however, proceed at once to evaluate the 
intensity at P due to this ring of matter for the intensity due to 
each element of it will have a different direction. If ds is the length 
of such an element at S, Fig. 6-04(6), then the intensity at P due to 
this element is 


Y.a.a dO.6s 

~PS- 


and this may be resolved into two components, one along OP and 
the other at right angles to it. Now diametrically opi)osite to the 
element considered there will be anotlicr element tlie intensity due 
to which may likewise be resolved. The component at right angles 
to OP tvill counterbalance the corresponding component due to the 
first element. Thus, on the whole, it will only he neces.sary to 
consider the components along OP. Each of thc.se will be ecpial to 


y.a.a 60 . 6 s . 

_ ?--cosSPQ. 

PS- 

where Q is the point in which the j)lane MMj intersects OP. 

The intensity at P, 6G, due to the whole of the elementary ring 
will be found by integrating tlie above e.\[ne.ssion round the ring. 
It is given by 

6 G = -ya j,-py . j,pQ ^ sPQ.] 


a* + r® — 2ar cos 0 


G 


2 0{r — a cos 0) dO 


To integrate tliis expression, let a® 4- r® — 2arcos 0 — z-. Ihen 

ar sin O.dO = z dz, and 2r(r — « cos 0) = z' — n' I 

Two instances arise:—(a) If P is outside the shell, the limits of 
integration are (r — a) and (r f a). 




r-. 


__ Tryaaf r® — a® 
r® L 2 . 

_ y(mass of shell) 

> 

Hence the shell considered attracts a jjarticle at an ext«*i‘nal point 
as if its w'hole mass were concentrated at the centre of the shell. 
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(b) If P lies inside the shell, the limits of int-egration are (a — r) 
and {a + r). Hence 



Tryaa 


«> 

rr — 


0 , 

J<i-r 


i.e. the gravitational field inside a spherical shell is zero. [This 
result is true for all closed sheUs.fJ 
The gravitational field due to a uniform sphere.—Let 0 
be the centre of a sphere of radius a, and let its material have a 
density p. Two cases arise for discussion. 

(a) Let P, Fig. 6*05(a), be a point outside the sphere and at a 



Fig. G-05.—Uiavitutionai field duo to uii isolated uniform sphere. 


distance r from 0. Consider the sphere to be made up of concentric 
shell.s of which one is shown; let R be the radius of this shell and 
its thickness. Then <50, the gravitational intensity at P due to 
this .shell, is given by 



47rR®p dR 




in virtue of the j)io]>o.sition proved above. 



47Typ 



R ’ (IR = 


4 ‘trypa^ 





i.e. the intensity is the same as if the whole mass of the sphere 
were concentrated at its centre. 

(6) If P is inside, cf. Fig. 6*05(6), with 0 as centre and OP as 
radius, construct a .sphere of radius r. Then the matter outside 
this sphere makes no contribution to the intensity at P, since P is 
inside every spherical concentric shell into which this outer portion 
of the solid sphere may be divided. The intensity at P wUl there¬ 
fore be due entirely to the matter inside a sphere of radius r, i.e. 

„ 4 irypr^ 4 

G=-3.—= 


t Cf. Vol. V, p. 40. 
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[N.B.—Each of the above expressions gives the same value for 
the field strength at a point on the solid sphere of radius a. Tliis 
equality is not true in all instances, cf. the internal and externa! 
fields at points near to the surface of a spherical shell.] 

The flux of gravitational intensity.—Let P, Fig. 0-00(«). 
point in a gravitational field where the gravitational intensity is (t, 




(a) (i>) 

FlO. 6-06.—Flux of gruvitutionnl intensity. 

acting along PA. Through P draw anyf closed surface and con¬ 
sider that small element of this surface surrounding P. Through 
P draw PN normal to dS. Then G„, the component of G along 

the outward direction of the normal, is G cos <f>, where tj) is APN 
cf. Fig. 6-00(6). 

The quantity G„ 6S, or (G co.s dS, is termed the^u* of gravita¬ 
tional intensity across the surface Similarl}’, 

fonds, or TGco-s^dS, 


where the integration extends over the whole of the surface S, is 
the flux of gravitational intensity acros.s that surface. In vector 

notation, the flux isJcT-fidS, where n is a unit vector along the 

outward drawn normal at 6S. 


Gauss’ theorem.—This states that the flux of gravitational 
intensity across a closed surface which has a unique outward 
drawn normal at every poinf is — 4ny times the total mass 
enclosed by that surface, i.e. 



dS = —4ny S (m), 


or 


Jg • n dS = -4ny Z (m), 


ufhere 2 (m) is the total mass inside the closed surface. 

t Tho Burfttco must bo (inito and huvo a unique outward drawn normal at 
every point; moreover^ it must not be a skew Burfuce. 
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To prove this,t let there be a particle of mass m at A, Fig. 6*07, 
and suppose S is any| closed surface surrounding A. Let BC be a 



Fio. 0-07.—Gauss’ theorem for a gravitational field. 


small area dS surrounding a point P on the above surface, where the 
gravitational intensity' is G. If r is the distance of P from A, then 



and 




cos <f>, 


where ^ is the angle between the line of action of G and the normal 
to the surface at P. [The line of action of G is along PA.] With 
A as centre and AB as radius describe a sphere to cut the cone 
ABC along the section BD. Then 


BC cos = BD = do, 

whore do is the solid angle of the elementary cone ABC. 


m 


Flux of gravitational intensity across = —y. —.cos <^.BC 



= —y.m.do. 



The flux of gravitational intensity across S 

= —ymjdo = —4Trym. 


t Only a simple form of surface is considered hero. The theorem and 
its applications are elaborated in coimetion with electrical phenomena, 
cf, Vol. V, p. 35. 

X The surface must be finite luid have a unique outward drawn normal at 
every point; moreover, it mtist not be a skew surface. 
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Thus the theorem is established for one small j)article of matter 
lying inside a closed surface. It is therefore true in general, for it 
applies to every such particle into which a material system may be 
divided, i.e. 



dS = —477'y Z (w), 


or 


I 


Gv< rfS = —47ry M (m). 


Simple applications of Gauss’ theorem.—(«) As an illustration 
of the use of this theorem let us calculate the field due to an isolated 
uniform s])here at a point outside it. Let 0, Fig. (5-(l8. be the centre 
of such a sphere of radius a and mass m. To find the gravitational 
intensity at P, a point at distance r from 0, (r > a), with 0 as centre 
construct a sphere of radius r. Then, by 

symmetry, the intensity at every point on the - 

surface of this sphere will have the same 
value, G, say, and will be everywhere normal 
to the surface. The flux of gravitational 
intensity across the surface of this .sj)here is 
therefore G(47rr2), by definition. But by 
Gauss’ theorem it is —47rym. Hence, 
equating these two cxpre.ssions, we have 



m 


Kcg. (J OS. — (i ni vita* 
Uona) iht(*nsity duo 
to an is<;Iated uni- 
torrn 


as already proved. [It must be remembered that this is the value 
of G in tlie direction of r increasing; the negative sign indicate.s that 
the field is actually directed towards 0.] 

At a point inside the sphere and at a distance r from its centre, 
the strength of the field is determined solely by the matte!- enclosed 
within the .sj)here of ra<lius r. Aj)plying Gauss’ theorem to the 
surface of this sphere, we have 


iTir^G = —ATTy(*Tipr'’'), 

where p is the density of the material in the sj)heie. 

G = — zirypr, or G = — zTtyprr. 

i.e. the field strength at a point inside a uniform solid sphere varies as 
the distance of the point from the centre of the sphere. 

At the surface of the sphere G^.q = — *‘TTyp<t, arul this is idenf i<-al 
with the value of the field if the point at the surface is considered 
to be outside the sphere; this means that at the suiface the field 
strength is continuous. 

{b) VoT a spherical shell it is at once seen that at j»oint.s outside 
the shell, the field is the same as if tlie muss of the shell were 
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concentrated at its centre; at a point inside the shell Gauss’ theorem 
shows at once that the field is zero. Thus, at the shell, there is a 
finite discontinuity in the field strength. 

Example .—Assume that a smooth straight tunnel exists through the 

earth wliich may be regarded as a sphere, at 
^ rest, radius 6400 kilometres and of uniform 

density. Obtain a value for the time required 
for a particle, initially at rest, to pass from one 
end of the tunnel to the other. Show that this 
time is independent of the direction of the 
tunnel. 

Let C, Fig. 6 09, be the centre of the earth 

and let AB be the tunnel. Let the diameter 

through C and perpendicular to AB cut this 

in 0. At time t let the particle be at P, 

T- nn \r f where CP = r and OP = x. Then tlie force 

^ V Hioss On the part.icle is ~^vypr, where 

particlo in o tunnel ^ ,, - 

through an isolated V and p have their usual meanmgs and this 
sphere. force is directed along CP. The force per unit 

mass along PO is t-vypr}-] = ^ir/px. Tlius 
the motion of the particle is represented by ^ 

X + ^px = 0. 

The motion is therefore simple haimonio with a period 

^ -inyp ^ YP 

This is independent of the size of the sphere and the length of the 
tumiol. Since g = ^-Trypa, wo have T = 2tt J- . 

y 64 X 10^ 

—— sec. = 42 min. 

The gravitational field due to an infinite and uniform plate 
of matter,—Let X^Xg, Fig. 6-10(a), be a portion of an infinite plate 



Fio. 6'10.—Gravitational field due to on infinite and uniform plate of 

matter* 

of matter of constant density a per unit area. Let P be the point 
at which the field is required. To obtain a suitable Gaussian 
surface, consider an area S of the plate, cf. Fig. 6-10(6); the projection 
of P on the plate must lie within the boundary of S. At each 
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point on the boundary of S draw normals to the plate and let these 
normals be truncated by planes AB and CD at equal finite distances 
from the raid-plane of the plate; AB passes through P. Then the 
flux will be zero across all portions of the Gaussian surface except 

AB and CD. Let G be the field intensity in tile outward direction 
at any point on AB or CD. Then the flux of gravitational intensity 
across the surface considered is 


(G-«)S + (G-/0S = 2(G-/()S. 

By Gauss’ theorem this is —47ry((TS). 

G-n — —'2TTya. 

Thus G and n are antiparallcl and the magnitude of the field 
is 27rya. It is independent of the distance of P from tlic sheet. 

[N.B. In the corresjionding electrical problem the Gaus.':ian 
surface is made to terminate within the charged metal plate. i.<*. 
where the field is zero; in the present problem thi.s cannot 
usefully be done.] 

Gravitational potential. —The gravitational potential at a 
point in a gravitational field is defined as the work per unit 
mass done against the field in bringing up a small mass from 
infinity to the point considered. 

lhu.s if dW is the work done against the field in bringing up irotn 
infinity a small mas.s dm to the given point, tlio giavitational 
potential, U. at that point is given by 

U = hin - = - 

dm 

Alternatively, we may define a difTerence in gravitational potential 
in the following way. If P and Q are two points in a gravitational 
field and d\\ is the work done against the field in taking a small 
particle of mass dm from P to Q, then 



r<i 

J f/U the increase in potential in ims.sing 


from P to Q. 


Definition.— A surface in a gravitational field such that at 
every point on it the gravitational potential has the same 
value, is known as an equipotentiai surface. 

\i 
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Theorem .—To show that the field strength at a point is normal to 
the equipotential which passes through that point. 

Let A and B, Fig. 6‘ll{a), be two points at a distance ds apart 
on an equipotential surface, U, and suppose that at A the field 

strength is G and that this vector makes an angle 6 with ds. The 

component of G along Es has a value G cos 6, so that the work done 
per unit mass against the field in passing from A to B is 

—G cos B 6s, 

the negative sign being necessary since the work is done by the 



Fig. 0-11.—Gravitational potential and field strength. 


field. This work is necessarily zero since A and B are points on 

an equipotential surface. Hence if G is not zero, cos B must be zero, 
j.e. 0 = \Tr, or the field is normal to the equipotential at the point 
considered. 


On the relation between gravitational potential and the 

field strength.—Let U and U + 6U, Fig. 611(6), be two neigh¬ 
bouring equipotentials. Then if P is a point on the surface U, the 

field strength, G, at P will be directed along the normal at P to 
the surface. Let this normal intersect the surface U + 6U in Q, 
Then in taking a small particle of mass 6m from P to Q, the work 
done per unit mass against the field is —G(PQ) = —G 6s, where 
PQ = 6s, s and 5 + 65 being the distances of P and Q from some 
fixed origin 0. 

Thus dV = -G 68, 


or 



In vector notation this may be ^vritten 





where ^ is the appropriate unit vector. 
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The gravitational potential due to a particle of matter.— 
Let m be the mass of a particle situated at 0. Fig. 6-12(a). Let A 
be the point at which the gravitational potential due to the above 
particle is required. Call OA = a. Now the field strength at a 



a 


0 




(ooo 


(b) 


Fio. 0*12.—Gravittitional potential due to a particle of matter. 


point P at dLstance r from 0, and measured in the direction of r 
increasing, is given by 







where U is the gravitational potential at the point considered. 
Integrating this equation, we obtain 


U= -y™ +K. 

where K i.s an arbitrary con.stant. It is customary to take the 
potential a.s zero at infinit)' so that 


i.e. 






If the potential is required at a point A, distance a from 0, i.c. 
OA = a, we have 





An alternative method of obtaining this cejuation is as follows. 
Ixjt Q, Fig. 6’12(6), be a point at distance r I dr from O and .sup{)Osc“ 
dm is brought from infinity to the point, its path passing from Q to 

P and being along the straight line of which OP is part. Ix't G be 
the field strength at P; it is considered positive when it acts in the 
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direction of r increasing. If PQ = br, the work done per unit mass 
against the field in passing from Q to P is 

G X (QP) = -Gbr, 

since QP = — This is dU. 

bV = -Gbr. 


But 


so that 


G = - 


ym 

7’ 


bV = ^ br. 


CO r* d 


Now if we return from P to infinity along some other path an equal 
amount of work must be done by the field, for otherwise energy 
could be gained or lost merely by taking a small particle along a 
closed path part of which is at inanity. Hence the potential at P 

must be independent of the path 
whereby the small element of 
matter is brought to P although, 
to evaluate this work, a straight 
line path through 0 and P is 
selected. 

The gravitational potential 
at a point on the axis of a 
uniform circular disc.—Let 0, 
Fig. 013, be the centre of a 
uniform circular disc, radius a and 
mass per unit area <r. Let P be a 
point on the axis Oar, through 0 
and normal to the plane of the disc, 
('onsidcr tlie contribution to the potential at P due to the matter 
within a circular ring whose inner and outer radii are r and r + br, 
rospcctively. Since all elements of this ring are at the same distance 
from P, say R, we have 

27rr<r br 
oU = — y.' 



Kid. —(iruvitationnl potential 
at a point on t)ie axi:< of a uniform 
oircular disc. 


R 


U = -27ryo\ 

Jo 


r dr 


(r + 


= —27Tya[ia“ + .r^)^ — .r]. 


G =-= ~27rya 

dx 


1 - 


(a- + x^) 


r]- 
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When a —► 00 , 

= -2TTya, 

i.e. the field is constant at all points at a finite distance from the 
disc; cf. also p. 216. 

On the gravitational potential due to a spherical shell.— 
Since at external points a spherical shell of matter produces the 
same gravitational field as if the whole mass, m of the shell were 
concentrated at its centre, the potential at external points, due to 

such a shell, is given by —y where r is the distance of the point 

from the centre of the shell. 

Inside the shell the field is zero, i.e. the potential is constant and, 
since potential is necessarily a continuous function, the potential 
inside the shell must be equal to that at its surface, viz. 

TT 

ujn = —y-- , 
a 

where a is the radius of the shell. 

On the gravitational potential due to an isolated uniform 
sphere.—Let 0, Fig. 6-14(a), be the centre of a uniform sphere of 



(b) 


Fio. 6-14.—Oruvitationul potvntiul duo to an inolatcd unifortu sphere. 

radius a and mass m, and let P be the point at which the j)otential 
is required. Two cases arise. 

(a) Let P be outside the sphere, i.e. r > a, where r = OP. Then 


^r>a = -y- 


m 


.since the mass of the sphere may be supposed concentrated at 0. 
In passing we note that 




222 


THE GENERAL PROPERTIES OF MATTER 


(6) If P is inside the sphere, i.e. r < a, as in Fig. 6*14(6), then 
the potential at P arises from the matter inside the sphere of radius 
r and from that outside it. Let these portions of the total potential 
be denoted by Ui and Ug respectively. Now the mass of the sphere 
of radius r is §7rpr*, so that the potential at P, a point on its surface, 
is given by 

_4 

3 r 3 

To calculate U 2 , let us divide the portion of the whole sphere 
outside the sphere on which P lies into concentric shells, one of 
these being shown in Fig. 6*14(6). Let its radius be x and its 
tliickness bx. Then the potential at P due to this shell is the same 
as that of a point just outside the shell, for the potential inside a 
shell is constant and equal to that at the surface. Thus 


X 

Hence 

IL = —47Typj xdx —2TTyp{a^ — r^). 

Thus, by addition, potential being a scalar quantity, 

= V, + U 2 = -irryplr^ + 1(0^ - r^)] 


= —tnypa^ 


■ 3 

.'2a 2a®. 


ym 


Z 
L2a 


2a®- 


On (lifTorentiating. we find, for the field inside the solid sphere. 



and 



so that the field is entirely radial. 

In addition, it may be noted that the potential at the centre of 

the sphere is to that at a point on its surface as 3 : 2, the values 

3yw , ym . , 

- and — “ » respectively. 


being 


a 


On the gravitational potential due to a uniform thick 
spherical shell.—Let O, Fig. 6-15(a), be the centre of a uniform 
thick shell, the material of which has a density p, while a and 6 
(a < 6) are the radii of the surfaces of the shell, as indicated. Then 
7H, the mass of the shell, is given by 


m = 87rp(6® — a®). 
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The potential has to be calculated at points lying in each of the 
three regions indicated. Let r be the distance of the ])oint con.siclered 
from 0. 

(a) 6 ^ r. The gravitational potential in thi.s region is given by 

~ = —y — , 

T r 

since as far as this region is considered, every elementary concentric 



(a) (i,) 


Fiq. 6'15.—Gravitational potential duo to a uniform thiek Kpheiical slu*!!. 


shell into which the thick shell may be a.ssumed to be divided, and 
hence the whole shell itself, behaves as if its mass were concentrated 
at O. 

(6) a ^ r ^ 6. The gravitational potential at Pg, a point in this 
region and such that OP^ = r, is due («) to the matter lying within 
the shell of radii a and r and (6) to the matter lying in a slicll of 
radii r and b. If we denote these j)Otontials hy U, and Uo l e.spec- 
tively, we have 


U, = —tnyp 


r- — a 


since Pg is a point external to this part of the tliick shell. 

To calculate Ug, i.e. the contribution to tlie jjotential at of 
the matter within the shell defined by r = r and r = 6, let us 
consider the contribution from the shell defined by radii x and 
X + bx, where r cf. Fig. C'15(t). Then the potential of this 
shell due to itself is the contribution it make.s to the potential at 
Pg* viz. 


Hence 


47rypx* bx 


X 


= —^Tiypx bx. 



U 




r*' 

= — I Anypx dx = 
= Uj + Ug = —ym 
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(c) 0 ^ r ^ a. In this region, free from matter, the potential is 
constant and equal to that at a point on the surface r = a\ this 
is calculated by using the expression for the potential at a point 
in the region [2j. Thus 



3 6 + a 

- ym — -- . 

2 + a6 + 


On the potential energy of a body at a height h above the 
earth’s surface.—Let A be the point on the earth’s surface and B 
a point at a height h above A. If r is the radius of the earth 

h 

(assumed spherical), k is assumed small compared with r, i.e. 

If M is the mass of the earth and y the Newtonian constant of 
gravitation, the potential energy of a particle of mass m at A is 
given by 



since the gravitational potential is —y —. 
Similarly, ^ 



= increase in potential energy of the particle in 


passing from A to B 





M 

^ or y 

r ■sfi ' 

On the attraction between two parts of the same body.— 
If the two parts of the body be denoted by A and B, cf. Fig. 6-16, 
the attraction of the whole on A is the attraction of B on A, plus 
the attraction of A on itself. But this latter attraction is zero. 
Hence the attraction between two parts of the same body is the 
same as the attraction of the whole on one i)art. 

The gravitational field strength within an eccentric 
spherical cavity.—Let C, Fig. 6-17, be the centre of a spherical 
cavity, radius a, within a sphere whose centre is O and whose radius 
is 6. Let p be the uniform density of the material filling the space 
l)etween the two spherical surfaces. The eccentric shell thus formed 
may be considered as built up of a complete sphere of radius 6 and 


w liore fj is the intensity of gravity, v 


iz. -G 
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density p together with a sphere of radius a and density ~p. If 
P is a point inside the cavity, the field strength at that j)oint will 
have components 

—‘sTrypOP along OP, 

and — 37ry{— p)CP along CP. 

These components are represented in magnitude and direction 



Fio, 0-I6.—Thoattraction 
between two part:^ oftlio 
same body. 



Flo, 0*17,—'rin'K^'^ivitatioiuil fioltl 
^treng(h wit tun an eccentric 
spIuM'ieul cavity. 


by the sides PO and CP of the A OCP. The resultant field is there¬ 
fore represented in magnitude and direction by CO. 1'hus 

Gj. = —tnyp OC = tnyp CO, 

and since thi.s is independent of the position of P, the field throughout 
the cavity is uniform. 

The attraction between two halves of a uniform isolated 
sphere.—If we consider an element of volume sin 0 dr dO d<j>, cf. 
Fig. 1'08(6), the force on it due to the rest of the sphere is along 
PO and has magnitude 

tnypr.p.r'^ sin 0 dr dO d^, 

where p in the density of the material of the spluTo; thi.s is beeause 
the element is at a point on the surface of a sj)here of radius r. 
The component of this force normal to the plane AOC, which is 
taken as the dividing plane of the sphere, is 

%TTyp^r^ sill* 0 sin dr dO dtj). 

This is obtained by considering the component along PN and the 
component of this normal to the plane AOC. For the hemisphere 
the force of attraction is obtained by integrating in turn between 
the limits ^ = 0, ^ = 7r, 0 = 0, 0 = 7r and r = 0 to r = a, where 
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a is the radius of the complete sphere (not indicated). The result 
is easily shown to be 

3 

16 


where m is the mass of the sphere. 

The above result may also be obtained as follows. If P is the 
point at distance y from the plane AOC, the attraction per unit 
mass at P is directed along PO and has magnitude ^Trypr^ where 
OP = r; its component normal to the plane AOC is ^irypy and this 
is the same for all points in a plane through P normal to Oy. The 
attraction on the circular disc between the planes y = constant and 
y -f = constant is 

^TTypy.irpia^— y^)dy, 

since Va- — is the radius of this disc. Hence the mutual 
attraction is 

tiT^yp^ 



which gives the result already obtained. 

The constant of gravitation; the mass and mean density 
of the earth.—The force exerted by the earth on a body just 
outside its surface is the special instance of a force which is accounted 
for by Ne^vton’s law of gravitation. Thus, if vi is the mass of the 
body, M that of the earth and R its radius, then F, the force along 
the outward drawn normal at a point on the earth’s surface, is 
given by 


F=-y. 


Mm 


Mwt 


The force along tlie inward drawn normal is —F, i.e. y and this 

is equal to the weight of the body, viz. ing, where g is the intensity 
of gravity. Hence 

!7 = y ^ 3TryDR. 


whore D is the mean density of the earth. 

Since g and R are known quantities, it follows that if either y or 
can be determined, the other may be calculated at once. 

The rest of this chapter will describe experiments made to deter¬ 
mine /, the constant of gravitation; they fall naturally into two 
classes. In the first class some large terrestrial mass, such as a 
mountain of convenient size, shape and position, or the outer shell 
of the earth’s crust is selected, and its mass determined from an 
ordnance survey and an examination of the distribution and density 
of the materials in it. Its attraction on a plumb-line on one side 
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of it or on a pendulum above or below it, is then compared with 
that of the whole earth on the same body. The mass of the earth 
is thus determined, whence y may be deduced from the equation 
given above. In the second class, the exi)eriment is conducted in 
a suitable laboratory, the attraction between smaller masses being 
measured. Such an experiment gives y directly. 

Intimately associated with a determination of the constant of 
gravitation is one in which the mean density of the earth i.s found. 
This is defined as the density of a homogeneous isotropic body 
which would have the same mass and the same volume as the earth 
itself. 

As regards experiments of the fir.st type, referred to above, 
Maskelyne, who used this method, says 'Sir Isaac New ton gave 
us the first hint of such an attempt’ when he wrote ‘ ' That a 
mountain of a hemispherical figure, three miles high and six broad, 
will not, by its attraction, draw the plumb-line two minutes out of 
the perpendicular” But the honour of making the first attempt 
to solve this problem must be given to Bououer. 

The experiments of Bouguer in Peru.—Tlic first experitnents 
on the attraction betw'een terrestrial masses were made by Bouoi.'er 
who published an account of tliem in 1740. By means of e.\j)eri- 
ments with a pendulum and with a plumb-line he cntlenvoured to 
determine the mean density of tlie earth. No quantitative signifi¬ 
cance can be attached now’ to the results he obtained, but the honour 
of showing that such an attraction did exist must ho ci edited to this 
investigator. Only hLs plumb-line experiments will he described. 

The mountain selected for this purpose was Chimborazo, wliicli 
is four miles high though only two miles above the general level 
of the province of Quito in Peru. Two rnetliods, amongst others, 
mentioned by Bouguer as a means of solving tliis problem are as 
follows. In the first tlie meridian altitude of a star is obscu’ved 
by a quadrant, whose zenith reading is fixed by a plumb-line, at 
a point on the north or south side of the mountain and then at a 
point east or west of the first station, but so far removed from tlu* 
mountain that the effect of its attraction on the plumb-line would 
be negligible. This is the method he adopted, the (juadrant liaviiig 
a radius of 2*5 feet. A second mode of jiroeedure is to make 
observations on the north and south sides of the mountain: the 
difference betw’ecn the astronomical and the geodetic or geographical 
latitude is double the deflexion due to the mountain. 

The work of Bouguer was carried out under the most strenuous 
conditions; it was affected especially by the intense cold, lor tlie 
observing stations were above the snow-line, and by the presence 
of a high wind, the full force of which w’us experienced at the 
southern station. However, Bouguer succeeded in making several 
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observations and, after making several small corrections, concluded 
that the angular deflexion of the plumb-line due to the mountain 
was 8". 

Bougiier concludes his account of these experiments by expressing 
the hope that a suitable hill might be found in France, or in England, 
aiul the experiment repeated. This desire was not fulfilled at once. 

The work of Maskelyne.—In 1772, Maskelyne,! the Astro¬ 
nomer Royal at that time, j)roposed to caiTV out an experiment 
on the lines of the above and a committee was appointed by the 
Royal Society ‘to consider a proper hill whereon to try the experi¬ 
ment. and to prepare everything necessary for carrying the design 
into execution*. After rejecting several hills he sa^^s ‘Fortunately, 
however, Pertlishire affords us a remarkable hill, nearly in the centre 
of Scotland, of sufficient height, tolerably detached from other hills 
and considerably longer from east to west than from north to south’. 
This hill is known as ‘Schiehallion*, a word meaning ‘Constant 
storm*. 

Stations in the meridian and on the .steeply sloping north and 
south sides of this hill were chosen; each station was about one- 
(piartcr of the way up the mountain in order to obtain maximum 
deflexions of the plumb-line. Maskelyne used a ten-foot zenith 
sector whose telescope turned on a horizontal axis at the objective 
end. and at the eye-piece end was furnished with a graduated arc 
several degrees in extent. The teIcscoj)e had an achromatic 
idijeetive. A plum! dine hung from the horizontal axis of the instru¬ 
ment and just came into contact with the graduated arc, thereby 
fixing the jjositions of the zenith. The instrument was placed with 
its plane in the geographical meridian, and the apparent zeniths of 
se\-eial stars were observed at the two stations, which were approxi¬ 
mately one qutu'tcr of the way up the mountain. Corrections were 
itiadi- for precession, aherration and other small factors affecting the 
olisers ations. Finally lie showed that the apparent or astronomical 
diilcrcncc of latitude l)etween the two stations was 54’()''. The 
dillereiici' in geographical latitude was 42*5)4". so that the effect of 
the mountain was to deflect the plumh-Iinc at cither station by 
- 42-'.)4") - 

'I’o explain this, let A and B, Fig. ()*18(rt). be the two stations, 
first supposing the inountain to be ab.sent. Then the directions of 
the zeniths at tlie.so stations will lie given by AZ^^ and BZj,j. 
ro.spectively. \\'hen these linos arc produced backwards they will 
intersect at ('j. the centre of the earth. Let SA and SB be two 
paiallc*l rays from a fixed star. S. Then tlie zenith distances of the 
above star are y.^ and /fj. these being the angles indicated. Aetualh’ 
these were small angles for the observations were confined to stars 

t Fhil. 2'ratus., 1775 and 1778. 
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near to the zenith, but in the diagram they must necessarily be 
enlarged. If Aj is the difference in geographical latitude between A 
and B, then it follows at once that 

^1 ~ 1^1 ~ 

Suppose now that the mountain is prc.sent; at the two stations 


from a fixed staf 



L 

W—J/' 

nuj 

( 0 ) 


Fio. 6-18.—Plunib-Iine experiments on ML Si liieliHllion. 


the plumbdinc will set along the directions and BZ^^ re.spec- 
ti^ly, and these lines when produced will intersect in Cj. I he 

ACgB is A 2 , the difference in astronomical latituile between A and 
B, and is given by 

O.^ — P 2 ~ '*2* 

where and are the zenith distances of the star as observetl 
from A and B. Maskelyne found, as already stated, that 


A 2 - A, = 11«". 

Now let AY be the attraction of the mountain on the b(;b of the 
plumb-line along a horizontal direction in the ineridinal plane, \shile 
1* is the attraction of the earth on the bob, so that F = uuj, wliere 
VI is the mass of the bob. Then (i. the deflexion of the plumb-line 
from the true vertical, is given by 


/IF 


— tan 0 = tan i(A., — A.), 

y ' ^ * 


as IS easily seen from Fig. 0*18(6). But F = ^ 


mass and H the radius of the earth. (In di.s<*ussing experimental 
determinations of y it is sometimes convenient to consider the 
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attraction between the bodies concerned and so avoid the minus 
sign occurring in the mathematical expression of Newton’s law of 
gravitation.] Now JF can be calculated in terms of the mass of the 
mountain, the mean density of the materials in it, and of y. Thus 
M can be calculated. These calculations were made b}’^ Hutton, 
who gave as D, the mean density of the earth, a value D = 4*5 
gm.cm.“®. Later on, after a careful survey of the mountain and 
district by Playfair, Hutton recalculated the mean density and 
found it to be 4-9 gm.crn."^. 

In 1855. a .similar experiment was made bj' J.4mes and Clarke 
at Arthur’s Seat, Edinburgh. Thej’ found D = 5*42 gm.cm."®, and 
showed tliat Hutton did not survey the land sufficiently far from 
Sehiehaliion. 

T)ies(‘ experiments are, historically, very important, and although 
the tochni(jue could ])robahly be greatly improved at the present 
time, the inherent difhculty in the method lies in making an accurate 
estimate of the ma.ss of the hill, and it does not seem likely that 
thi.s will lie overcome. 

Airy’s experiments.—In 1826, Airy pointed 
out that the mean density of the earth might 
he determined by observing the difference in 
tin* rates of a pendulum at the top and bottom 
t)f a mine—the points A and B in Fig. 6-19. 
Lot D lie the mean clen.sitv of the matter in.side 
a spluTe whose centre is that of the earth and 
whose surface passes through the bottom of the 
mine. Let h be the depth of tlie mine, and d 
tli(* mean densitv of tlie matter in the shell of 
earth of thickness h. If and 0^ be the 
stifuigths of the gravitational field, and and 
the intensities of gravity at A and B respectively, then 


A 



tiluinig 


= -ayTrrD. 
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where and Tg are the periods of the pendulum when at A and 
at B, respectively. 

Airy made attempts to compare indirectly the values of the 
acceleration of a freely falling body at the top and bottom of a 
copper mine in Cornwall, a pendulum being used for this purpose. 
Two attempts failed owing to accidents to the aj)paratus. In 1854,f 
Airy, the Astronomer Royal, again attacked the subject and .selected 
for the experiment Harton Pit, 1320 feet deej), in the county of 
Durham. Now his work was much facilitated by the use of electrical 
signalling in comparing the rates of the two clocks which were used, 
one at the top and the other at the bottom of the mine. The period 
of an invariable pendulum at each station was determined by the 
method of coincidences. 

Airy found that ^Gravity below was greater than gravity 
above by Y»^th part, with an uncertainty of ^\»th part of 
the excess' This gave for D a value (()-57 d: 0’04) gm.cm."^. 
Later on it was recalculated from Airy’s observations by Haughton 
and he obtained a value D = (5*48 ± 0-()2) gm.cm.'^. Sterneck. 
in Bohemia, using a similar method in 1883, found D to be about 
5-7 gm.cm."®. The experiments were conducted in a mine lOOU 
metres deep. 

In the above experiments the effects due to the ollipticity of tlu* 
earth and its rotation are neglected. Stokes fii-st showed that the 
correction on these accounts was very small. 

Cavendish's determination of the constant of gravitation 
and of the mean density of the earth. —The mutual attraction 
between two lead sphere-s w'as measured by CavendishJ who used 
a method devised by Michell. This la.st named investigator con¬ 
structed an apparatus for this purpo.se, but died before the experi¬ 
ment could be made. Cavendish modified, and in a great measure 
reconstructed, the apparatus but the principle remained unchanged. 

Two equal balls of lead were suspended from the extremitie.s of a 
light, horizontal rod or beam, this being hung from a torsion wire \\', 
as in Fig. 6-19. The balls were subject to the force of gravity and 
practically to no other, so that in the absence of air currents the* 

t Airy. Phit. TraiiJf.. 146, 297. 

* Phil. Tratu., 88, 398. 1798. 
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i.e. 




27r^Ir^ 

Tim’S! 


Now g = 37ryRD, [cf. p. 22G], 

where R is the radius of the earth, and 1) its mean density. Hence 

4 7r\2R/ r2 

where L is the length of a pendulum beating seconds—this is 
introduced merely for convenience. 

Cavendish’s apparatus, according to Baily, a later worker on this 
subject, was erected in an outhouse in his garden on Claphain 
Common, in which he built an inner chamber to contain it. The 
motion of the beam was observed through telescopes fitted into the 
walls of the chamber—cf. Fig. 6*21(a). In this way disturbances 
due to air currents were much reduced. The torsion wire \V was 
made of silvered copper, about a metre long, its diameter being such 
that the suspended system had a period of about 840 seconds; 
Cavendish soon changed this for one giving a period of about 420 
seconds. The rod was made of deal, being about six feet long and 
braced by two wires iv, w, stretched from its ends over a rigid 
vertical strut fixed to the centre of the rod. The silver wire was 
attached to a torsion head H, operated by a lever from outside the 
chamber containing the apparatus. The position of the bean^ was 
determined with the aid of two fixed ivory scales, the beam itself 
carrying a vernier at either end—cf. Fig. G-21(6). The principal 
scale was divided into 20ths of an inch and the vernier enabled tlie 
[josition of the arm to be observed with an error less than 0 01 inch. 
The scales were illuminated by lamps, outside the room, and viewed 
through suitably mounted telescopes T| and Tg. The apparatus was 
levelled by means of screws. 

The small balls were each about 2 inches in diameter; the larger 
ones 8 inches. These were mounted on a frame turning round a 
pivot In the roof of the chamber, so that they could be brought 
from one position shown by the full lines in Fig. G'21(c), to a sym¬ 
metrical position shown by the dotted lines. In tliis way the 
deflexion of the beam was doubled. 

It was not found po.ssible to observe the positions of static 
equilibrium of the beam, and in order to overcome this diflliculty the 
following procedure was adopted. The two large balls were first 
arranged so that the line joining their centres was normal to the rod, 

16 
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all twist being removed as far as possible from the wire. The large 
balls were then placed in their first position, the rod vibrating about 
its new position of equilibrium. Three consecutive turning positions 
of the beam were noted and from them the position of equilibrium 




Fig. 6*21.—Cavendish’s apparatus for determining the constant of 

gravitation* 


was deduced. A similar set of observations was then made with the 
balls in their second position. The angular deflexion of the beam due 
to the attraction between the balls was then known, after a correction 
for the attraction between the larger spheres and the beam of the 
balances had been made. 

It should be noted that theoretically it is more correct to use for 
w and M, the values determined by weiglung in air, and not the 
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values reduced to weighing in a vacuum. For consider one small 
ball and its neighbouring large one. If these were removed and the 
space filled with air, then there would be a force of attraction 
between these masses of air which would be balanced bv the attrac- 
tion of the surrounding air if all the air is in equilibrium. When 
the balls are placed in position the surrounding air will exert this 
same action on them so that the resultant attraction will be due to 
the additional masses now introduced, i.e. to the mass of each as 
determined by weighing in air. 

In all, twenty-nine results were obtained by Cavendish, the mean 
value for the density of the earth deduced from them being given by 

D = 5*45 gm.cm.“®. 

[Owing to an arithmetical error, noted by Baily, the result was first 
given as 5*48 gra.em."®.] 

In the account of this experiment given by Poynting. in his 
renowned essay on the mean density of the earth, he says. An 
examination of Cavendish’s work in this experiment, fully bears out 
the general opinion that he was a magnificent experimenter. It is 
true that details arc not given of some of the measurements, an 
omission adversely criticized by Baily, but I think that we may 
trust to Cavendish’s instinct for sound work, and take it for granted 
he would not go to so much trouble in the calculation of small 
corrections if his constants w'ere not known with corresponding 
accuracy. Of course we can see now that the method might be 
improved in some ways, . . . , but considering that it was the first 
attempt to measure exactly forces of such an order the success 
obtained was most remarkable.’ 

Other determinations of y vvith a torsion balance.—In 
1841-2, Baily, at the recommendation of the Royal Society, 
repeated Cavendish’s experiment. He used a mirror and telescope 
to determine the angular deflexion of the beam. The balance case 
was lined inside with tinfoil and wrapped outside with flannel to 
reduce the exchange of heat between the apparatus and its sur¬ 
roundings. He found D = 5-67 gm.em.~®. For a long time this 
value was accepted, but Cornu and Baille pointed out several 
anomalies in his results. Moreover Baily corrected the masses to 
vacuum, a procedure wTong in principle, cf. above, but of negligible 
importance in ]>ractice. Baily, too, had noted that D decreased 

apparently as the mass of the large balls increased, a fact which he 
could not explain. 

In 1870 Cornu and Baille introduced several improvements into 
the technique of this type of experiment. They reduced the 
dimensions of the apparatus to one-quarter that used by Cavendish, 
thereby diminishing the effect of temperature gradients within the 
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case. Amongst other improvements were (i) mercury was used for 
the attracting masses and this could be dra^m from one vessel into 
another without the experimentalist coming near to the apparatus, 
(ii) the metal case containing the instrument was earthed to prevent 
electrical disturbances, (iii) the deflexions of the beam were recorded 
electricalh’. The final result was D — 5*56 gm.cm.”®. 

Boys* determination of the constant of gravitation.—A 
description of the use of a torsion balance by several investigators 
to determine the constant of gravitation has already been given. 
Tlie above experimentalists, on account of the small value of y, 
aimed at increasing tlie sensitivity of the apparatus as much as 
possible. With this object in view, the}^ used a long beam carrying 
masses at its ends, the whole being suspended by a fine wii*e. The 
attracting masses also were made as large as possible. 

Tlu* great difticnlty met in such work is the perpetual shifting 
of the position of static C(|uilibrium of the suspended system, due in 
part to clastic fatigue in the wire, and partly, as Cavendish proved 
experimentally, to the effects of air currents set up by temperature 
gradients within the box housing the apparatus. 

In ISSb, C. y. Boys ])roposcd to use a quartz fibre for the 
siispcnsitm. and showed that the linear dimensions of the apparatus 
could be much reduced without affecting its sensitivit}', provided 
tliat a certain condition was fulfilled. This condition was that the 
period of tlie sus[)ciuied system should not be changed. Thus, 
consider a piece (d'apparattis of this nature, having the same material 
as ant)t her. but whose linear dimensions have been reduced to one 7ith 
the corresponding dimensions of the other. This will be referred 
to as the •^mall apparatus. Then the moment of inertia of the smaller 
suspended system will be times that of the other, since the mass 
is re<luced times, and the square of the radius of gjTation «- 
times, if the periods are to be identical for the two systems, the 
couple due to unit twist in the finer .suspension must be reduced in 
the ratio 1 : Now the masses of the balls in the small apparatus 

will each be reduced in the ratio 1 : h®, and since their distance 
apait is reduced « times, the forces of attraction in the small 
apparatus will be reduced in the ratio 1 : 7i“), or 1 : n*. 

'flu* couple due to the forcc.s of attraction will therefore be reduced 
in the ratio 1 : /i®. Since the above moment is reduced in the same 
pro])ortion as tlie torsion constant of the suspension, the angle of 
dcllf'xion will be unchanged. 

If. however, the length of the beam onl 3 ' is changed, and the 
attracting masses are moved until thej^ are opposite and a fixed 
ilistancc from the ends of the beam, then the moments of inertia 
w ill be altered in the ratio : 1. while the coiTCsponding moments 
will 011 I 3 ' change in the ratio 7 j : 1. and thus there is an advantage 
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in reducing the length of the beam until one of two things happens, 
either it is difficult to find a sufficiently fine torsion thread that will 



safely carry the beam and produce the required period .... or else, 
when the length of the beam is nearly equal to the diameter of the 
attracting balls, they then act with such an increasing effect on the 
suspended balls at the other end of the beam, that the balance of 
effect begins to fall short of that which would be due to the reduceil 
dimension if the opposite ball did not interfere.’ 

finally used by Boys is shown digrainmatically in 
t’lg. 6-22(a). The two small sphere.s, vl^ and were su.spended 
by hne gold wires from a small beam AB carried liy a quartz fibre Q 
attached to a torsion head H. These small spheres and the suspen¬ 
sion were confined in a vertical brass tube T. of circular section. 

ms protected the moving system from extraneous disturbances 
and, moreover, if the suspended system is hung centrally, the 
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attraction of the tube produces no effect. The large attracting 
masses, Mj and Mg, which must be outside the tube, must be capable 
of taking alternate positions on the two sides of the beam, so that 
it is deflected first in one direction and then in the other. For this 
purpo.se they were .susj)ended from the lid of an outer brass case in 
the manner shown, the lid being capable of revolving about a vertical 
axis coincident with that of the central tube. To reduce the effect 
of on and that of M.> on ;«j, the spheres were arranged as in 
the diagram, care being taken to see that the centres of neiglibouring 
spheres were in a common horizontal plane. 

'ri»e plane mirror N, rigidly attached to the moving system, 
enabled tlie angular deflexion of the beam to be measured. The 
vertical edges of thi.s mirror had gi-ooves cut in them; the wires 
susjjcntling and Wg r<?sted in these grooves, the horizontal distance 
l>etween the wires thereby being maintained constant. Rj and Rg 
were j)ads of india-rubber to prevent damage to the apparatus should 
the larger masses fall. 

Now there are two vertical planes, one containing the beam and 
tlie other normal to it, in which the centres of the balls w’ill lie when 
tlu*v produce no deflexion of the beam. At some intermediate 
position the moment of the forces of attraction will be a maximum. 
If Fig. G-22(6) is a plan of the centres of the balls, Boj’s proved that 
the above moment was a maximum when 0, the angle indicated, 
was The balls were therefore arranged so that this condition 

was fulfilled. 

'I'he principal dimensions of Boys' aj)paratus were as foIlow’s: 

Distance from centre to centre of the large balls in plan, G in. 

Distance from centre to centre of the small balls in plan. 1 in. 
(about). 

Diameter of large l)alls. 4*25 (or 2-25) in. 

Diameter of small balls, 0'2 (or 0*25) in. 

Difference in level between centres of upper and lower pairs, 

I) in. 

Longtii of quartz fibre. 17 in. 

Other important data are:— 

'file large s[)heres were made by pouring molten lead into an 
aeeuratelv turned spherical cavity; when the metal in the neck of 
the eontainer was just solid, they were subjected to a large hydraulic 
pre.ssure. Cavities were therefore imjKjs.siblc. Each had a mass of 
a})out 7408 gm. 

The small s[)liercs were made of pure gold. Those of 0*25 in. in 
(iiainet»*r had a mass of 2*05 gm. 

'riu- peritifi was about 1G5 see. 

The mathematical theory of Boys’ experiment.—Fig. 0*23 
shows the positions of the centres of the attracting balls with respect 
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to those hanging from the beam and the axis of rotation. First 
consider the moment due to the force of attraction between /«i and 

Mj. The actual force is numerically equal to . a*^d js 

directed along 7 /qMj, i.e. its line of action make.s an angle with 



Fio. 6-23.—Theory of Boys' method for finding y. [0 is the angle through 
which the lead balls are rotated from tho vertical j)o«ition in the plane 
of the hooin. minus the angle through which the gold halls are deflocU'd.) 


the vertical plane containing the beam. The moment of this force 
about the axis of rotation is therefore 


twiMi . 1 WiM, 


where p and r are the distances indicated. 

Now consider the effect due to Mj on m^. The force of attraction 

is y. the horizontal component of this force iti the vertical 

mgMj Z 

plane containing and Mj being ^ 'ta . where Zand U.j, are 

A ->2 ^2 

the distances indicated. The component of thi.s horizontal 
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component of the attraction normal to the plane of the diagram is 



P 

Dg'Z 



1 



The moment of this force about the axis of suspension is 

~y. " 3 .pr, the negative sign being inserted, since the direction 

is opposite to that of the moment due to the attraction between 
and Mj, 

Hence for all the balls, the total moment about the axis of 
sus[)en.sion is 



This is equal to 6^, where (j> is the angular deflexion of the beam, 
and b is the couple in the quartz fibre due to unit twist in it. In 
order to find h it was necessary to know the moment of inertia of 
the suspended system about its axis of rotation. Apparently this 
could be obtained in the usual manner [cf. p. 392J, by using a bar 
of known moment of inertia about the above axis. In the present 
instance, however, care must be taken to see that in the two timing 
exi)erjmcnts the suspended mass is the same so that the quartz fibre 
shall be stretched by the same amount, for the torsional constant 
depeufls upon the amount of stretch given to the fibre [cf. p. 29(3]. 

Boys therefore determined the period of the suspended system— 
call it Tj. The small gold spheres and the wires attached to them 
were then removed. A ctdindrical counterpoise of known and very 
small moment of inertia about its axi.s. and having the same mass 
as the gold spheres and their attachments, was then suspended from 
a hook attached to the beam. cf. C, Fig. 0-22(a), where this cylinder 
is indicated by its dotted outline. Under these circumstances the 
fibre was stretched by the same amount. Let T, be the observed 
period. 

L<‘t ly lie thf‘ moment of inertia of the mirror and beam about a 
vertical axis. Ij lliat of the gold spheres and the wires fixed to them 
about the axis of rotation of the suspended system—this could be 
ealeulaterl. Let L be the moment of inertia of the cylinder abotit 
a vertical axis. Then 



h 


rp 2 
^ X “ 



Hence 


o 


o 
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The calculation of y in Boys’ experiment,—The equation 
expressing the condition for the equilibrium of the beam is 

yQ = moment of forces, about a vertical axis, acting on the beam. 

= = b. 

where a is the deflexion in scale di\nsions caused by changirig the 
positions of the large spheres from one side of the beam to tlie other, 
and p is the distance of the mirror from the scale u.sed to determine 
the deflexion. The factor 4 is introduced owing to the fact that the 
angle is doubled on account of its deflexion being observed with the 
aid of a beam of light reflected from it, and again doubled by moving 
the large balls in the manner just stated. 

The results obtained were published in 1895; Boj’s found 



y = 6*6576 X 



and 


D = 5*5270 gm.cm. 


Braun’s experiment on y .—In 1896. Br-\un, at Mariasehein, 
Bohemia, devised a torsion balance wliich was enclosed in a fairly 
good vacuum, the pressure being about 0*005 atmosphere, so that 
air currents were much reduced. His apparatus was much larger 
than that of Boys and the suspension wire was made of metal. 
Later on, a quartz fibre was used. He obtained a value for I) 
identical with that of Boys. 

Heyl’s work on the gravitational constant.—Tlie torsion 
lialance, since its inception by Cavendish for the determination of 
the gravitational constant, has been used by Boys and Braun for 
the same purpose although each employed a ditferent arrangement. 
There are two different methods of using a torsion balance; the 
‘direct deflexion’ method and the time of swing’ method. Boys 
used only the former method whereas Braun used l)oth method.s and 
mounted his apparatus in a partial vacuum in order to diminisln the 
effects of cross currents. In the time of swing method, the time of 
sw'ing of a suspended system is measured in two positions whicli 
may be called ‘near’ and ‘far’. Plans of these arrangements for the 
second method are shown in Fig. 6*24(«) anil (6). In the 'near' 
position the attraction of the larger masses upon the suspended 
system is such that the time of swing is diminished, while in the far 
position it is increased; in Braun’s work this difference was about 
46 seconds, 

A study of the work of Boys and Braun led Heyl to the conclu.sion 
that only the second method could lead to a result of greater accuracy. 

Three series of measurements w’cre made, using small nias.ses of 
gold, platinum and optical glass. The timing observations were 
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made visually and recorded on a chronograph, standardized against 
signals from an observatory. The observation room was a constant 
temperature vault, at the Bureau of Standards, divided into two 
rooms and situated 12 metres below ground. The torsion balance 
was set up in the small room; the observing apparatus was in the 
large room. 

Steel, containing 0*90 per cent, carbon, was employed as the 
material for the large masses, this being selected as it had a most 




'Near' 


'Far' 

(h) 





Fig. G-24.—Principle of Heyl's method for the detenniimtion 

of the gravitational constant. 


uniform structure and was least liable to segregation. To avoid 
blou -holes and pipes, a large ingot 30 cm. in diameter was forged 
clown to 20 cm. and annealed before machining. Nearly all previous 
(‘xperimentors had used masses of spherical form because of the 
sim]>li(rity of the calculation.s involved. The practical difficulties of 
machining a sphere of mass GO kgm. appeared to be so great that it 
was decided to adopt a cylindrical form, 'thus shifting the burden 
to the broad shoulders of the mathematician’. 

The small masses \\cre spherical in shape. The use of gold, 
liiatinum and glass was not prompted by any suspicion that a 
speeilic difference in attraction might be found; it was the result of 
circumstances. Gold wa.s used by Boys and there can be no objec¬ 
tion to his work on these grounds since he did not employ a vacuum 
but in Hcyl’s work it was found that the gold balls gradually 
absorbc^cl meieury, probably from the mercury gauges used. The 
gold sphc'ivs were replaced by platinum ones, thinly coated with 
lacquer. The third set was made of glass so that internal holes 
could be detected visually. 
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A tungsten wire was used to carry a light aluminium rod from the 
ends of which hung the small spheres. To eau.se the system to he 
deflected from its position of static equilibrium two bottles, each 
holding about 2 kgm. of mercur3^ were placed in positions of ma.xi- 
mum attraction for the pendulum. After 15 minutes the system 
had been twisted to its maximum extent; the bottles were then 
placed to reverse the attraction. The process was rejieated until the 
suspended system had the required amplitude. 

The simpliflcd theory is as follows. Consider the total energy of 
the suspended system when the large masses are in the ‘near' 
position. At an instant when the suspended beam makes an angle 
y} with its position of static equilibrium, cf. Fig. 6-24(c), the kinetic 
energy of the system is and the potential energy stored in the 
suspension where I is the moment of inertia of the system 

about its axis of rotation and 6 the torsional constant for the 
tungsten w’ire. In addition it is necessary to consider the potential 
energy of the small masses for A is near to C and D, and B is near 
to D and C. We may write this as iyA|y-, where A, is a constant 
involving the product of one large mass and a purely geometi ical 
function of the distances r and c. Hence 

4- + yA^y)^\ = constant. 

Differentiating with respect to time, we find 

+ yAjiyf = 0, 

so that the period, Tj, of small oscillations i.s given by 



In a similar way, when each large mass occupies a ‘far’ position, 
we find 


HO that 


I^ + {b 4 yAjj)^ = 0 


T, = 27r 


These equations give 


b + vA^ 


y = 


47r*I(T2* - Ti'-*) 


(A, - 

The following values for y were obtained:— 

Varnished platinum Hj)hcres 6*064 X 10 ** gm. 'cm.^sec. - 

Glass spheres 0-674 x 10 * . 

Mean 0 009 X U) » „ ,. . 

This value is a little higher than the values obtained by Boys and 
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Braun and the cause of the discrepancy in Heyl’s results has not 
been explained. 

Zahradnicek’s resonance method for determining y—The 

apparatus used by Zahradnicek in 1933 to determine a value for the 


I 

I 



Fio, 0*-5.—Zahradin'rek^s resominco inolhod for finding y. 

gravitational constant, y, consists of two coaxial torsion balances, 
whicli will be termed 'primary’ and 'secondary’ respectively. The 
former is relatively robust and consists of a steel wire, diameter 
0-04 cm., carrying a short rod at its lower end; a concave mirror 
w ith a large radius of curvature is fixed to this rod which supports 
a horizontal beam. This consists of a horizontal portion about 
00 cm. long and from each end of it there hangs vertically down- 
ward.s a slightly narrower arm. The entire beam is thus in the form 
of l~\ and is made from brass tubing. Two equal lead spheres, 
mass 5-U>kgm., are mounted on the same level at the lower ends 
of the vertical arms as shown in Fig. 6*25(o). The secondary 
balance is much smaller; its axis is vertically below that of the 
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primary balance and when each is in its position of static equilibrium 
all supporting wires and tubes are coplanar. The beam of the 
secondary balance is simply a stout piece of aluminium wire, about 
30 cm. long, with small equal lead spheres, mass 10 gm., at its end.s; 
this balance also carries a concave mirror and the oscillations of 
each balance are registered photographically on a rotating drum 
covered with silver bromide paper. 

Each balance, when displaced and then released, executes damped 
oscillations about its position of static equilibrium, since forces aiul 
couples are exerted on each system due to mutual attractions 
between the various lead spheres. The damping of the primary 
system is very small and in the discussion which follows will he 
neglected. To exclude draughts the secondary balance is enclosed 
in a wooden case fitted with a glass window to permit the oscillations 
of the system to be recorded. The main exjjeriment consists in the 
adjustment of the two systems until the condition of resonance 
between them is established, i.e. the two periods of oscillation are 
equal. The theory which follows shows that a value for the 
gravitational con.stant may be calculated when the masses of the 
spheres and the linear dimensions of each balance are known. 

Let O 2 , the centre of the beam of the secondary balance, be taken 
as O, the origin of a sy.stem of rectangular coordinate.s, as shown in 
Fig. 6*25(6). Then Oy is the axis of the secondary beam when it is 
not executing oscillations about the vertical axis Oc. When the 
primary beam is displaced through an angle ^ the coordinates of the 
centres of the large spheres will be 

X, = «! sin <f), 2/1 = cos <f>, 2j = h. 

and (—arj, —j/j, A), where 2a| is the distance apart of the centres of 
these spheres and A is the vertical distance between the jilancs in 
which the centres of the spheres lie. 

Similarly, when the secondary beam of length 2a.^ is di.splaced 
through an angle 0, the centres of the spheres it carries will have 
coordinates 

Xg = flg l/i = 2 = 0, 

and (-X 2 . -yg, 0). 

The attractions between unlike spheres are given by 


m,7n 


F. = y 


and 


V, = y 




Ifn.j 


r.. 


X # ^ 

where AjBj = Tj and AjB^ = r^. Their values are given by 

^ win 0)^ + («! cos — «.2 cos 0)''^ q A'^ 
= I- a./ — 2aia2 cos (<^ — 0) A^, 

and q- a./ + 2a,cos (^ - 0) + KK 
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Now suppose that the vertical plane through Aj and Bj intersects 
the horizontal plane through Aj in the straight line AjCj. Then 
BjCj = h and if we ^v^ite A^Ci = we have 

^ (^1 ” ^* 2 )^ + (^1 - 

=s (tti sin <j> — Og sin 0 )*^ + (a^ cos <j> — cos 0 )^. 

Similarly, 

=s: (uj sin <j} + a., sin 0 )" + (^i cos ^+03 cos 0 )^. 

The horizontal component of Fj in a direction parallel to CjAj is 

Fi ^ ; for F., it is F 2 j . The former component gives rise to 

a torque where, cf. Fig. 0-25(c), Pi is the perpendicular 

distance of 0^ from the vertical plane through Aj and Since, 
however, 

ViPi == 2 ^AiOjBi 

= ajdg ~ ^)» 

the torque on the secondary beam due to both horizontal components 


IS 


2 Fi = 2 F^aia 3 sin (<^ - 0 ) 


'•i n 


Similarly, the two forces Fg give rise to a torque 

2 F 2 aia 2 sin { <f> — 0 ) 

which opposes that due to Fj. Thus the resultant torque, in the 
sense of-that due to F^, is 

2a,02 sin (<^ — O)!”— — — 1 = 2ymim2aia2 sin (<^ — 0 ) ^-L , 

Lrj r^J Lrj J 

and if <l> and 0 are sufficiently small, this expression becomes 

— 0) zl, 


where 


A = - 


1 


[{a, - [(a, + a^f + A-f" ’ 

since cos (^ — 0 ) ^ 1 > when both <f> and 0 are small. 

If I is the moment of inertia of the secondary beam and its 
attachments about the axis of rotation, the motion of the secondary 
system, in the absence of the primary, may be represented by 

10 -i- P0 + Q0 = 0, 
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where P and Q are constants. In the presence of the primary 

system, the equation expressing the motion of the secondary system 
is 


16 +yd +Q0 = H((f> - 6) 

where H = 2ym^7n2a^a2A. Then 

&+ 0i6 + fid = 

H 
I 


v « Q + H ti 

wnere p — ^^ = — ^ etc. If we assume <f> — if) cos oj^t. i.e 


the motion of the primary is undamped, so that p<l> = y co.s oj^t, then 

^ + ad + = ;? cos a>,f, 

and the particular integral, cf. p. 37, whicli is all we have to eon- 
aider, is 


6= = 


>/(/5 — oi^f + 


^ COS — tp). 


where tan y> = 5 -If we write so that oJ^. = 27tL, 

where/o is the free period of the secondary system, its ami>iitude 
will be a maximum when 

2 *>12 
(Oq* — c«,“ = h<x‘, 

a result obtained by differentiating (coq^ — w, 2)2 j with 

respect to coj and equating to zero. etc. If 0^J is this maximum 
amplitude, we have 


do = ,_^_= _J_ 

^ 

2_d h 4d^ 2 ' 

T ^ 4 * 'j' 2 

where is the period of the secondary system and d = ^aT,, the 

decrement per cycle of the oscillations of the secondary system ci 
Vol. V, p. 347. 




2ym,yn.2a|a^ zj. Tg , 


Hence 
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r = 


Oo 



^0 ^ • *^2 
From observations on the turning points in the motions of the 

0 'Itt 

two systems a value for is obtained; then (Ui= ^ , where Tj is 

9 o -*^1 

the j)eriod of oscillation of the primary balance. An important 
correction is applied for the attraction on the beam and other parts 
of the secondary balance, while a small correction is also made for 
the almost negligible damping of the primary. The method is an 
accurate one and enables a large number of values for y to be 
obtained in a relatively short time. Zahradnicek gives 

y = {ti‘05y i 0-02) gm.^’cm.^see 
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EXPERlMEyrS WITH A COMMON BALANCE 

The work of von Jolly.—In 1881, von Jollyf described some 
work in which he luul determined the gravitational constant with 
the aid of a common balance. This was erected at the top of a tower 

at the University of Munich. The 
j)rinciple of the experiment was to 
counterpoise in a pan of the balance a 
large mass hung several metres below 
the other pan. A large mass of lead 
was then placed below the lower pan 
and the balance again equilibrated. 
From the increase in the mass in tlie 
upper pan necessarj’ to restore equili¬ 
brium the force of attraction between 
the lower masses was deduced, and y 
then calculated. Fig. G-26 is a dia¬ 
grammatic sketch of von Jolly's appa¬ 
ratus. From the pans of a common 
balance other pans were carried by 
wire.s about 21 metres long. Two 
practically equal globes each containing 
5 X 10^ gm. of mercury were then 
])laced, one on an upper pan and the 
other on a lo«er pan, as indicated, and 
the balance equilibrated. A large spliere M, built up from thick 
sheets of lead, and about I metre in diameter, its mass being 5-775 x 
10'^ gm., was then j)laced below the lower pan containing the globe 

t Il'icd. Anu.. 14. 331, 1881. 


.1 


Fid. — Principle of von 

Jolly's Apparatus for find* 
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filled with mercury. Let fx be the additional mass required in tlie 
upper pan to restore equilibrium. Then 

mM 

where m is the mass of the globe containing the inercur^'. M that of 
the lead sphere, and the other symbols have their usual meanings. 
Thus y could be determined. 

In the actual experiment the procedure was not quite .'«o simple. 
Four equal globes were obtained, two only being filled with mercury, 
but all were hermetically scaled. To begin the ex])eriment the two 
heavy globes were placed in the upper pans, the light onc.s in the 
lower pans. The balance was equilibrated. In this way variations 
in the density of the air between the higher and lower levels were of 
no consequence. The two globes on one side of the balance vere 
then interchanged. The variation with height of the intensity of 
gravity caused the equilibrium of the balance to be upset. Fixun 
the change in the mass of the upper pan necessary to restore 
equilibrium the formula for the variation of (j witli hciglit was 
verified except in so far as it was di.sturbed by local irregularities. 
The large lead sphere was then j>laced in position and tlie experiment 
repeated. From the difference in gain in weight with and without 
the sphere, viz. 0*589 x 10“^ gm.-wt., y was calculated. 

The final result was D = (5*60 d: 0-07) gm.crn."®, but the method, 
as used by von Jolly, cannot be susceptible of great accuracy on 
account of convection currents in the tower. 


Poynting’s balance experiment.—The balance used in this 
experiment to determine the constant of gravitation wa.s a bullion 
balance with a four foot beam. It is shown diagranimatlcaliy in 
lig. 6‘27. Tw'o equal balls, of masses wq and ///g, wore su.spended 
from the beam of the balance. Below the balance was a turntable 
T, its axis of rotation passing through the fulcrum of the balance. 
Upon it rested two large inassc.s Mj and M.,—spheres made from a 
lead-antimony alloy for the sake of hurdnc.ss.l was twice the 
mass of Mg. It is necessary to use tlie smaller mass M.g to jirevcnt 
the table from tilting and so causing a variation of its attraction on 
the beam. At first Poyntiiig did not use M.g, and his results were 
anomalou.s. The beam of the balance was deflected through a amnll 
angle after it had been equilibrated, on account of tho coujile duo 
to the attraction between the various spheres. Tho table was then 
rotated through two right angles so that Mj <‘aine below and the 
change in the angular po.sition of the beam was noted. 


t V. Boys criiicv/AiH tho use of uii ulloy iu thin ox|)eriiiiont niitce one cunnot 
^ sure that iU doru^ity ih uniform—if it in not, tho coiitro of gravity of u 
**I>horo doott not necoaHuriiy coinoido with its guomotrie centro. 


17 
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With the results thus obtained it was not possible to calculate y, 
owing to the unknown value of the pull of the table and the loads 
it carried on the beam. To eliminate this the masses 7% and Wg 
were each raised one foot and the experiment was repeated. The 
following approximate analysis—the ‘cross-pulls’ between the 



Fio. t) 27,—Poynting’s bnluncc experiment for finding the gravitational 

constant and the moan density of the earth. 


different spheres being neglected, for example—shows how y w'as 
obtained. An additional approximation arises from the fact that 
perfect symmetry in the geometry of the system is assumed. 

When the masses are arranged as shown bj' the full lines in Fig. 
6-27, the equilibrium of the balance is expressed by the equation 


wiff + y 


_ 


+ y . . cos tf; 


/ -f + av^i. 


where Ki is a constant representing the tuiTiing effect of the attraction 
on the beam and is the angular deflexion of the beam, o being a 
constant. 

When the table is turned through an angle rr, the corresponding 
equation is 


?n^ff + y. -p 2 • cos & 


i]/ = 


+ y. 




1 J 


I -r +arp^. 
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Subtracting these two equations we have 


L 




• COS 6t \l 


.] 

L Ri 


.cos 6 , — 
2 * 




I + (ki — K2) + 


where /9j is written for (y»j — ^ quantity actually observed. 

When the smaller spheres are raised through a distance of one 
foot, the corresponding equation is 


WiM. TO-tMn f. I , 

y —i—^.cos \i 

. r^" 


K.: 


_^.cos 0.2 + -' 2 ^ + i^i - «o) + a/^2 

Eliminating k, and /c.> from these equations we have 
r tvt / ^ 1 \ /cosO, con OA 


- mMJ - 


I cos Oi 


I R, 



= «(/^i - ^2)- 

In order to find the value of the constant «, the attracting sj)lieres 
were removed and tlie balance was equilibrated with the small 
masses hanging from the appropriate pans, and the deflexion ^ of 
the beam caused when a rider of mas.s // was shifted through a 
distance a on the beam observed. Then 


a<f> =fig8. 

Thus y, and hence D, could be calculated. Poynting took great 
precautions not to introduce temperature gradients in the experi¬ 
mental chamber which was hou.scd in a cellar at the Mason College, 
Rirrningham, by making all final adjustnumts from the outside— 
the deflexions were ob.served with the aid of a telj'scojx*. All 
distances were measured very accurately. The final result was 

y = 0*6984 y 10~® gm.^*cin.^sec.“^, 

D = 6-4934 gm.cin.-=*. 

A method for observing small angular deflexions.—To 
measure the small angular deflexions of the hemn in the experiment 
described above, Poynting used the double-suspension mirror 
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method proposed by Kelvin. M, Fig. 6*28, is the mirror supported 
by two strings [not necessarily parallel to each other, although 
Poynting used parallel strings 3 or 4 mm. apart] from the end of 

a horizontal screw S and from the 
end of an arm Q in line with the 
screw. The arm Q is attached at 
right angles to the pointer of the 
balance, wliich swings in a plane 
perpendicular to that of the dia¬ 
gram. Suppose that the pointer 
swings so that Q moves forward a 
distance a. Then the mirror will 

a 

rotate through an angle 3 , where d 

Q/ 

is the distance between the ends of 
S and Q, i.e. the sensitivity of the 
arrangement is inversely propor¬ 
tional to the distance d. In the 
actual apparatus used by Poynting 
the deflexion of the mirror was 150 
times that of the beam of the 
balance. It is alwa 3 's necessary to 
damp the motion of the mirror by 
attaching to it four vanes moving 
in a dash-pot containing a liglit 
lubricating oil. 

An approximate method for comparing the masses of two 
planets.—Tliis metliod is onl^' applicable when one of the planets 
lias a satellite and tlic orbits concerned may be taken as circles. 
For examjilc, we maj* compare the mass of the earth with that of the 
sun. 

For tliis purpose let S, Fig. 

6*29, be the sun, mass M, and E 
the earth, mass m. Let [x be 
the mass of the moon, L. Then 
if R and r are respectivelj' the 
mean radii of the orbits of the 
earth and moon, we have, if co^ is 
the angular velocity of the earth 
and y the gravitational constant, 

Mw 2 t> 



Fio. C-29.—The orbits of the earth 
imdinoon. [A&sunied circular and 
not to sculo.1 



Kio. 6*28.—Principle of Kelvin's 
inothod for determining a sniall 
angular deflexion. 
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Similarly, 


ym = 



where, in general, co — 27rT“^, T being the period. Thus from the 
observed periods of the earth and moon, and their mean di.stances 
from the sun and earth re.spectively. the mas.ses of the eartli and sun 
may be compared. 

The range of gravitation.—All experimental evidence points to 
the fact that the law of gravitation is valid when the distance 
between the attracting bodies is as large as that between the planets, 
or as small as that separating the balls in the experiments by Boys 
and bj^ others. When the distance becomes microscopic so that the 
bodies are in ‘contact’, it is possible that the law is modified, if it is 
maintained that adhesion is due to gravitational forces, for adhesioji 
between surfaces is a variable factor. 

Gravitational permeability and the attraction of crystals.— 
It is well known that the behaviour of a cry.stalline substance, .such 
as quartz, in an electric field depends upon the orientation of the 
axes of the crystal with respect to the field; but the weight of such 
a cry.stal as determined by weighing docs not aj)peiir to depend 
upon the orientation of the crystallographic axes with resj)cct to the 
field, for the weight is constant. Also, the force of attraction 
between electrically charged bodies, or between magnetic j>oles. 
depends upon the nature of the medium in which they are embedded 
or which occupies the space between them. Nothing corresponding 
to this has ever been detected in connexion with gravitational fields 
of force. Austin and Thwinc;! tested this question experimentally, 
using a modified form of Boys’ toi-sion balance. Screens of lead, 
mercury, glycerol, etc. were interposed between tlic balls but changes 
in the deflexion of the beam carrying the suspended balls were not 
detected with any degree of certainty. 

Theories of gravitational attraction.—No satisfactory explana¬ 
tion, other than that in terms of the general theory of relativity, of 
the force of attraction between material bodies has been given, but 
a review of other theories which have been made might not be without 
profit. 

(i) Le Sage*s theory: Le Sa(!E, of Geneva, in 17S2, published u 
theory to account for the force of gravitation. According to it 
innumerable small particles were iinagiiu-d to he flying about 
through space in all random directions. Ordinary matter i.s very 
highly, but not completely, permeable to these particles. A single 

t Physical Review, 5, 204, 1807. 
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material body, in free space, and therefore freely exposed to a 
bombardment by these particles, would, on the whole, acquire no 
velocity in virtue of the bombardment, since it would receive as 
many blows on one side as on the other. When two bodies are 
present, however, the bombardment on one side of each will be less 
than that on another and the bodies will move towards each other. 
In order to explain the law of gravitation quantitatively b 3 ' this 
theory it is necessar\' to assume, what we now know to be valid, that 
the inter-atomic distances in all matter are ver^^ great compared with 
the sizes of the atoms themselves, so that only a very small proportion 
of the bombarding particles are stopped even bj' the densest of 
materials. 

Maxwell objected to this theor\' on the following grounds: 

(a) Tlie velocitie.s of the corpuscles must be enormously greater 
than tliat of the heavenly bodies, for otherwise thej' would constitute 
a medium offering resistance to the motion of the planets. 

{!)) The transmis.sion of gravitational forces would not be instan- 
tanoous, e.g. the earth’s acceleration towards the sun at a given 
instant woukl be in the direction which the sun had a little time 
previously-, i.e. at a time when some of the corpuscles now reacliing 
the earth were passing near to the sun. 

{<■) 'fhe rate at which energy would have to be dissipated by the 
('orpuscles to account f<.)r the attractive forces on one j)Ound of matter 
would l)e alM)ut 10*- ft.lb.-wt.sec."'; such a rate of supply of energy 
is suthci('ntly great to raise very quickly the whole of the material 
universe to a white heat. 

(ii) Chains' theory: This tlieory was based on the fact tliat 
waves in an elastic fluid, impinging upon a body immersed in that 
liuid, tend to cause the body’ to move towards (or away’ from) the 
c'-ntre t>f tlie disturbance according as the wavelength is very’ large 
(or vciy’ small) compared with the linear dimensions of the body’. 

(iii) Kelvin's theory: According to this theory’, all space was 

Idled witli an incomi)ressible fluid and all material bodies were 

continuously generating and emitting it at a constant rate, the fluid 

flowing off to infiiiity; or else alway’s absorbing it. in which case it 

flowed in from intinitv and was annihilated in the bodv. In either 

« * 

inslanee Kelvin proved tliat there was a force of attraction between 
Ixidies varying inversely as the square of the distance between them. 

Maxwell remarks, ‘All these theories require the expenditure of 
\\ iirk. According to tliem we must regard the processes of Nature, 
not as illustrations of the great principle of the Conservation of 
ICnergy but as instances in which, by a nice adjustment of powerful 
agencies not subject to tliis principle, an apparent Conservation of 
Kuergy is maintained. Hence we are forced to conclude that the 
cxjilanation of gravitation is not by these hy’potheses.’ Such was 
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Maxwell’s opinion, but nowadays we have come to regard the idea of 
a perfectly elastic collision in connexion with the kinetic theory of 
gases as commonplace; heiice this objection cannot be raised against 
Le Sage’s theory. 

(iv) The stress theory: Maxwell showed that there exists in an 
electrical field a tension along the tubes of force and a pressure at 
right angles to them. Sucli a set of stresses, with signs reversed, 
would explain the attraction between material bodies. 

(v) The electrical theory: Every atom of matter consists of a 
positively charged nucleus surrounded in its normal state by 
electrons, whose number is such that the total negative charge on 
them just neutralizes the positive charge on the nucleus. If the 
force of attraction between unit positive and unit negative charges 
be very slightly in excess of the force of repulsion between unit 
charges of the same sign, then the difference between these two 
forces would be sufficient to account for gravitational attraction. 

(vi) Einstein's relativity theory and gravitation: The accuracy 
with which the motions of celestial objects can be accounted for, 
and even predicted, by means of analysis based on Newton’s laws of 
motion and his theory of attraction, is so amazing that for many 
years any que.stion throwing doubt upon them would have been 
regarded as ‘sacrilege’. Towards the end of the last century, how¬ 
ever, difficulties began to arise and as time went on i»ew ones 
appeared. In the first place, mass is found to be a variable depending 
upon the velocity of the body; sccondl)', the conception of length is 
not 80 simple as it first appears since the di.stance between two points 
is found to depend upon the motion of the observer. 

Moreover, classical mechanics makes no attempt to discover hou 
the force of attraction between tw'o bodies arises and yet it is by 
means of this force that a body is able to produce effects on another 
body even when the distance aj)art is considerable. All these 
difficulties, and others, have been explained by Einstein (1915) in 
his theory of relativity. According to Einstein, a jjlanet, while 
describing its orbit about the sun, is in the same condition as a body 
moving in a straight line with uniform velocity, 'I’he orbit is the 
result of something analogous to curvature impressed by the sun 
upon the surrounding space-time continuum. In this ‘relativistic 
space’ the path of a body under the influence of no constraint is no 
longer linear. The whole idea of ‘force’ is dropped and the non¬ 
linear motion of the planet is attributed entirely to the modified 
space, 

The theory shows that Newton’s law of gravitation is, strictly 
speaking, only applicable to weak gravitational field.s. Also, 
according to Einstein’s theory, the major axis of the planetary orbit 
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should rotate slowly. It is only in the case of the planet Mercury 
that this rotation can be measured. This apparent anomaly among 
the motions of the planets was known before the advent of relativity 
and was a real stumbling block for classical mechanics. The 
rotation is found to be 43" in a century, a value which agrees with 
that predicted by the theory of relativity whereas Newton’s theory 
cannot account for it. 

Again, according to Einstein, a ray of light has a mass 
vhich, on account of the large velocity involved, is by no means 
negligible. In con.sequcnce rays of light should be deflected as they 
]ias.s thiougli a .strong gravitational field. If light were corpuscular 
in its nature, as Newton suggested, then a ray of light .should suffer 
a ilcllcxion 0. as it ])asscd near to the sun; according to Einstein’s 
tluMU'N' the deflexion should be ‘20. The total eclipse of May, 1919, 
provided an occasion for testing Einstein’s theor}'. The result of 

an expedition sent out for this purpose was pubhshed in November, 

1919. and was at once a sensational triumph for the new theory. 

I’inalh", Einstein showed that the frequency of the light emitted 
l)\ an excited atom situated on the surface of a celestial body should 
lie sonu'uhat less than the frequency of the light emitted from a 
similar excited atom situated in free space or on the surface of a 
snialh r body. Thus a displacement towards the red end of the 
<|ieetrum ought tc) take place for sjieetral lines a.ssociated with stellar 
atoms as <'ompari'd witli the spectral lines of the same element when 
these lims tire proilueed in tlie laboratory. The amount of this 
disphu emeut is given bv 

) - L = y^ 

Jo '■ * 

uliei'c /'„ is the fre<|Ueney (terrestrial). / the frequency of the light 
Irom til*- stellar' iilom. y the Newtonian eon.stant. c the velocity of 
li'.’ht. M the mass of the heavenly body and r its radius. This 
*lis[)l;ui‘meiit. termed the ’red shift', predicted for the sun is about 
odiis \ for li*dit of wavelength 4990 A. in 1925 Adams, from 
ohsrrvat iuiis o\\ thi* conipiUiioii of Sirius, fouiul u shift of 0*32 A. 
Usijiu till- above formula and this observed shift, the radius of tin* 
>{i\v turns out to be IS,990 km., a value which agrees with that found 
i»\' an imlepeinlent method. 

This <-ifeet has also been detected in the spectra of the remarkable 
t \ jie of stars known to a.stronoiner.s as white dwarfs; they appear 
li) consist of matter with a densitv lO.OOO times that of ordinary 

matter and accordingly possess abnormally large values of . 

In conclusion, it must be noticed, however, that Newton’s law of 
gravitation is not removed from the scene by Einstein’s relativity 
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theory. For all engineering purposes, and indeed most phj’sical ones 
too, Newton’s theory is sufficiently accurate and, probably for ever, 
Newton’s laws of motion will provide the basis on wliich to build an 
elementary study of mechanics and physics. 


EXAMPLES VI 


6*01. A small particle of mass m is ])laced on tlio axis of a thin 
circular metal disc at a distance z from its centre. If the disc is of 
radius a, uniform tliickness t aiul the density of its material is p, fin<l 
the gravitational attraction between the disc and the mass m. 



6 02. A triangle is formed of three vmiforin rials whose masses per 
ujiit length arc and resj)ectivol.\'. If O is a point in.side ilu* 

triangle and at distances p.^ and p^ from the sides of the triuntrlc, 
show that if 

^'2 ^*3 

Pi. ~ Pi ~ Pi ' 

a particle at 0 will bo in equilibrium. 

6-03. Assuming the orbits of the earth and moon to he circiilai-, 
calculate the relative masses of the sun aiul the earth given that tlio 
period of the moon is ‘h year and that the distance from tlie sun to the 
earth is 390 times us grout as the dhslance from the earth to the moon. 

tO-3r>2 X lt)«J 

6-04. A Ktraiglit narrow tunnel is boroil from the surface to the centre 
of a sphere of radius u and uniform density p. Determine the work 
I'cquii’ed to lake a small mass m from the centre to the surface of the 
Hf)hore (a) by considering changes in potential, (h) by some other method. 

[iTriuypu'^] 

B-O/}. Find the gravitational potential and the field stretjgth at a 
point on the axis of u thin circular loop of mass rn and radiu.s <i if z is the 
distance of the point from tho conlro of the looj). Hence show that t he 
potential is nurnoricnlly u maximum at 2 0 , and that tho field slrengtli 


IH numerically u maximum at z = —“ . 

V2 

O-OO. A smoutli straight narrow tunnel is bored througli an isolated 
uniform sphere at rest. A small particle moves from rest in tliis tuimel. 
If p is tho density of tho material of the sph«‘re and y tho gravitational 
constant, find the period of the motion and show that it is indcpend<‘n( 
of tlie size of the sjdiurc and tho direction of the tunnel. ^ j 

6-i>7. Tho density of the rnutcriul of a sphere varies inveiwly us tin* 
distance from tho centre. Show that tho field strcnglh at a point within 
the spliere is iridopendoiit of its position. [If p = At'CJ ~ —27rA‘}'.] 

6’08. Find tho gravitational potential and fiokl strengtli «luo to a 
thin circular disc of radius a and muss /t per unit area, ut a {>oi(it di-stuiit 
2 from tho centre of the disc and oqui<listunt from all points on its rim. 

270'//tVu2 + 2 ^ - z], -'2.Tiyf\\ - 

O'OO. Defino flux oj gravitational Intansity and find an cxpreHnion 
for it ucroB 0 an cgg-»}iapod Hurfuco Burrounding u nmtoriul body. 


[- 


•] 



258 


THE GENERAL PROPERTIES OF MATTER 


If the mean density of the earth may be taken as 5*5 gm.crn.”® and 
the gravitational constant as 6*6 x 10“® find a value 

for the distance of the moon from the earth in terms of the earth’s 
radius. The period of the moon may be taken as 28 days. [61] 

6T0. State Gauss’ theorem as applied to gravitation and apply it 
to show that when two uniform spheres attract each other, each acts as 
if its mass were concentrated at its centre. 

Describe, briefly, some experiment in which use is made of this 
result. 


611. State Xewton's law of gravitation and define the Newtonian 
gravitational constant. 

Show that the gravitational intensity due to a uniform spherical shell 
of matter, at a jioint inside ths shell, is zero. Write do%\'n a simple 
e.xjiression for the intensity at a point outside the shell. 

6-12. .'^how that tlie gravitational field strength at the vertex of 
a right circular cone of the frustum of the cone intercepted between two 
})ljines normal to the axis is - '2nypl{i — cos a), where I is the thickness 
of the frustum measured along its axis, a the semi-angle of the cone, p 
the 4lensity of its material anti y the constant of gravitation. 

6-13. Show that the observed latitudes of stations due north and 
south and at the foot of a hemispherical lull of radius « and density p 

differ by {'2 t- whore H is the radius of the earth and p^ is the 

K Pq/ 

ni«*an deiusily of its material. 

611. State {«) Kepler’s laws of planetary motion, (b) the conclusions 
which cun be drawn from them. 

Mstirnato the tli.stancc of the mo4)n from the earth fnim the following 
^lata:—intensity of gravity = 9S0 cni.soc."^; mean diameter of the 
earth = 1-273 • 10'* km., anti lunar m<uith 27-32 days, [.-\ssumc 
tliat tlu' moon moves in a circular orbit round the earth.] 

[3-83 X 10® km.] 

61.5. State Newton's fundamental law of gravitation. 

Dest-rihe. and give the theor>' of. Hoys’ method of determining the 


Newtonian constant. 

(Mt». Two small spheres, each of mass 20 gm., arc supported by 
light thrt-ads each 10 metres in length; the centres of the spheres are 
in a horizontal plane. If tlio threatls are 2 cm. apart at the upper ends. 
h\’ how much is the di.stance between the centres of the spheres less than 
2 cm.? [Asstiine a value for >'.] (6-6 x 10~^cm.] 

6-17. As.sumiiig the value of the gravitational constant to be 
6-6 X 10**® gm.“k-in.®.‘5cc.““, obtain a value for the period of a small 
satollite revolving in a circular orbit close to a spherical planet of unit 
density. 11-20 x 10^ sec.] 

6-18. (’ompare the minimum speed with which a ])article would move 
round the earth near the svirfuce anti in u piano passing throtigh its 
centre with the nuniinum \’elocity with which the particle must be 
projected in order to escape from the earth’s gravitational field. 

itulit-ate why your sohititm is only ap]iroxinmto. [1 : V2.] 

019. Define the Newtonian constant of gravitation, y, and 
ilcHcril)o a laboratorj' method by which the value of this constant has 
bt-en accurately determined. 

(Ji\en that in e.g.s. units - 6-7 • 10“®, the radius of the earth = 
0-4 10®, and its mean ilensity = 5-5, (calculate the intensity of gra\-ity 

at tlie earth's surface. [988 cm.sec.~-] 

0-2u. Define the constant of gravitation and explain how the mean 
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density of the earth may be calculated, using tlie value of this 
constant. 

Outline the principle of the Cavendish experiment and cxplaui the 
advantages of the modifications in the apparatus as used by Boys. 

6-21. A uniform sphere 1ms a radius of 1-0 cm. Find the percentage 
increase in its weight when a second sphere of radius 25 cm. and density 
10-4 gm.cm.“® is placed immediately below and nearly touching it. 

[0-7 X 10-«] 

6-22. Two small spheres are fi.xed at the opposite ends of a light 
horizontal beam 160 cm. long whicli is supported by a wire, the period 
of torsional oscillations being 400 sec. Estimate the deflexion (jf the 
beam caused by placing one of two spheres each of mass 2 x 10 ^ gni. 
opposite each small sphere so as to produce the maximum i)i*ssil)le 
deflexion, the distance between the centres of the attracting spliere.s 
being 20 cm. 

[Neglect any ‘cross-effect’ between the attracting masses an<l explain 
why in your calculation it is not necessary to know the muss of each 
suspended sphere and take tt* = 10.) [1-7 x 10 "^ ratlian] 

6-23. If y = {6-670 ± 0 005) 10~® d>'ne.cm.*gm.““(gm.~kin.^sec.’ *), 
what is the force between two spheres, each of mass 5 kg., placed 30 cm. 
apart? 

Assuming the above value for y, and the radius of the earth It) he 
6-37 X 10® cm., obtain a value for the mean ilensity of the eartli. 

[(1-853 ± 0-002) X 10“3 dyne.. 5-54 gin.cm.-^J 

6-24. I*rovo that if the earth were spherical uiul uniforin in content, 
the decrease in gravitational attraction as one rose in a halloon to a 
height 2 would be nearly twice the decrease us one descended in u mine 
to an equal depth. 

0'25. A sensitive bullion balance has a son.sitivity such tluit wht'n 

1 mg. is moved 1 cm. along the balance arm the tlellexion of tlie baltmco 
IB 600 scale divisions. Two spheres each of muss 400 gm. and ruilius 

2 cm. are counterpoised on the balance, tln?ir contrt*s being 60 cm. ajiart 

and a load H|»here of radius 12 cm. being situutetl immc<liat<*ly ht'low 
one of the small spheres and almost in contact with it. Tlie sphere is 
then moved to a similar position below the other sphere, when the 
lialance deflexion is 192 scale divisions. Obtain a value for the gravita¬ 
tional constant. [0-86 X 10-«gm.-‘cm.®sec.--) 

(Assume j/ = 1000 crn.scc.'^, density of loud = 11 -37 gin.cin. '^.j 

6-26. Give an account of an accurate method for the determination 
‘»f the Newtonian constant of gravitation. 

Assuming that the planets move in approximately ciri-ular orbits 

round the sun as centre, prove Kepler's third law that the sejuare of a 

planet’s year is proportional to the cube of its di.stunce from (he 
sun. 


If a planet has a sutollito moving in a circular orbit about it with a 

known perioil and at a known distunco from it, show how tla* ratio t)l' 

the mass of the planet to that of the sun may bo obtained, the year of the 

1 ^ 9 ^ “^'1 ‘hi distance from the sun being known. (G) 

6-27. Describe an accurate method for determining the constant of 
gravitation. 


Assuming the value of this constant If) he 6-7 ^ 10 ** dyne.cni.V'“ "^t 

calculate the muss of the sun on the asHuni))liun that the earth t ravels in 
a circular orbit of radius 1-5 x I0‘* metres with u speed of 3 x 10‘ 

12 01 1030 kgm.] 

6-28. Describe Airy's mine experiment. Find the acceleration of 
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gravit y at the bottom of a shaft of 0-5 miles depth if the average density 
of the appropriate outer shell of the earth is 2-5 gm.cm.“^. The mean 
density of tho earth is given as 5*5 gm.cm.“^, the radivis of the earth as 
4000 miles and tlio intensity of gravity as 981-2 cm.sec 

[981-28 cm.8ec.~-] 

6-29. Prove that the value of the intensity of gravity at a point on 
an elevated tabledand of height h is given by 



wliere (j is tlio intensity of gnivity at sea-level, a the earth’s radius, 
Pq the moan density of the earth and p the density of the material in the 
table-land. [Hint: The table-land may be regarded ns n thin circular 
plate of surface densit v pi also g aTrypd and at 1 he top of the table-land 

”1 

tho intensity of gravity due t*» tho ‘sphere* is g J 

(5 30. \'on Jolly found that when a mass of 5 kg. is raised 21 metres 
above tho surface of the earth its weight diminishes by 31-8 milligram.-w’t. 
I'se this observation to eulcuhite the diminution of gravitational 
attraction on I gm. of matter due to a displacement of 1 cm. above the 
surface of (he earth. If g = 9«tJ em.sec.~- ainl r =6-4 x 10* cm., 
eomparo the value obtained from Jolly’s observation with that ealeulated 
theoretically. 

[llint. if F 12-97 x 10"® dyne; 1: 102] 


(>■31. A sensitive balance carries four pans, one pair being 20 metres 
below tlie other pair. In each of tho upper pans a sphere of mass 5 kg. 
was placed and the balance otjuillbratecl. \N’hen one sphere was 
transferred to tlie pan below, its weight increased and the balance was 
<“(juilihrated by aihling n mass of 32 mg. to an upper pan. 

When a haul sphore, 50 cm. radius, was placed (lirectly below the 
sphori* in tho lower pan, an additional mas.s of 0-69 mg. liatl to he atldcil 
to an upper pan to restore e(juilil>rium. Assuming the density of leail 
to he 11-4 gm.oni.~^ and the railius of the earth 6-4 x 10® cm., obtain a 
value for the mass of the eartli. [6-0 lO'-* kgm.] 

t>-32. t'alciilato a value ft)r the period of the earth if this were 
rotating so qiiicklv tliat the weight of a body at the equator were zero. 
(Assume r • G-4 ' 10* cm.] ‘ (i’-, ^l«y-] 

0-33. Describe a laboratorv method for (he determination of the 
Newtonian constant of gravitation. 

TIh' ratio of the times of rcvohition of Mars anil the earth round the 
sun is 1-HS. Fiml the ratio of tho mean distances of these planets from 
thf* sun. Prove the formula used. [1'52] 

6-34. Derive an expres.sion for the gravitational potential at a point 
outside a uniform sphere. Calculnto the energy that has to be supplied 
by ji rocket in order to move a projectile of total mass 10,000 kg. up 
to a height of l.OOOkm. above tho eartlPs surface. Frielionnl forces 
in the atmos{ihere nm\' be neglected. Assume that tho intensity of 
gravit\' at tho earth's surface g = 9-80 m.sec.~^ and the earth-radius 
U ti-37 - 10® m. ' [6'2 X 10® joule.] 

()-35. If a unifirm sphere has a mass m and radius a, sliow that the 

3 >'»i“ 

attraction which one hemisphere exerts upon tlic other is — • 

t)-3ti. A unifonn sphere of radius a, and density p, is divided into two 
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parts by a plane at distance 6 from its centre. Prove tliat the mutual 
attraction between the two parts is 




6*37. Show that two equal spheres, radius a, and density equal to tlie 
mean density of the earth, starting from rest at a gi-eut distance apart 

will collide with a common speed equal to where g is the intensitj- 

of gravity and R is the radius of the earth. (Assume tliut the splieres are 
subject only to their mutual attraction.] [Hint: The tlecrease in 
potential energy of one sphere in the held of the other when both are in 
contact is equal to the kinetic energ}' of both spheres.] 

6-38. Assuming that the mean angular thameter of the sun. us 
viewed from the earth, is 9-4 x 10“^ radian and that the gravitational 
constant is 6-7 x 10~* cm.^gra.“*ecc.“^, estimate the mean density of 
solar matter. (Take 1 year * 3-1 x 10’ sec.] [1-41 gm.ctn.-^.] 

6'39. The density ^ at a point distance r from the centre of a sjjhere 
of radius a is given by 



Show that M is the mass of the sphere. Also if is the intensity of 
gravity at the surface of the sphere and powers of - above the uro 
neglected, show that at a height k from the surface the intensity is 



but that its value at a depth h below the surface is unaltered. 

Il.Se., A.M., (L). 



Chapter VII 


ELASTICITY; STRESS, STRAIN AND THE 
STRENGTH OF MATERIALS 

Introduction.—A study of the subject of mechanics begins with 
the conception of an infinitely small but massive particle and dis¬ 
cusses its behaviour under the influence of impressed external forces; 
later the idea of the rigid body is mooted. Such a body possesses 
the j)roperty that the distance between any two points in it is 
invariable however the forces to which it is subjected may vary. 
Actually no body is perfectly rigid and the behaviour of ordinary 
materials under tine action of forces constitutes the study of elasticity. 

Strain.—When a body is in equilibrium solely under tlie action 
of internal molecular forces, that body is said to be in its natural 
state. If external forces act on such a body so that the material is 
stressed, and the body undergoes change of shape or size, or changes 
in both, then the body is said to be in a state of strain or to be 
strained. Now according to Maxwell [Theori/ of Heal, p. :105J, 
a perfectly rigid body, if it existed, is one which would experience 
no strain when acted upon by external forces setting up a state of 
stress in the body. Actually no body fulfils such conditions, i.e. all 
known materials are elastic, i.e. stresses within a body are always 
accompanied l)y strain. A perfectly elastic body, according to 
Maxwell, is one which, when subjected to a given stress at a 
given temperature, experiences a strain of definite amount, 
which does not increase tvhen the stress is prolonged, and 
which disappears completely and instantaneouslyf when the 
stress is removed. It sometimes happens that when the external 
forces are removed, the new size and sliape of the body is retained; 
tlic material is then said to be perfectly plastic. It must be noted 
at once, however, that the substances termed perfectly elastic are 
only so ])rovided that the deforming forces are not excessive, and that 
])lastic substances may po.ssess a small degree of elasticity if the 
forces aj)plied are exceedingly small. The behaviour of substances 
.stressed beyond the limit of perfect elasticity will be discussed more 
fully at a later stage. 

Tensile strain and tensile stress.—Suppose that AB, Fig. 

f This word is now added to JlaxwcU’s original statement. 
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7*01(a), is a uniform rod of material under the action of two tractive 
forces F, F, acting along its longitudinal axis. Let CD be a plane, 
normal to the longitudinal axis of the rod and dividing this into tuo 
portions. If internal forces were not ealled into play as soon as the 
stretching forces became operative, the 
rod would increase in length and con¬ 
tinue to do so until it ruptured. Now 
the portion AC will exert a force across 
CD on the portion DB; this force will 
be the resultant of the elementary 
forces, arising from the above cause, 
and acting on each element of CD—ef. 

Fig. 7-01(6). For CD to remain in 
equilibrium the above resultant must 
be equal and opposite to the force F 
acting at the end B. Similar remarks 
apply to the portion AC. 

In virtue of the equal and oj)posite 
forces acting across any such j)Iane 
dividing the body into two portions, 
the body is said to be stressed, or in 
a state of stress. Tlie term stress is 
therefore used to denote the mutual 
action between two bodies in contact, 

or between two portions of the same body, \^ luu eby each one, or each 
portion, exerts a force upon the otlier. 

If the force acting across any portion of the surface C'D is directly 
proportional to the area of that portion, the stress is said to be 
uniform. Thus, if the area Cl) is S. and the stress is uniformly 

V 

distributcdacroBs that area, the quantity — is termed iho cxterisional 

or tensile stress, across the section of the body considered. If the 
forces are reversed the body is subject to a thrust and the corre- 

spending stress is a compressive stress of amount • 

If the stress is not uniform, let ()F be the force acting across and 
normally to an element of area Then p. the stress at a [joint on 
the surface dS, is given by 

dF flF 

p = hm — = - . 

(IS 

If ^ is the original length of the rod and Al is the increase in length 

. 41 , 

then ^ w the tensile strain in the rod. iStrain is therefore a 
dimensionless quantity. 


Fic. 7-al.—liitt-rmil 

C'lUiSf^d l)y a lon('iUuliiutl 
pall. 
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Since a stress is a force per unit area, it follows that stresses are 
measur ed in the absolute systems of units either as dyne.cm'2, or as 
poundal.ft.““. Other common units for stress are ton.-wd.in.“^, 
kgm.-wt.cm.“*, and atmospheres; the first two are gravitational 
units. 

Shear strain and shear stress.—A shear stress exists between 
two parts of a body in contact when each part exerts an equal and 
opposite force laterally on the other part and in a direction tangential 



(a,) 




F D Y C X 

-p 



(b) 


Fig. 7-02.—(u) Shear stress and strain. (6) Shearing strain. 


to tlic surface of contact separating the two parts. Thus, suppose 
a rivet holds together two plates which sustain a pull F, F, across the 
section AB, Fig. 7-02(a). Under these conditions the lower portion 
of the rivet exerts a force parallel to AB on the upper portion, pre¬ 
venting it from moving to the left; similarly, the upper part exerts 
a force on the lower. The rivet is .said to be in a state of shear 
across the plane AB, and if S is the area of the section AB, the shear 


stress is defined as 



To discover how the strain is measured when a state of shear 
(‘xists, lot us consider ABCD, Fig. 7-02(6), the cross-section of a 
hloelv of india-rubber glued to a table along that face of which AB 
is the trace. Imagine that a piece of sheet brass glued to the upper 
surface is urged forward by a force F parallel to AB. When equilib¬ 
rium is reached let the plate be in a position XY, i.e. the plate will 
liavc suffered a displacement CX with respect to the lower face. The 
block is now said to be sheared, and the shearing strain is equal to the 


- . CX 

circnilar measure of the small angle CBX = <f>, say. Since <p = 

it will be seen that the shearing strain is the ratio of the relative 
lateral displacement CX of two horizontal layers at distance BC 
apart to that distance, i.e. it is equal to the numerical value of the 
relative lateral displacement of the two horizontal layers at unit 
distance apart. p 

If S is the area of the upper face the shearing stress is 
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It is important to note the following distinction between strain 
due to stretching [or compressing] forces and that due to shearing 
forces, for in the first instance both the volume and shape of the body 
may alter, whereas in the second it is the shape alone whicli changes, 
the volume remaining constant. A particular instance in whicli a 
change in volume but no change in shape occurs is when a cube of 
material which is isotropic, i.e. has [irojicrties the same in all 
directions, is subjected to a uniform pressure. 

Complementary stresses due to shear.—TheorcTu; A shear 
stress in a given direction can¬ 
not exist without an equal 
shear stress existing at right 
angles to it. To prove this, let 
us consider tlie rectangular body 
of sides, a, b and c, shown in Fig. 

7*03. Let Fj, Fj, be the forces 
tending to displace the upper face 
with respect to the lower. The 
area of eacli of these faces is ah, so 



Fl(!. 7 03.—(’oinpl<.“inciilj»r\ .strcs>.os 
elm* io 


that the shear stress is U ■ Let F.., F.^ bo shearing forces at right- 

. . L2 r 

angles to the above. Then the corresponding stre.'is is . roi 


equilibrium, the moment of all the forces about any point in theii 
plane—say A—must be zero, i.e. FiC = i'-M- dividing throughout 
by abc, we have 


1 


I,' 


ah 


nr 


i.e. the stresses are ccjual. 

Volume strain.—When either solid or linid matter is subjected 
to a change in pressure the volume ol the substance changes. 1 he 
ratio of the change in volume to the original volume measures the 
strain in this instance. 

Normal and tangential stresses. — Hitherto, it lias been 
ussumeil that the direction of the tractive forces acting on a body is 
normal to the surface across whicli the stress is ealeulatcd; but. in 
general, there will l>e a stress across any plane drauri in the body. 
For let HK, Fig. 7-04(«). be a plane aero.ss a unifiirm rod, the normal 
to the i)lan(? making an angle 0 with tlie axis of the roil. Ix-t the 
stretching forces be F, F, as shown. If we consider the ecpiilibrium 
of the lower portion of the rod, the forces acting on it are as show n in 
Fig. 7-04(fc). Now the force F on HK may b<* resolved into two 
components F„ and F,. cf. Fig. 7-04(c). which are respectively 
normal and tangential to the section HK; their values are b cos 0 
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and F sin 6. The normal stress across HK is therefore given by 


Ji 


H 

Area S' 


0 


t-* 


H 




Pn = 


F 


n 


F 


n 


K 




K 


(h) 


X 


(■«) 



area HK S sec 6 

where S is the cross-sectional area 
of the rod. Since F„ = F cos 6, 
we have 

F cos 0 F o rt 

p„ =- = — COS’ 0. 

Ssec0 S 

The tangential stress is likewise 
given by 


Pi 


F, 


F 


(c) 


- = — sin 0 cos 0 
area HK S 

= 1 - sin 26. 

2 S 


Fig. 7-0I.—Stress on un oblique 
section of a rod. 


The tangential stress at a point 
in a plane within the material is 
therefore a maximum when sin 26 
is unity, i.e. when 0 = {tt or Jtt. In the actual testing of rods of 
materia! by stretching them, it is frequently found that yielding 
takes j)lace, at least in part, by shearing across surfaces inclined 
at an angle In to the direction of the tractive forces. 

Since and p, arc vectors, the resultant stress across the section 
HK is parallel to F and given by 

, 2 ■>.o -5 f/FcosG 

p^\Pu -r prr = ly— 

L\b sec 


0 


+ 


Is sec 6/ J 


F 


S sec 0 
F 


area HK 

A similar argument apjdies to any small elementary' area within a 
body. Thus if 6F is the resultant of all the elementary forces acting 
on an elementary surface <^8. Fig. 7'05(fl), it may be resolved into two 
components dF cos 6 and dF sin 6. where 6 is the angle a normal to 
(iS makes with dF. Hence 

cos 0 ^ 

p„ = lim —-= p cos U, 


and 


Pi = lim 
as-*o 


iS —0 

<3F sin 0 


dS 


= p sin 0. 


These stresses arc shoun in Fig. 7-05(6). 
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Stresses normal to a surface may be due to forces tending to 
stretch or to compress a body; in the latter instance the length of 
the body must be small to avoid ‘buckling’. The stress due to the 


^^'■AreaSS 

(a) (^1 

Fig. 7 05.—Normal and tangential atresses. 

former set of forces is considered positive, i.e. the stress is positive 
when the two portions of the body, one on either side of an imaginary 
surface across which the stress is acting, tend to come apart. 

Tangential stresses, i.e. those tending to make one part of a body 


slide across tlie other part, are 
termed shearing stresses, cf. 
Fig. 7-00(a). 

Shear; another point of 

view.—Let ABCD, Fig. 7*0G(a), 
be a cross-section of a cube of 
isotropic material after shear¬ 
ing: A„BoCD is the original 
section. The sliear strain is 
measured by the angle <f>, and 

K 

the 8trc8.s i.sx-, where S is the 

b 

area of a face of tlie cube. An 
inspection of the diagram shows 
that the diagonal'DBo has in¬ 
creased in length to DB, while 
the other diagonal AqC has been 
reduced to AC. Consider the 
former diagonal. With centre 
D and radius DBy describe an 
arc to cut DB in X. Since ByB is 

small it follows that BqBX = In 
and that BoXB = ^n. Hence 
BX = BoX. 

The strain along DB is 

DB — DBo _ BX 

DBo “ DBo 



(c) 


B„B 1 
V2 aV'I 



Fio. 7*06.—Sh<‘«r; anolhtM' point of 

viow. 
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a being the length of the edge of the cube when it is not strained. 
Similarly the strain along AC is a compressive one of amoimt ^<f>. 
The fact that it has been established that there are strains along 
DB and AC suggests that stresses \\t 11 exist in these directions. 
From the proposition established on p. 265, it follows that for the 
cube under consideration to be in equilibrium the system of forces 
shown in Fig. 7*06(6) must be operative upon its faces. The stress 
across each face is F 4 - S = ^. Now the portion BCD is in equilib¬ 
rium under the action of the forces F, F, along CB and CD respec¬ 
tively, together with the force F^, which the portion ABD exerts 

upon BCD. Now the resultant of F, F is a force V2.F along CA. 
Consequently F^ must be a force V2. F along AC. This is distributed 
over an area V^^.S so that the corresponding stress is 


Px 

It is a compressive stress. 




Similarly, by considering the equilibrium of the part ABC it may 
be shown that there is a tensile stress along BD, also equal in 
magnitude to p. Hence a shearing stress p is equivalent to a tensile 
stress p ill one direction combined with an equal compressive stress 
in a perpendicular direction, cf. Fig. 7*06(c). 


On the combination of two simple stresses in directions at 
right angles to each other.—{«) Like stresses: Consider a block 
of material subjected to pairs of stretching forces F^.. Fj,; F^, F„, as 
.'shown in Fig. 7*07(«). Let p^ and p^ be the stresses produced at an 
internal point 0 by the forces F^ and F^ on planes normal to their 
respective directions, which are taken as the axes of rectangular 
coortlinates 0.r. Oi/. Consider the stresses normal and tangential to 
any plane HK passing through 0, the normal to this plane making 
an angle 0 \\itli the x-axis. Since p, and p^ may vary within the 
material let us consider the equilibrium of a small element of the 
material, HKL, of unit depth perpendicular to the plane of the 
diagram, HL and KL being parallel to the axes Ox, Oy, respectively. 
Consider the forces on the faces of this element due to the rest of the 
material. We may omit all consideration of the forces on the end 
faces parallel to the plane of the diagram, since these are equal and 
opposite. The forces on the other faces are given b^' 


6F, = p,.KL. 
dh\ = p^.HL, 
6F„ = p,..HK, 
dV, = P,.HK, 


and 
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where p„ and are the normal and tangential components of the 
stress on the face HK. and <3F„ and the components of th(‘ 
resultant force on the face HK due to the action of the rest of the 
body on it. 



Fio. 7-07.—Coiiibiiuitiun of two .sliesst*» inutuuHy at riglit angles. 


Resolving forces perpendicular to and along HK, we liave, for 
equilibrium, 

KL.co.s 0 i 7 )^.HL.sinfA 
and 7 >,.HK — 7 >^.KL..sin 0 — 7 \.HL.eos 0. 

P„=P^-COH^O t p^.sin'^O. 

and — p^) sin O.cos 0 ^ — 7 \) sin 20. 

The last equation gives the shear stress; it is a maximum when 
0 = Jtt or Jtt, the correspontling normal .stress being 

\Pn\Q^U = 7^ I Pu Itt ^ lip^ -I- pj. 

I^et p be the resultant stress at any point on HK—ef. Fig. 7-07(0). 
Then 


7 >.HK = resultant force on HK 

= V(<5F/ + ril-V) 

= V(yi^.KL)* 1- {p^.Hhf ~ HKvV/ ’ Pu^ 0. 

7> = V {p^ + p?)- 
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To specify the direction of the resultant stress on the face HK, 
either <f>, the angle the resultant makes with OX, or the angle it 
makes with the normal to the face HK, must be calculated. Now 


6F, j>,.KL 

= ^".tan e. 

Px 

Also />„ = p.cos tp, and Pf = p.sin ip, so that 

* Pt — pJsinO.cosO 

tan y) = — = --— . 

Pn p^.cos^O p^.sixr B 

{b) Unlike stresses: Suppose that the forces are such that they 
tend to compress the material. Again consider an element HKL, 
the forces on the faces being HL and KL, directed as shown in 
Fig. 7*07(c), and given by 

= Px-^> 

lAit and Pf be the normal and tangential coraponenta of the 
stress across HK, the force resultant on this face therefore having 
com[)ononts 7 )„.HK and 2 >,.HK respectively. For the equilibrium 
of this clement, we have, as before. 


tan ^ 


p,..HK = dF„ = dF,.cosO - .5F„.sin0, 
and j9 ,.HK = dF, = dF^.sin 6 + SF^.cosO. 

(It'nce p,, = = ^j^.cos* 0 — j)^.sin^ 0 , 

HK 


c |> 

and ^ = (Px 1 Pu) d-cos 0 = + i\) sin 20. 

HK 

Again the tangential stress is a maximum when 0 = or the 
coiTcsponding normal stress being ^ip^ — Py)- 

When the \itdike forces discussed above are equal in magnitude, 
sothatlp^l = IpJ = say, we have a type ofstress of great practical 
importance, for then the normal stress on any plane parallel to the 
planes defined by B = \7t and 0 = Jtt is zero, the tangential stress 
being p. The body is then said to be in a state of simple shear. 

An ellipse of stress.—To construct this ellipse, with O as centre. 
Fig. 7-08, and radii OA = p^ and OB = p^, we draw two circles. Let 
CD be the trace of the plane across which the stress is to be deter¬ 
mined ; let ON, the normal to this plane at O, make an angle 0 with 
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the x-axis. If ON cuts tlie two circles in M an<l N. then straight lines 
through M and N and parallel to O.r and Oy resjjectively will 
intersect at a point R on the ellipse whose major and minor semi-axes 
are OA and OB. 



Vr 


The coordinates of R are cos 0, sin 0 ); hence 

OR = CO.S- 0 t sin^ 0 ~ p, 

the resultant stress on CO. Moreover, if OK makes an angle (f> with 
Ox, 

tan (f> = ^*''.tun 0. 

while if y) i.s RON, 

tun v- = tun (0 - ® . 

Vr d- tan^ 0 pn 

Thus OR gives the magnitude and direction of the resultant stress 
on CD. 

IN.B. If one of the stresses is reversed, tlie stress on CT) will lx* 
given by OR, where R, i.s the ‘image’ of R.I 

Principal planes and principal stresses.—When a body is 
under the action of a system of apj)lieti forces which causes whollv 
normal or wholly tangential stresses across <lilVerent known planes, 
the state of stress across another known plane may be deterinincd b\ 
adding vcctorially the various tangential components to give tiu* 
resultant tangential stress; similarly for the normal comj)onents. 

I he j>lunes through a [loint within a mat<‘rial sucli tliat the 
lesultant .stress across each is wlndly normal are called principal 
planes ; the normal stre.sses across them ai-c the principal stresses. 

However complex the stale of stre.ss at a point witliin a material 
it may be shown that three mutually perpendicular principal planes 
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always exist; thus the stress at the point concerned may always be 
resolved into three principal stresses. Physical considerations, as 
tlie sequel will show, often enable us to locate the directions of the 
three principal stresses. 

Hooke’s law and the limit of perfect elasticity.—For many 
sub.stances it is found experimentally that the deformation produced 
by a given stress is directly proportional to that stress; the stress 
at which this linear relationship ceases to be valid is termed the 
elastic limit of the material under examination for the particular 
type of stress applied. The existence of this linear relationship for 
stresses below the elastic limit was first discovered by Hooke in 
1070 and is known as Hooke’s law. If a substance is subjected to a 
stress l)elow the clastic limit it recovers completely when the stress is 
removed, Init if the strc.ss applied exceeds the elastic limit, then the 
substance does not return to its original state when tlie stress is 
lemoved—the suljstance is then said to have acquired a permanent 
set. [At the present time engineers often refer to the elastic limit 
as defined above as the stress at the limit of proportionality and 
define the elastic limit as the stress when the permanent set in the 
material amounts to a verv small arbitrary amount; the difference 
is small and will l)e neglected in all subsequent disemssion.] 

Another definition of the elastic limit is a.s follows; it is that 
stress «Inch produces the maximum amount of recoverable deforma- 
tion. To determine its value exi)erimentally the specimen is loaded 
and th(‘ distance l^etwecn two fiducial marks measured after the 
stress has been removed. I'his process is repeated with increasing 
sti-t'sses until a ]>ermanent set occurs for each stress that is applied. 
.\ gra))h of the permanent .set against the load is then plotted and 
the sti'css at ^^hich the permanent set begins is deduced. For most 
solids these two definitions are practically equivalent. 

In discussing tlie behaviour of materials stre.ssed beyond the 
elastic limit our attention will be confined to specimens which are 
sulqeeted to gradually increasing stretching force.s. 

The behaviour of a solid when the applied stress exceeds 
the elastic limit.—{«) Brittle materials in tension: Cast iron, 
hardened iron. Pf)rtland cement, stone and brick are examj)les of 
brittle sulistances. Fig. 7’09(rt) shows the relation between the 
strain aiul .stress for such a substance. OA is linear so that the .stress 
at A is the elastic limit, but beyond A the graph is curved. The 
point 11 represents tlie stage when tlie substance breaks. 

(b) Ductile materials in tension: The stress-strain diagram for 
a ()-2o per cent carbon steel, obtained autographically, is shown in 
Fig. 7-09(/i). A is the elastic limit and beyond this point the grapli 
curves until the jioint V is reached. Then comes the portion YZ of 
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the curve, representing the stage during whicli there is a large 
increase in the strain with practically no increase in stress; on a 
self-recording sensitive extensiometer the portion YZ appears as an 
irregular wavy line the stress corresponding to Z being less than that 
at Y. Y is called the yield-point, the corresponding stress being 
the yield-stress. In the stage AY the stretch is partly elastic and 
j)artly due to plastic flow in minute particles distributed throughout 
the material under test. Beyond Z the elongation becomes plastic; 



iio. 7-09.—The* behaviour of a solul when the applied stress exceeds 

the elastic limit. 


during the clastic stage the stretch is caused by simple tension but in 
the plastic stage shear stress becomes predominant so that the 
stretch is mainly due to local shear taking place throughout all j)art.s 
of the specimen. As the stress is increased the .stretch proceetl.s 
steadily until the bar is about to fracture. Then a stage with marked 
instability sets in and the piece becomes considerably thinner at one 
point, i.e. the specimen exhibits a local constriction ami a marked 
roughening of the hitherto smooth machined surface of the material 
ajjpears. The specimen exhibits a phenomenon known as necking’. 
Immediately this occurs the stress decreases automatically and tlie 
portion MB of the curve is obtained; the break Anally occurs at H. 
The stress corresponding to M is called the ultimate strength or 
tensile strength of the material under test. Thus the tensile 
strength of a material is the maximum force to which the test 
specimen may be subjected by slowly increasing the load, divided bv 
the original cross-sectional area of the test specimen. .Steel (0*18 
per cent carbon) has a tensile strength of 20 ton.-wt.in.''^, 0-32 per 
cent carbon steel has a tensile strength of 34 ton.-wt.in.““, while 
among timbers, British oak. ‘that synoijym for strength and 
durability’, with a tensile strength of about 7 ton.-wt.in.“^, stands 
supreme if certain foreign woods are excluded. Unl'ortunately oak 
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contains an acid which conodes iron and steel. It is for this reason 
that copper rivets are used in the construction of wooden ships. 

Substances such a.s certain manganese and nickel steels, cupro- 
alloys do not show a 3 ’ield-point so that the transition from the 
clastic state to the plastic state is gradual. 

In connexion with any given stress-strain diagi-am it has to be 
remembered that in the stage be 3 ’ond the 3 'ield-point the greater part 
of the strain for a given stress increment occurs almost as soon as the 
stress is changed but there is a much smaller part of the strain which 
onl\- appears with time, tlie stress being kept constant. Ewing 
refers to this phenomenon as ‘creeping’. It is therefore necessary' 
to specify in a tensile test the rate at which the stress is applied for 
tliis influences the amount of non-elastic strain. It is found that 
beyond the 3 ’ield-j)oint (or the commercial elastic limit as it is 
sometimes called) the gradual reduction in the cross-section of the 
bar is directfy proportional to the strain so that the volume of the 
specimen remains constant. 


Actual stress-strain and nominal stress-strain diagrams.— 
Engineers find it a matter of convenience to specify the tensile 
strength of a material in terms of the original cross-section of the 
specimen. ^lorcover. self-recording machines always give load- 
strain diagrams and tlie mass of the load is only proportional to the 
stiess if the cross-section of the specimen remains constant. If F is 
the .stretching force, S the cross-sectional area when F —► 0, then the 

F 

nominal stress p = . If. however, Sq is the actual cross-sectional 

F ^ 


area, - = P, the actual stress. For stre.sses below the elastic limit, 

^ •'^o that the difference between the nominal and the 

actual stresses is evanescent. In the case of ductile materials when 


stiossed beyoiul the elastic limit, the difference between S and Sq may 
he considerable. It is therefore necessary' to distinguish between a 
nominal stress-strain diagram and an actual stress-strain diagram. 
Such diagrams for a mild steel are indicated in Fig. 7-10. The actual 
stre>s.M-strain diagram can onfy be constructed as far as Mj, the point 
etnresponding to M; but the position of Bj, the last point on such a 
cin ve, inaN' be calculated b}' dividing the breaking load by the section 
of the fracture at break. The actual stress at breakin" i.s much 
greater than the nominal stress. 

The cold-working of metals and alloys.—Suppose that a 
j)io<'C of ductile material has been strained so that its state is repre¬ 
sented bv a point ^V. Fig. 7*11, on a normal stress-strain diagram. 
If the .stress is then reduced to zero and a tensile test carried out 
almost at once, it nill he found that the range of proportionality 
between stress and strain has been reduced and that there is a new 
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yield-point at a stress somewhat higher than that previously ap])lied 
to the specimen. 

Again, when X is reached, let the stress be maintained constant 
for several hours; when the stress is increased a new yield point is 
found. The result of such mechanical treatment wliile the metal is 
cold is to give greater tensile strength to it and to reduce the ultimate 



1*10. 7-10.—NutninnI aiui n<-tual 
KtresB*Htruui diugniinH. 



strain; the metal is sakl to have been eoM worked. W hen a wire 
is drawn through a small hole in a so-call(Kl WruTKi, plate it is cohl- 
worked. Similar effects are produced by rolling it in a mill or by 
hammering it. In addition to the effect already imliced other 
effects of cold-working a metal are to lower its duct ihility, to increase its 
hardness and to diminish its capacity for resisting mechanii-al sliocks. 

Suppose now that a specimen identical with that described above 
w taken to the point W and tlie stress removed and kejjt at zero for 
a considerable time. When a tensile stress is sub.stujuonlly carried 
out thcyield-point is raised considerably; tlius a process of hardening 
has been going on during the iiiterval of rest. 

Ihe hardening effect produced by cold-working may be remox ed 
by a process of annealing, that is of heating the material to a suitable 
temperature and then permitting it to cool slowly. 

Tensile strength of materials. Factor of safety.—The strc.ss 
causing a material to break measures the ultimate strength of that 
material for the particular type of stress useii—for a melal rod 
stretched by a longitudinal pull, it is known as the tensile strength 
of the material. 
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In designing an engineering structure care must be taken to see 
tliat the maximum stress in it shall not exceed a certain fraction of 
the ultimate strength of the material. This fraction is known as the 
working stress. The ratio 


ultimate strength 
working stress 


is termed the factor of safety. In the British Commonw'ealth a 
factor of safety of 10 is usually allow'ed; in the U.S.A. it is often 
only 5. 


Young’s modulus.—Consider a wire subjected to a simple 
longitudinal pull, i.e. it is stretched by two equal and opposite forces 
F applied at its ends, the w ire being free to contract in a direction 
perpendicular to that of the stretching forces. Let r be the radius of 
cross-section of the wire, I its original length, and Al the increase in 


length. Then the longitudinal strain is -r, the stress being —s- 

the material has not been stretched beyond its limit of perfect 
elasticity, 


— (constant) —, 

TTf^ I 


by Hooke’s law. The constant is termed Young^s modulus^ or the 
modulus of longitudinal extensibility for the material of the w ire. 
If it is denoted by E, 





Generally in laboratory determinations of E for the material of 
a wire, the force F at the lower end of the wire is the gravitational 
puli on a load of mass ni carried by a suitable attachment fixed to the 
wire. Then F = mg, where g is the intensity of gravity, so that 


E = - 


mgl 


irr'^Al 


E may be measured in dpie.cm."^, lb.-wt.in.~-, ton.-wii.in. etc. 

Searle’s apparatus for determining Young’s modulus for 
the material of a long wire.—Two wires of the same material are 
hung from the same rigid support, their lengths being about 2 metres. 
Each carries at its lower end a brass rectangular frame from the 
lower sides of which suitable loads may be supported. In Fig. 7*12, 
A and B are the wires while C and D represent an end-on view of these 
frames. E is one of two bars freely hinged to the frames so that one 
frame may be displaced relatively to the other. H is a metal strip. 
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t 


jS 

c 



carrying a spirit level S, and freely moving about a fulcrum M at one 
end. At the other end it rests upon the point N of a vertical screw R, 
operated by the divided head T. The pitch of the screw is U*5 mm. 
and the periphery of T is divided into 50 equal divisions. U’hen the 
head T is rotated thi’ough one division the screw moves 0*01 mm. 

A load of mass 1 kgra. is carried by each wire so that they shall be 
straight and the reading of the screw 
observed when one end of the air 
bubble is at the centre of the level. 

[This permits the position of the 
bubble to be adjusted more preci.sely 
than if it is attempted to adjust the 
bubble to a central position.] The 
load on one wire is then increased by 
1 kgm. so that the wire is stretched 
and the air bubble displaced. By 
rotating the screw this bubble may 
be brought back to its standard 
position. The amount by which the 
point of the screw is moved is equal 
to the extension of the wire. The 
load is then increased in stages uj) 
to a maximum, removed 1 kgm. at 
a time, and readings of tlie screw 
taken for each load. A graphical or 
other method is then used to cleter- 
niine the mean exten.sioii for an 
increase in the mas.s of the load of 


.9 

D 




H 


U 




A 

M 



N 




wk% 


R 



Fi«. — Soailv’ft apparatus 

for investigating tlie stretch* 
ing of wires. 


I kgm. If this fraction is 0, a value for Young’s modulus for the 
matirrial of the wire may be obtained from the formula fcf. p. 27(iJ 


1^ = (') 
ttAo! 


X 


10^ 


Ewing’s extensometer.—To determine the exten.sion of a shoi t 
>ar of material subjected to a tensile strc.ss, 1‘^wini; devi.scd the 
extensometer shown diagraminatically in Fig. 7-13. By its means 
le variation in length of tlic sj)ecimen can he watched continuously 
and it may be u.sed in either vertical or horizontal testing mucliincs. 

Ihe apparatus is clamped to the test piece A by two pairs of set 
HcreWH, Sj and Sg, attached to the clamping piccc.s B aiul C. 'J'hi* 
points of the screw’s are adjusted to a definite distance apart [10 cm. 
^r 20 cm.] so that this distance determines tlu; initial length of the 
Hpecimen whose extension is to be measured. B is an U{)right clamp 
projecting from the lower clamp C and ending in a rounded point 
'vhich engages with a conical hole in a screw attached to the upper 
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clamp B, thus forming a fulcrum about which the clamp B rotates 
when an extension of the test piece takes place. A point Q, equally 
distant from the axis of the test piece and on the opposite side of the 
clamp B, moves relatively to C through a distance equal to twice the 
extension of the test piece. This movement is measured by means of 
a microscope M, fixed in line with C and focused upon a mark on a rod 
pivoted at Q. This mark is a fine line ruled on a glass plate set in an 
aperture in the rod; it is illuminated by means of the light reflected 

from a small mirror. The micro¬ 
scope M is focused on the image 
of the line and any displacement 
of this image is measured directly 
on a micrometer scale in the 
eye-piece of the microscope. Ex¬ 
tensions of the order 2-5 X 10“® 
cm. are observable. The conical 
pocket for the fulcrum P is formed 
on the end of a micrometer screw 
L which may be adjusted to bring 
the image of the mark on the rod 
R to a convenient point on the 
eye-piece scale in M; it also 

Fto. 7-13.-I-;wing's oxtensometer enables the micrometer scale in 
(from Comb. Inst. Co. catnloguej. the eye-piece to be caUbrated. 

When making observations on the 
)>chaviour of a specimen after the elastic limit has been passed, the 
movement may be so large as to carr}' the image of the sighting 
mark out of tlie field of view of the microscope. The screw enables 
tlie image to be brought back on to the scale and the observations 
continued. 

Determination of Young’s modulus for the material of a 
wire by Gravesande’s method.—For this experiment a nickel 




Fio. 71i.—Gravesondc's method for detonnining Young’s 
modulus for t)ic material of ft wire. 


wire, diameter O’OoO cm., and nearh' a metre long is suitable. It is 
lield taut between two clamps, the wire itself being horizontal—cf. 
Fig. 7-14. At the centre of the wire there is suspended a pan, or 
hook, so that the wii'e may be loaded. Let 2/ be the initial length of 




STRENGTH OF MATERIALS 


27U 


the wire and suppose that the depression at the centre is when tlie 
weight suspended is \V. Let be the initial tension in the wire, 
and suppose this is increased to F ^^•hen the wire is loaded; let I -f zl/ 
be the new semi-length of the wire. Let <f> be the inclination (small) 
of each half of the wire to the horizontal, and E be Young's modulus 
for the material of the wire. Then 

W = 2F sin and E. - 

I A 

where A is the cross-.sectional area of the w ire. 


Now 


and 

But 

and 


.sec = 1 -t-= 1 - 1 - — —“ 

/ KA 

F = F„ EA{sec ^ — 1), 

\V = 2 sin <^[F(, !- EA(.sec <f> — 1)|. 

see ^ = (1 -f tan^ <i)* I i . 

2 /- 




sin (h = — ^ , 

-f 




^v/ 


21 '^ ' “I 2/V 


neglecting as in the expressions for sec ^ and sin 

. _ lo\ , 2F„ 

■■ f ^ V/a f.) ' I ■ 

I ut = X and ^ = tj. and then the above equation becomes 

' /■* /=* / / 

I > « I > 

I his i.H the equation to a straight line who.se slope is | ’ 

iiiid which makes an intercept " on the //-axis. Thus F„ and E 
may be d(ttermiiied. 

Ihis rntithod for ileh-rinining li for the material of a wire was 

Lravesande in the euily eighteentli century hut the 
I leulty ot determining the initial tension always militat<‘d again.st 
t iiHii. When the ^raplucaj method, first hv l‘\M*guson,'** 

* .Set. Pray., 22 , 401 , 1028 . 
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is used both E and Fq may be determined. The method is then a 
reliable one. 

The formula just obtained in connexion with Gravesande’s method 
may be derived in a more elementary wa 3 ^ as follows. Let A and B, 
Fig. 7-15(a), be the points to which the ends of a horizontal wire of 
length 21q are fixed; let O be the mid-point of AB and suppose that 
when the ■wire is loaded centrally with a w’eight W the mid-point of 




(b) 


Fio. 7-15.—Grnvesandc’s uiotliod for finding Young's modulus. 


tlie wire descends to C, where OC = i. Let AC = /. If w’e make 
CD = 2.00, tlien zlACD is a triangle of forces giving the conditions 
that C shall be in equilibrium; we have 



Now to calculate a value for Young’s modulus, E, for the material 
of the wire, it is necossarj’ to know the change in the stretching force, 
i.e. F — Ffl, where F^ is the initial tension in the wire. Unfortunately 
is unl\.nown, but if the wire is loaded in turn with weights Wj and 
W.>, and the corresponding depressions and ^2 observed, we have 




and 








21 


0 


F, = JW. i 

2 “ - e 

■72 

f: 2 

/ _ 7 — i?- 
^2 ^0 - • 

-'0 


If A is the cross-sectional area of the wire 
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Or, to use a graphical method, we may write 


F — F 
E = -- ^ 

A 


/ ~ I 


0 


0 


- - "•) " 

EAf^ = V('-\V-2K„), 


or 


W 


EA 2 2Fo 
IJ L 


0 


0 


/ 


0 


Example .—A horizontal steel wire 1*0 inotro long ami 1*00 inin/'^ in 
( * j ^ is 8trotchi-(l between two fixed siij)]»<>rts auid t hen li at 

Its mid-point. A loa<l of mass 40 produces a saj; of o iiiiii. atxl 

a load of 600 gm. a sag of 15 mm. l^educe a value for Young’s iiiodnliis 
for steel. 

Lot /j be the semi-lengdi of the \v ire and Fj the tensi»in in it when die 
oad has a ma.ss of 40 gm. If t'l). Fig. 7 ir){/d is twice tlie sag. \ve have 

ACBD as a force parallelogram and from it obtain ^* = j . or Fj = 10 

^ If*/ ^ gm.-wt. f/j = 50 i-m.] ‘ 

1 '*,2-*® semi-lengtii of the wire and the ti-nsi<in in it ulien ilc 

oad of mass 600 gm. is used, we have, in similar wav. F.> lo.tioo gin.- 
wt. 


Now/i = -^SO’^ + 0-52 = SoVl + = .50 


and = V502 p 1-52 = TmJ \ \ 

Change in strain = 




.50 


t 

■'1 
lo-^J ’ 

.51) 

[>■ 

I 

4 


r>n 

40) 

.50 

1 oV 


= 1-96 X 10»2dyno.em.-2 

The extension of a uniform rod hanging vertically under its 
own Weight. Let 8 he the cro.ss-sectioiial area of tin* n>d .'iii<l / its 
unstretched length. When the rotl is Imnging vertically dow nuauls. 
t*« Hiown in Jdg. 7’lfi{a), let the eoortlimites tit (he side of tin- rod 
•tH i<.ate the distances of hori/.ontal sections in tin- rod lioin its 
upiwrmost end when the rod is not streteh(*<I. Co^.'^idcl. tlicidon-, 

defi^^lT a horizontal portion at A; its position is 

y f hen since the force on the low<*i‘ portion <»1 the roil 
mi**Vi upper ]>art exerts on it aeros.s the horizontal [ilanc at \ 
t balance the weight of the portion of the rod bcloa tliat jihuic, 


where 


j/S .-= (jp^{l — J-). 


- y IS gravity and p the density of the material of the nxl. 
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Let I, Fig. 7*16(fe), be the mean displacement downwards of all 
particles in the plane considered. Then 

and the displacement of particles in the plane x -i- dx will be 

OX 

In Fig. 7*16(6) OA = x, AB = 6x\ when the rod extends under its 


S Fixed support 


A 


Cn) 


S 


X 


x^l 


- W - ^ 

A' _ 

(6) 




Fio. 7'16.—.A rod stretched by its o\m weiglit. 


own weight A moves to A', i.c. i = AA'. At the same time B moves 


to B' where BB' = | 


dx 


dx. Hence the element AB becomes one 


of length A'B', where 


( 


di 


I + A'B' = dx -h dx 

ox 

1 + — I dr. 


)■ 


■ *'"■ - ('+ s 


Hence the extensional strain in the element considered is 

A'B' 

A B ~ dx ~ dx 

If E is Young’s modulus for the material of the beam 

E ^ = 7 > = gp{l — .r). 

(lx 
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the integi-ation constant being zero since at ar = 0, ^ = 0. It 
follows at once that the increment in tlie length of the rod due to its 
own weight is 

E 2 E 

Poisson’s ratio.—W'hen a wire at constant temperature is under 
tile action of two equal but oppositely directed forces a tensile strain 
is produced in the wire. The ratio of the increase in length, J/. to 
the original length, I, is known as the tensile or longitudinal strain. 
Under such conditions careful measurements show that tlie increase 
in length of tlie wire is accompanied by a diminution in the diameter 
of the wire. The ratio of the decrease in the diameter of a stretched 
wire to its initial diameter is termed the lateral strain. For a 
material at constant temperature and not .stressed beyond its elastic 
limit, the ratio of the lateral strain to the longitudinal strain is a 
constant known as Poisson’s ratio, cr. 

Thus if r and (r -f Ar) arc the radii of the wire before and after 

Ar 

straining, the lateral strain is-. 


a = 


(- ■;} - if) 


Later on, cf. pp. 314, 35!), 375, 382 and 403, experimental methods for 
determining Poisson’s ratio for a given material will be tlescribed. 

The change in volume accompanying longitudinal and 
lateral strain.—Let Iq, r^^ and I'q be the length, radius of cross- 
section and volume of a wire. Fig. 7-17. before it is subjected to a pair 



Fio. 7*17.—ill volume aucoinpaiiyiug 
longitudinal mid lateral strain. 


of fltretching force.s, JajI /, r, and V be the corresponding values of 
the length, radius and volume when the wire has been stretclu-d; it 
IS assumed that the wire is free to contract in all directions normal 
to the axis of stretch and that the limit of j>erfect elasticity has not 
been exceeded. Then the fractional change in volume is 




0 



r V 
'u 'o 
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I — ! 

The longitudinal strain, e, is —-—while if a is Poisson’s ratio for 

'0 

the material of the wire, 




ae. 


nee 


(1 ^ (re). 


V - \ 


.(I e) 


]-'■ 


and it w ill lx* ohscrvoii that this strain is always positive except that 

it is zcri) if it _ 0-r>. 

\i a -- 0*2.). a typical value for many materials, we have 


a 


' 2 l(i I 


^- 0-1 


— .5- 

— -j € — I 0 C , 


if tciDis in etc. arc neglected. Again, if c- is neglected, the volume 
strain in tliis particular ittstance is .U, viz. one-half the longitudinal 
.strain. 

Extimplc. W lien an indiarul)l)cr cord is stretched the cliangc hi 
vi>linni' is idinr.st ncLiliLdlilc cmnpurcil with the clmnge in shape, 
ot'i.iin M \alii'- Ixr I'iiisson's ratio for indiurubber. 

L< i / and till' ini t ial Icngi h and radius of the cord which is a.ssnmoil 
to lie circular in cross-sc<-tion. AMien the coril is stretched, but nut 
licyciid lie- cla-iir' iiniii. let the length become /(I -t- a) and the ratlins 
I- ' the \ ohnui* of the cord is unchanged 

(I '1>1 - =-. I. 

'■■■• (1 ::)(! - IV) = I. since /;2 — (). 

ihii l*'.i-s..ii s r.iiin is (,,* : i). wliich from tlic above is 0-5. 

1 he moiiiiliis of rigidity.—\\ lu-ii the state of strain is one due 
to ,i simple shc.-ii- it lias lu-ea shown that the distortion in the 
inatciia! is '.ticli lh.it an element, a ho.se section was originally a 
stpiaic, liccunics Iciictlicncd along one diagonal and shortened to an 
eipial ('.Mtcnt along the other, ii the new section is rotated so that 
t u o sidt's ai c ] larallcl tot wo original sides oft he cube, then tlie angle 
lietwcen the other pairs of sides in their new and old positions is <f>, 
the angle of shear let. Fig. p. 2(i4]. Since Hooke's law is 

valid if tiio elastic limit lor this type of strain is not exceeded, we 
have, ifp is tlie sliearing stress. 

p ii4>. 

where n is a constant for the particular material. Tliis constant 
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is termed the modulus of rigidity for the material. [For metals it 
is approximately 0'4E, where E i.s Young’s modulus for the particular 
metal.] 

Theory of a twisted wire, or circular cylinder, or shaft.—The 
following theoretical discussion is necessary before the method of 
determining experimentally the modulus of rigidity of a material in 



Kio. Theory ol’ii twislfd win? or cylinder. 


the form of a wire can be fully appreciated. Let / be the lengtii of a 
uniform wire [a right-circular c>iiiiderj fixed at its upper end. cf. 
l‘ig. 7'18(a), anrl twisted at its lower end by a hori/ontal couple /’ 
through an angle 0. The material i.s then in a state of pure slu’ur; 
there could be no change in tiu? lengtli of the wire or in its ratlins of 
cross-section a, for if there were the sign of tfie change woultl he 
reversed with that of the couple, and the action of the cylimler untler 
the influence of the couple is essentially independent of tlie direction 
of the couple. 

I>;t OjOg, Fig. 7*l8(/>), be the axis of the w ire of radius a. 1 magine 
that from this there is cut a cylind(*r of radius r, the axes of the two 
cj'Iinders coinciding. lA,*t AB be the unslrainctl jjo.sition of a 
straight line parallel to 0 j 02 and on the surface of this cylinder of 
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radius r. When the couple is applied let B move to C, where 

BOoC = 0, the angle of twist at the end of the wire which is free. 
Now for Bj, a point in AB at a distance a* from A, the shift will be 
BjCj, where 

BiCi _ BC _ ^ 

a: ~ I ~ r 


BA 

r 

Consider now a slice of the material perpendicular to the axis of 
the cylinder and passing tlirough Bj, the thickness of the slice being 
•).r, where, cf. Fig. 7-lS(r), dx = BiB., = CiC.,. Then the angle of 

e 

twist at Bo is (a- d- tia-), i.e. the relative twist between the flat faces 

0 

of the slice Is T.d.r. 


Hence the angle of twist at Bj 



. , , (relative twist) x radius rO 

. . .Angle of shear = - - ... = — 

distance between plane faces / 
Hf*nee the shearing stress, p, is given by 



where n is the torsional rigidity of the material of the wire. 

Now imagine that the wire is cut into two portions by a plane 
thi<nigh O.,, the projection of Bj on the axis, and perpendicular to 
the axis O 1 O 2 . Tlieii the portion to the left of O 3 must be acted 
upon by internal forces of such moment about the axis that they 
b;danee llie couple /'at the fixed end of the wire. To calculate this 
couple consider a small clement of length ds on the ring on the end 
Mu lace ol the left hand portion defined by the concentric circles of 
radii r and (/• : t)i ). Its area is ds.dr, so that the force acting on it is 
.dr. and the moment of this force about the axis of the wire i.s 
jir. ds.dr. Hence the stress on the whole elementary ring considered 
gives rise to a tortjue of moment dT, where 


so that 


dj' ... 'Irrr-p.dr. 







2ir 

Trna} 
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The couple required to produce unit twist (i.e. one radian) in a 
given w'ire is termed the torsional constant of the w ire and may be 
denoted by 6 ; this is a constant involved in the tlu'oiy of moving:- 
coil galvanometers, ef. Vol. V., p. :U2; its value is 77 /^//' ; 2!. 

Alternative method. —The relation between the twi>t j)i()duee(l 
in a wire by an external couple and the dimensions and rigidity of 
the material of the wire maj- be obtained in the follow ing way. v hi(“h 
IS more elementary but not so instructive as that just given. 

When equal and opposite couples are 
applied at the ends of a w ire in planes ^ 

normal to the axis of the wire, the wire is 
twisted, the particles in each layer under- ' - 7 = ^ 

going slight relative displacements with ' i ' ' 

respect to their neighbours in a continuous ' 1 ' 1 

layer. The wire is in a state of shear and 1 ; 

the relation between the angle of twist and 1 ^ T i ' 

the applied couple in terms of the tliinen- 111 ! 

sions of the wire and the rigidity of it.s ' 1 ' ' 

material may be obtained as follows. 1 1 ' ' 

Suppo.se that the wire is fixed at its | 
upper end and that r is the applied couple 
at its lower end—ef. Fig. 7*19. Consider a 
thin cylindrical tube of length /. internal 

radius r and thickness dr coaxial with and twi.sttd who (ulicmu- 
foi’ining ])art of the wire. Let a generating 
line AB on the inner surface of this thin 

cylinder be displaced into the position A(' when the uir<* is twisted. 
If 0 and hence <^. the angles of twist and of shear re.spectively, are 
snmil, wo have l<f> = rO. 

Ix-'t p be the tangential stress, i.e. the tangential force per unit 
urea acting on the base of tlie tube. 'I’hen the force on a small 
element of length bs and in the base <if the tulje is 


Kit;. 7 Tlu uiy o( ti 

twi>tt‘tl Wirt' (tilicrnti* 
li\'c int'lliocl). 


p bn. dr. 

since bn.br i.s the area of the <*leinent. 
about the axis of the tube is 


'i'lu' moment of tliis foiee 


pr bn.hr = it<j>r bn.br, 

since p = ntji, wlicre n is tlie rigidity of the* material of tlie tube. 

Hence the stress on the base of tl»e tube gives rise to a coujile bi', 
wliere 


bl' 27Tii<f)r^ .br. 
'iTTnOr'* br 


I*/ (d.'f - 27T/-.I 
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Now the couple /'required to twist the wire of radius a and length 
I is the sum of the elementary couples which are necessary to twist 
all the elementary coaxial cylindrical tubes into which the wire may 
be considered to be divided. Thus 

“Jo / “ ’ 

as determined previously in a somewhat more detailed manner. 

Variation of the state of stress in a twisted rod.—Let AqBq, 
big. 7*20(r/) be a generator on the surface of the wire of radius a 
before tw isting occurs. Let AB be the corresponding generator on a 



1- i‘i, T-2U.—N'oiiation of tho state of atrt*ss in 

a tMMstod wire. 


( vliiuli i'al siirfaoo of ra^lius ;• and within tho wire; then AB lies 
ill tlu' jiifiHi- When tw isting has occurred let AqBq move to 

A|,(.'„ and Aii to At.’; inorenver. let 0 be tho angle of twist at the lower 
(mkI of the w ile. 'I’lien 


and HC = r^?. 

Also, if (/>„ an«l nvo the angles indicated 


or 



•Vo 


I 


I 


a B(’ 
/ ■ ;• 
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But the <f>'3 are angles of shear, so that the stress p, at elements 
distance r from OjOg is given by 


r r 

p = n<l> = 71.- = - pf^. 

a a 

where Pq is the maximum stress in the \sire. 

Now let us consider the stresses in a [)lane iMyONg. Fig. 7-20(/d 
where 0^0 = ixl, where 0 < a < 1. The two radii OMy and ONy 
are inclined to each other at an angle y.0, i.e. the shearing strain at 
points on the surface of the wire in the j)lane MyONy is given by 

MqNo " • / 

TTT — 7~ ~ 

AyMy a/ 

the strain at BqCq. Hence the shearing stress at a point tle{)ends 
only on r, its distance from the axis of the wire and not uj)on its 
vertical distance from the free end of tlie wire; its maximum value 
Pq, the shear stress at the surface of the wire. 

Determination of the rigidity of the material of a uniform 
wire by a statical method. —The wire \V, Fig. 7-21(«), wliieh 
should be from 2 mm. to 4 mm. in diameter and about 5i> cm. long, is 
soldered into two small rectangular blocks of brass uhich are then 




Flo. 7-21.—DeUtniiiiiiition of lni>ioiinl rij^itiity a statical mctliod. 


clamped by means of the screws Sj and into short hori/oiital rods 
M and N supported in metal uprights A ami B carried in a hettvy 
bed C. The axes of the rods coincide with that of the wirt*. 'J'he 
rod N is fixed into B; the rod M carries u pulley wheel and is free to 
rotate in A. The wheel D carries a cord fastened to it at one end 
while the other end has a scale pan which may be loadtHl. A pointer 
i* is rigidly clamped to the wire at right angles to it.s axis and moves 


over a |>ortion of a circular scale S, gradtiated in degrees ami placed 
right angles to the plane of the diagram. 'I’he pointer may be 
attached to any point along the wire. 

ff m is the mass of the load in the pan, y the intensity of gravity, 
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and R the snni of the radii of the wheel and cord attached to it, 
the torque P applied to the wire is given by 

/' — mgR. 

If / is tlie flistance of the pointer P from the fixed end of the 
wire of radius a. and 0 the angular deflexion of the pointer P. the 
rigidity of the material of the wire is given by 


n — — -- - . 

ttOu* 


In experiments with this apparatus any error arising from the 
fact that the axis of the wire may not j)as.s through the centre of 
the pulley may be eliminated by twisting the wire in both directions 
using the same loail in the juin, and finding the mean angle of twist. 

Experitnent. - Let us suppose tlint three wires suitabh* for use in the 
iibo\'e apparatus are available and are such that two have e(|ual radii 
but ar»‘ of dilTerent materials, wliile two have unecjiial radii but are of 
I l»e sauu’ tuat erial. 

(</) I'siim one of tlie wires and ilie })ointer near to the wheel D jilaee 
iliffereiit inassos in the seale pan and observ e the corresponding angular 
dflk'xjons of t 111 ' pointer. 'I’lu* abov<‘ formula suggests that 0 is direetly 
proportional to in: verity this graphically. 

(h) Keep tlu* mass suspended from the cord constant, while' a si*ries of 
readings of ilu' angular twist is taken with the scale and pointer in 
various ) n isit ions a!* nig I lie wire. i.e. for various values of /. In order to 
oliiain the twist for eaeh value of / ii is neeessnrv' to oliserve the seale 
reading when the wire is in its normal imslrained i-ondition. ami tlien 
when the fixeil mass is in the seale pan. 'Fhus the twist 0 for various 

0 , 

values ot / is obtained. I se a graphieal means to show tliat ^ is constant 
for a iriveii wire. 

(«•) ('ompaie t lie moduli of rigid it y of the wire's e*f the* same raelius but 
differi'nt materials, Le*t the e-onuiion raelius be a, while* /q anel 
the rigidity moduli. I''or e'ae-li wire* vary ni and the* peisitieni of the 
planter along tlie wii-e. Neiw, in ge'iu-ral, the e'ejualion given above- 
mav be writ ten 


0 


r 


ft 


(ml). 


w'l r is a mu.staiil. Hnin* if plot 0 a^aiiisl m/ the slope of the line 
\s ill he inversely jfri»p<»rtional to the riyichtv' ft. Thus, from tlie slopes 
<•!'tile l\M>f'ra[>hs whieli ina\ hi* consti‘uo(0(l llie moduli i>f rij^iilitv' may 
he i'i nupiired. 

('/) In a similar vNae, usintz two wires of utaH}ual railii but the same 
inalerint, show that a eonstant h'Utfth i>f the \viri*s ami a constant 
mass in tin* seale pan thi' an^xular deflexii.in in inversely proportional to 
the fourth power of the radius of tlie wire. 

(r) t’sin^^ a sia ies of ililTiaent masses and diflerent v alues f>f / for the 
same mass, show, h\' moans of a liraplueal methoil, that tftl - kO. when* 
M IS a eniisiiiot. iJediiee k from ilu* slopt* of the line, anil hence deter* 
nunt‘ It. tla‘ muilulus of riixiditv* for the material of the wire under test. 
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To determine the torsional rigidity of the material of a wire, 
using torsional oscillations [and to compare the moments of 
inertia of rods about a specified axis].—The aj)paratus is shown 
in Fig. 7-22. The suspension wire PQ, Fig. l-22(ti) [preferably of 
phosphor bronze if two moments of ijiertia are to be coinj)ared]. 
carries a metal cradle A to which is attached a plane mirror M. by 
means of wliich an image of a horizontal .scale about one metre 
from the mirror is reflected into a horizontal telescope T, a.s indicated 



of tho luati'i ial of a vvii*-. 


*n big. 7’22(i). The wire is .soldered to the rod K, passing at rigid 
angles through another rod winch serves to support the suspeii- 
Mion as in Fig, 7'22(c). If the screw D is ioo.sened Itj may he rotated 
and the mirror set parallel to the scale. A wooden box. provided 
With two gla.ss sides, protects the ujiparatus from draughts. 

•The telescope and scale, tlie latter being illuminated by a lamp, 
are adjusted so that the image of a point X on tlie scale is on the 
cross-wire of the telescope. X is marked by a black arrow. 'J'he 
cradle is set into small torsional os(rillations by a slight twist, care 
leing taken not to produce pendulum o.scillations. A chronometer 
fa used for timing the oscillations. If two ohscTvers are working 
together, one observes the transit of tho image of the mark X across 
c wires in the telescojie, giving a sharj) taj) when this occurs so 
»at the j^cond observer may note the time of its oceurrenee. The 
mean period is deduced in the usual w'ay. 

A metal cylinder is then jilaced in the cradle so that the* axis of 
suspension passes through the centre of gravity of the cylinder. 
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If the telescope has been adjusted so that the image of the point 
of the arrow is on the horizontal cross-wire, the c^’linder is moved 
in the cradle until this view is restored. By this means it is ensured 
that the moment of inertia of the cradle about the suspension axis 
is imaltered, and that the appropriate moment of inertia is that 
referred to an axis through the suspension and through the centre 
of gravity of the cylinder. 

The period of the cradle and cylinder is then foimd using one of 
the weli-lcnown methods. 

The differential equation expressing the motion of the cylinder 
and its cradle is 

+ 66 = 0 , 

w’here 6 is the angular deflexion, 6 the torsional constant for the 
suspension, and I is the moment of inertia of the sy.stem about its 
axis of rotation. But 

^ 287]. 

21 

so that the period T is given by 



Unfortunately I is not the moment of inertia about the axis of 
suspension of the cylinder alone, for the cradle has a definite, but as 
yet unknown moment of inertia about the above axis. It is for 
this reason that it is necessary to determine the period of the cradle 
alone. 

Let Tq be the period of the cradle, Tj that of the cylinder and 
cradle together. Then 



where Iq and Ij arc the moments of inertia of the cradle and of the 
cylinder about the axis of rotation. Now I, may be calculated 
from the dimensions of the cylinder [cf. p. 73]. Squaring the above 
equations and eliminating Iq, we obtain 

6 = 

(Ti^ - To-) 


Hence 



It remains to measure the length and radius of the wire. 


Since 
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the fourth power of the radius occurs in this formula, it is ncoessarv 
to measure the mean diameter of tlie wire with considerable accuracv. 
If it is permitted to remove the wire from the rod Rj and the cradle, 
the mean radius may be determined from observations on the 
apparent loss in mass of the wire when it is susj)ended in water 
at a kno^vn temperature from one arm of a balance. Otherwise a 
micrometer screw gauge must be used. 

If the object of the experiment is not to find the modulii.s of 
rigidity of the material of a wire but to compare the moments of 
inertia of two bodies about a specified axis it is not necessar\' to 
find b or to know the dimensions of the wire. For if T., is the 
period when the second cylinder is in position, and L its moment 
of inertia about the axis of suspension. 



Hence 


Li ^ Tj* - V _ (Ti - ToHT 


1 


T„) 


I 


T. 2 _ 1 


^ 2 
0 


(T, - T„)(T, t T„) 


The rigidity of a metal wire and its variation with tenipera- 
In these experiments by HoRToNf on the variation of tlie 
rigidity of the material of a wire, the wire under test and the \ il)iator. 
|.e. the body it carried at its lower end, were enclo.sed in a vajiour- 
heated jacket A, 7-23(a). The vapour entered at the uiiper end 
and escaped from the lower end into a condenstu* from wlii<h it 
returned to tlie boiler. In this way there uas no variation in tlu* 
nature of the evaporating liquid. 'J’he wire \V was held at both 
Its ends in clamp.s specially designed .so that the wire was tiglitly 
gripped all round its circumference across one right circular section, 
VIZ. at the ends of the jaw's. To make such a clamp the steel rod 
B carrying the wire was turned down as in Fig. l-'2‘Uh), and fitted 
''"ith a steel collar C. A slot i> parallel to the axis of B was tlien 
made in this rod near to its lower end ami a liiu’ slit S made. A 
'l^ry thin piece of metal was then inserted in the slit, the collar 
placed on ami screwed up tightly by means of the .seix^w H. A 
ole was then drilled down the axis of tlje rod of the same diameter 
as the wire to l>c used {No. 20H.w'.g.j. The wire under test could 
then be placed in jjosition. 

Fhe vibrating body P w'as a circular disc of gun-metal, g in. thick 
and 5 in. in diameter, U) the under side of which a plane minor 
Was attached. To increas<? the moment of inertia <jf tlie vibrator 
about its axis of rotation, a circular ring K could be attachetl 

t Horton, Phil. Ttum.. A. 204, 1. 1005. 
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to P. It fitted into a circular groove formed by turning do^vn the 
edge of the upper face of P. The ring fitted the groove exactly 
so that it was easily placed centrally on the plate. 

To set the plate in vibration, without swinging it like a pendulum, 
two intermittent jets of air were directed on the underside of the 
plate in such a manner as to cause it to rotate about a vertical 
axis through its centre of giavity. By properly timing these jets, 
the amplitude of the vibration could be quickl 3 ' increased. 



To condenser and boiler 


Fi<'r. 7*23.—Kxperjinentnl investigation of the variation of rigidity 

with toinporature. 

The temperature of tlie interior of the apparatus was given by 
two rnercuiy-in-glass thermometers, specially standardized at the 
National Physical Labroatoiy. The stems were surrounded bj-^ 
water jackets maintained at a constant temperature so that the 
correction for stem exposure was more easil\' applied. 

To time the vibrations accurately' a second plane mirror M.> was 
arranged below ]\Ij. Mg was fixed and parallel to when the 
latter mirror was at rest. A flash, of period 1 second, was observed, 
after reflexion from both mirrors, tlirough a telescope, the field of 
view of whicli was so large that the two images of the flash were 
always seen, one occurring in the same position, and the other in 
a dilferont pai-t of the field according to the position of the moving 
mirror when the flash occurred. If a second signal happens exactly' 
when the two mirrors are parallel, the two images of the flash 
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coincide; from these ‘coincidences’ the j)ei'iod of th(* vihratinji 
system was deduced. 

Usually the method of coincidences is aj)j)licd to (he comparison 
of times which are very nearly equal. Hoi-ton followed a sug<iestioti 
made by Poynting, whereby the method could be apjilied to com¬ 
pare two periods even if they were quite different. In order to 
illustrate this, let us as.sume that the time of a complete vibration 
is 4*116 seconds. This has to be compared with tlie 1 second periotl 
of the flashes. Now suppo.se that the two imaj^es of the flash as 
seen in the tele.scope have just coincide<l, and let us call the second 
which this coincidence occurred 0. Then after 4 seconds the 
t"o mirrors will not be exact!}' parallel again, ainl tlie flashes 
observed in the telescope will consequently be some distance ai)art. 
oince the period is greater than 4 seconds, the moving mirror will 
not yet have become parallel to the fixed one. and the moving flasli 
will appear to have fallen short of its zero position. If. however, 
"c wait for such a number of seconds, h. as is very neai l}' an inti-gral 
niultiple of the time of vibration, then at tlie ?dh flash the two 
mirrors will be very nearly jiarallcl, and the flasln^s Mill very nearl}- 
coincide. Now 9 x 4*11() = 37*(I44; therefore after 37 .-econds, the 
moving flash will appear very near to the fixed one, foi' it would 
<Jnly take the sivinging mirror 0*()44 .second to be<’omc‘ paiallel to 
the fixed mirror. As before, since the multiide of the time <tf s\\ing 
IS (p’eater than 37 seconds, the flash will appear to have falh-n short 
n its po.sition of rc.st. Noiv suppose that we go on counting the 
seconds, calling the flashes after the 37th, one, (\H), etc., ami tljen 
wtarting at one again, and so on. Kverv 37th flasli will :ip|)eai- tr> 
mve lost on the po.sition of the prec-eding 37lh, i.e. to have moved 
urther away from the central fixed ll.-ish. As this goes on tin- 
number 1 flash (i.e. the one next aftiT the 37th) will be getting 
nearer and nearer to the central fixed flash, until after a tinu* it 
coiiicide.s with it. 3’hen it is evident that tin* moving rnirroi* will 
lave lagged behind one complet<f .sceoml. for it takes one second 
nnger to become jiarallel to tlie fixed miri’or. Suppose that when 
this happens N sets of 37 secoiufs have been eount<‘(l. 

therefore inukcH 9N vibrations ir) ^ 1 seeorxls, 

if T iH the period of vibration we liuve 


9NT = 37N » 1, 


or 


'J’ - 


/37 1 \ 

'{ I sec 

V 1) 9N/ 


oin 


Is. 


A slight departure from the above nH*thci<l (jf timing was made 
*n ^he actual experim<*nt owing to the fa<*t that an exaef c-oincidi*nce 
a very rare event—for details of this the original paper mii.st 

ne consulted. 
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Corrections were made for the change in the linear dimensions of the 
wire and vibrator ^vith temperature, their coefficients of linear expan¬ 
sion being measured with the aid of a standard metre-comparator. 

From the results obtained it was found that the modulus of 
rigidity, except in the case of pure copper and steel (pianoforte 
wire), was not constant for a given material at a fixed temperature, 
but increased with time. For pure copper and steel there was a 
diminution in rigidity with increase in temperature, the relation 
being a linear one. In the case of gold, iron, tin and lead, the 
relation is such that it suggests that if the ‘time effect’ referred to 
above could be avoided, the relation would be a linear one. 

The moduli of elasticit}'^ were calculated from the equations 
alread 3 ’^ given in connexion with this method, the mean diameter 
of the wire being obtained by the use of the hydrostatic method 
there suggested. 



II 

m m 

li 


V 
(a) 







The torsional rigidity of fused quartz.—A similar apparatus 
to that just described was used by HoRTONf to determine the 

modulus of rigidity of fused quartz and its varia¬ 
tion with temperature. Boys had already sho\vn 
that in dealing with fibres made from fused 
quartz it was necessary to keep the mass 
constant when the moment of inertia of the 
vibrator about its axis of rotation was altered 
[cf. p. 240]. In order to fulfil this requirement 
Horton used a vibrator made of two parts; 
it comprised a brass rod and a brass cylinder 
with two holes drilled in it, one along its axis, 
and the other perpendicular to its axis and 
passing through its centre of gravity. These holes 
were the same diameter as the rod, so that it 
could be attached as in Fig. 7-24{a) or (6). The 
other experimental details were not materially changed. At 15° C. the 
modulus of rigidity' for fused quartz was found to be 3*00 X 10*1 
dyne.cm.~-; the modulus increased with temperature. 


U 

(A) 


Vin. 7.24._Vibra. 
lor for use in 
torsional expert* 
luonls on quartz 
fibres. 


Maxwell’s needle used as a vibrator in experiments on 
torsional oscillations.—Maxwell’s needle is the name of a very 
convenient vibrator for use in experiments designed to determine 
the rigidity' of the material of a wire b^* a d^’namical method. It 
consists of a brass tube into which four equal pieces of brass tube 
maj' be slipped, the length of each piece being exactly one fourth 
of the tube into which they fit. Two of these are hollow; the 
others are filled with lead [or they ma^' be rods of solid brass of the 
ap])ropriate length and diameter]. The long brass tube just fits 


■f Horton, F/iiV. Trans., A, 204, 407, 1905. 
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into a short brass tube A, Fig. 7-25(a). carrying a mirror M rigidly 
attached to a short thick brass wire B passing vertically through its 
centre. The wire W, wliosc rigidity is required, is attached at its 
lower end to B, its upper end being held in a suitable clamp. 

By placing the tubes as shown in Figs. l-25{a) and ( 6 ) the moment 
of inertia of the system about the axis 
of oscillation may be varied consider¬ 
ably. Let these be denoted b}’ and 
I 2 . Ii being greater than Ig. The i)eriods 
Tj and Tg are then determined by one 
of the usual methods. In order to deter¬ 
mine the rigidity of the material of the 
wire it is necessarj' to find an expression 
for (Ij - I2). 

Let 4a be the length of the long tube, 
and m the mass of lead in each tube 
containing that metal—this mass is the 
difference between the mas.s of sucli a 
tube and that of an empty one. [If two 
solid brass rods are used, the difference 
in mass between one of them and that 
of an empty tube must be found.] Now 7 . 25 .—Muxwfll's ncitU.*. 
the moment of inertia of a uniform rod 

of length a about a vertical axis passing through its centre of gra\ it\ 
[cf. p. 68 ] is Hence the moment of inertia of the lead in 

(a) is, by the theorem on p. 70, 







1 -* ^ 


^ CL 

i 


(a) 






(l>) 


2m[-iW H 

In the second instance it is 




Hence the change in the moment of inertia about the axis of 
rotation of the system is Ama^, for tins is the difference between 

the two expressions just obtained. 

The above expres.sion might liave been written down at once, 
for the change in the moment of inertia of the .system about the 
vertical axis through its centre of gravity has been brought about 
by displacing the maas-centres of the two lead j>ortions through a 
horizontal distance cciual to a, viz. (:]« — so that the change in 
the square of the radius of gyration is 


AiUf - (laf\ = “IzA 

Let Tj and T^ be the periods of oscillation corre.sponding to the 

20 
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two arrangements (a) and (6). If Iq is the moment of inertia of the 
tubes, mirror and rod B, about the axis of rotation, then 

Tj = 27r To = 277 



+ Ii)* 


and 


477^ 

~b 


(Iq + I 2 ). 



Thus the value of b, the torsional constant for the wire, may be 
calculated. When the diameter of the wire and its length have 
been found, the modulus of rigidity of the material of the wire may 
be deduced. 

Example .—Prove that if a number of wires are joined end to end the 
torsional rigidity, i,e. P -i- 6, where the symbols have their usual 
meanings, is given by the same formula as that for a number of resis¬ 
tances in parallel. Hence find the torsional rigidity of a tapering wire of 
length I in terms of the rigidity modulus of its material and its end radii 
a and 6, where b > «. 

If you were provided with a metal wire of circular cross-section but 
whose diameter varied in a non-uniform manner along its length, 
indicate how the formula you have obtained would be modified so that 
it iniglit he usetl in an experiment to determine an accurate value for 
the rigidity of the metal, 

\\’ith the usual notation, wo have 


ima*0 



Hence for wires characterized by Ij, a^, rij, 6^; a^, n^, 6^; 

ha VO 


. . . we 


^ ^ ' 2ir “ - ^ 77 “ 


r 2/, 2U 2h 1 

••• ^(0) = r —S -f- —-S + ... -f —^ + ... 


TTHtjak^ k 

'2lk 

TTHka^ 



winch establishes the proposition. 

Now consider a length dx of the wire shown in Fig. 7*26(a); let the 
mean radius of the cross-section at a distance x from the zero end of the 
wire bo y, whore 

/b — a\ 

y = \ 
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If (50 is the twist between the ends of this element, we have 

r - 

2A.r ’ 

r un (b — a 1 


/ rm (b — 
^ ^ ~2 \ [ 


X -h 


"/ dx' 


1 f^'-'de 2 dx 

(r\ ~ \ r “ TT/i (b - « 

U ‘'o(—p-.;+aj 

2 1 I r 1 11 

3‘7m'0 - a “ad* 

Torsional ng.dity = 5 . „,rr„ir+P' 

A longitudinal section of the non-uniform wire is shown in Fig. 7-26{6). 



Fio. 7'26.—The tursional rigidity of wiivs 
of varying diuiiietor. 


As before, for un element of length dx, we have 

/’ mil/* .dx 


Hence 


/’ mil/* 

M “ '2dx' ^ ^ 



«ind this summation must bo effected graphically after measuring the 
diameter of the wire at different sections and plotting the grapli showing 
how y-* varies with z. 


A bifilar suspension; correction for rigidity.—(a) Parallel 
cords. When the suspending cords or wires are parallel, let Fig. 
7*27(a) bo a plan of the apparatus; the diameU^rs of the circles 
which represent the cords are much enlarged. Let L be a lino fixed 
in the section of a tvirc adjacent to the bar carried by the su.spen.sion. 
When the bar has rotated through an angle y) about the vertical axis 
through its centre O, cf. Fig. 7-27{6). the line L will not have altered 
its position relative to the bar, i.e. the twist in the wire will be ip. 
Hence if is the radius of cross-section of the wire and A its length, 




Nl 

-2dj 


l-’icj. 7-27.— 


(e) (f) 

A bifilar suspension; correction for rigidity. 


the additional restoring couple exerted on the bar by the wires and 
duo to their rigidity will be 


o I _ ntuxQ^ 

"V 2X / A ’ 


wliere /i is the rigidity of the material of the wires. Hence, cf. p. 143, 
the equation of motion for small oscillations becomes 


T 7Tna(,*\ ^ 


i.c. if I = T7iK-y where tn is the mass of the bar, etc., 

™ , / I A 


T = 2 


7TK 


^•> ^ TTnap- g 
iruf 
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(6) Non-parallel cords. In this instance, using the same 
notation as on p. 142, let Fig. 7‘27(c) be a plan of the apparatus in 
its position of static equilibrium. When tlie bar i.s displaced througli 
an angle rp as in Fig, 7-27(d), the fixed line L in the bar will have 
moved through an angle y but the twist in the wire, as measured in a 
plane normal to its axis, will be yy cos a, where a is the inclination 
of a w'ire to the vertical. To prove thi.s we have to note that when 
the suspended bar is displaced, the supporting wires do not only twist 
but bend slightly at their ends. If it is assumed that the energy 
associated with this bending is small compared with the total 
potential energy, then it may be supposed that each wire is attached 
to the bar AA|, Fig. 7-27(e), by a hinge which allows the end of the 
wire AB to rotate freely about an axis AN normal to the length of 
the wire; similarly, the wii-es must be hinged at B and Bj. when 
the appropriate axis for AB will be BM. The angle of twist in the 
wire AB is then the angle between the directions AN and BM; in 
practice, BM will not rotate. 

If AAj = 2aj, then when the bar rotates through an angle y', A 
moves through a distance a,y», normal to the plane of the paper, if 
yy is small. The line AN will therefore move through an angle 




AN 


ffj sec a 


yf cos a. 


The couple exerted on the har and due to the rigidity of the 
wires is 


(f\'TrnaQ^yy cos a*] _ nnaQ^yy cos a 

"L J ” ■ 


To derive the equation of motion let us proceed from first principles 
and consider the energy of the system. Let the coordinates of A 
before the bar is di.splaced be (a,, 0,0) and after displacement 
through an angle yy be (a^ cos yy, a^ sin yy, z), where z is the small 
vertical rise of any point in the bar. Since the length of each wire 
remains constant. 


which gives 


~2hz ■\ 2 * — 2a^a.^ cos yy 2a^a., = 0, 

or if 22 2 * 2 , 

hz = a^a.^(l — cos yy) — Uyi(i.,yy^, 

since yy is small. 


. . Increase in potential energy = nujz = 


2h 
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Now the elastic energy associated with the wires is 
2[^(final couple) X (final twist)] = 2 ^ ^ V^cosaJ 


1 TTTlUo^ cos® 

2 * I 


Hence the total energy of the system at the instant considered 
will be 


' ^ I 2h 


1 TT/IOq^ cos® 


a 

“ ¥ 


and this is constant. Since X = k sec a, by differentiating we 
obtain as the equation of motion, 


^ L 2h 


TTVOq* cos® 
2 * 




27T 


27TK 



jrtffaiGg 

Tmag* cos® a 

h 

+ h 

/ '' 


ga^a^ + —-rWo^cos^a 
in 


Bulk modulus and compressibility.—If a body of isotropic 
material is subjected to three equal compressive stresses mutually 
at riglit-angles, the stress on any plane in the body is wholly normal 
to that plane. Let V be the volume of a body of isotropic material 
when subjected to a pressure p. When the pressure is increased to 
{p H- (>p), let the volume of the above body become {V + dV). Then 

dV 

tlie strain due to an increase in stress, dp, is —^, the negative sign 

being necessary since an increase in the stress is accompanied by a 
decrease in the volume. In this instance, the appropriate elastic 
modulus is termed the bulk modulus of the material. If it is 
denoted by it is given by 



stress 

strain 


increase in stress 
increase in strain 
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[It is essential to use a partial differential coefficient here since, 
in general, p is a function of other variables tlian r, e.g. the temjjcra- 
ture.] 

Usually this type of strain is caused by subjecting a bod\- to a 
uniform increase of i)ressure. 

The reciprocal of the bulk modulus of a substance is known as 
its compressibility, k. It can be measured, not quite directly, 
for fluids, but for solids it is more usual to calculate it from their 
moduli of extensibility and rigidity by formulae we shall shortly 
proceed to establish. 

In solids it is found that, whether the change in stress occurs 
adiabatically and reversibly, i.e. the change is isentropic, or slowly 
at constant temperature, i.e. isothermally, the bulk modulus does 
not vary appreciably; but in gases and liquids it is very important 
to specify exactly the conditions under which the change in stress 
occurs. [Cf. Vol. II.] 

The bulk moduli of an ideal gas at constant temperature and 
at constant entropy.—(a) Let p and v denote respectively the 
pressure and volume of unit inas.s of gas. If the ]>ressure becomes 
ip + 6p), let the volume be {v + dv). If the gas is an idea! one 
maintained at constant temperature, the relation between the above 
changes will be given by Boyle's law, so that the product pv is 
constant. Differentiating, we obtain 


p.dv + V. dp = 0. 


Hence 



The bulk modulus is therefore given by 


a ^P 

ftr = = P> 

ov 

which means that the bulk modulus of an ideal gas at constant 

temperature is equal to the pressure to which it is subjected. 

[N.B.—The pressure must be expressed in absolute or gravitational 
units.] 

(^). lor a reversible adiabatic (or isentropic) expansion of an 
ideal gas pv^ = constant, where y is the ratio of its two principal 
Hpeciiic heats. If is the corresponding bulk modulus we have 

[t) = 

, \ dv/s V 

1 . 0 * 
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On the relations between the elastic constants for an 
isotropic material.—The following relations between the elastic 
constants E, n, ^ and a are very important in physics, and the 
applied sciences of engineering and metallurgy. 

(a) Elementary treatment-. The elastic constants E, < 7 , n and 
have already been defined; we shall now show that for an isotropic 
material only two of these constants are independent, i.e. when two 
are known the others may be calculated. 

Consider a cube of the material. Let c be the natural length of 
each edge and suppose that the cube is subjected to three equal 
tensile stresses p, each normal to one pair of faces of the cube. 
Let e be the strain. Then the new volume of the cube will be 
c*{l + e)® = c®{l + 3c), if terms in and lugher are neglected. 
Hence the bulk strain is 3c, and /?, the bulk modulus, is given by 


3c 


If the applied stress acted 


only on one pair of opposite faces the 


extensional strain normal to them would be where E is Young’s 

modulus for the material of the cube. This, for example, is the 
strain along AB (or any line parallel to AB), Fig. 7*2S(a), due to 
a stress parallel to AB. When, however, all three pairs of extensional 
stre.sses operate. ])art of the strain in AB will be due to the other 
pairs of stres.ses; each of these additional stresses will produce in 


AB a strain —<7 where a is Poisson’s ratio, cf. p. 283. 
total extensional strain along AB is 


Hence the 



V 


Equating values of in equations (i) and (ii) we get 




Con.sidcr next the same cubical block with a uniform tensile stress 
p over one i)air of opposite faces, an equal compressive stress over 
another pair of faces and no other stresses; these are shown in 
Fig. 7-27{5). Let L. M, N and Q be the mid-points of the sides 
AB, BC. CD and DA. respectively. Consider that portion of the 
cube for which ALQ, cf. Fig. 7*27(c) and (d), is a cross-section. 

The external forces acting on this portion of the cube are (i) 
vertically upwards; (ii) sidewards to the right and (iii) the 
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force wliich the rest of the cube exerts on it. The resultant of the 
two forces is 

2(icV) ^ = jyicV, 

and acts parallel to LQ. For equilibrium the force whicli the 
remainder of the cube exerts on the portion ALQ must therefore be 



Fio. 7-28.—Tlio rolutions txstwoen thooliistic conatunts 

E, a, H und fi. 


8 .nd it must act in a direction parallel to QL. But the area 

of the face QL is ^cV^.c = Hence across LQ tliere is a 

shearing stress p. 

Fig, 7-28(e) shows the portion LRINQ of the cube and the system 

o stresses acting upon it. In consequence of these stres-ses the 

square LMNQ will become the rhombus L,M,N,Q,, ns shown in 
Fig. 7-28(/). 

Now MiQj = c 




1 


V 
+ E 


V 

eJ’ 


HO that the extensional strain 
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P 

along MjQj ^ (1 + cr); similarly the strain along LjNj is a com- 

P 

pressive one of amoimt = (1 + a). 

P 

Let € = g (1 + <t); then the new lengths of AB and BC are 

7T 

c(l + €) and c(l — c), respectively. Let L^QiNj = — — tf>, where 
(j> is the angle of shear, and consider the A LjN^Qj. 

LjNj^ = (N^Q^ — L^Qi sin <l>f + (L^Q^ cos (f>f 

= -i- LiQ,2 _ 2 NiQi.LiQi sin 

■ sin 4 > = 

2 LiQi.NA 

But LjQi^ = AjL^s + AiQi^, and L^N^^ = 

= 2[A,Li'^ - A^Q.^] 

= 2(AiLi — AjQj)(AjLi + AjQj) 

= Ic(l + €) - C(1 - €)][Jc(l + e) -f Jc(l - e)] 


Since L,Qj2 ^ jc^, 


= 2ch. 


<l> = sin (f) — 


2ch 


= 2€. 


p = n<f> = 2n€, 


j.(‘. 


€ = 


JL 

2n 


But e = — (1 -f- o) ; hence 2h = —^ — 

E I + <7 


E E 

Since 3d = - r- and 2n — - -, we may eliminate a from these 

^ \ — 2a 1 + 0 - 

two equations and get 

3 1 9 


— + — - — . 

« /? E 


Similarly, it may be proved that 


E , 3/3 - 2n 
2 n 6^ + 2n 


{b) Analytical treatment: It has been shown that when a uire, 
whose material is isotropic, is stretched, there is an elongation in the 
direction of the applied stretching forces, and a contraction in all 
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^ections normal to the above. Now consider a unit cube of an 
isotropic material subjected to three stresses, the directions along 
which they act being parallel to the edges of the cube. Let p^. p., 
and P 3 be the stresses and Cj, £3 and tg the corresponding strains. 
A stress is considered positive if it tends to elongate the body along 
the direction in which it is applied, i.e. a tensile stress is a positive 
one. Then will depend upon p^ and also involve p.^ and p^ 
symmetrically. Thus we may WTite 

fi = Api -f fl{p^ + P3), 

€2 = Ip^ + fi[p^ -f pj), 

^3 = + fi{Vi + 

where X and fi are constants. These equations may be solved giving 
the p s in terms of the e’s. Thus we may ui ite, 

Pi = Aci + p (€2 + C 3 ), 

P2 = Acg + p(€ 3 + ej), 

p 3 = ^€3 + p(€i + ^ 2 )- 

A and p depend on the nature of the material of the body under 
consideration. 

(i) Let the pressure on a body in the form of a unit cube be reduced 
by an amount p, so that it expands: let A be the dilatation, the ratio 
of the increase in volume to the original volume. Then 


and 


Pi = pg = P3 = —p, 

d = €1 + €0 + ^3 


= 3c. 

Since the strains are all equal to one another, say c. 
Hence 

—p = (A + 2 p)€ = J(A + 2 p)^, 


so that 


^ = - j = i(A + ifi) 



(li) Now let the applied stre.ss, p, be directed along an axis 
parallel to one of the edges of the cube, i.e. pj = p, and p 2 = pg = 0 . 
Ahis is an instance of a simple longitudinal pull, u longitudinal 
extension in the direction of the pull being accompanied by a lateral 
contraction in directions normal to that of the pull. 

Pi=P = Af, + p(€2 + C 3 )- 


and 


^ — Acg + p(«3 + fi), 

0 = Aeg + p(€i + fg)* 
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In consequence of the last two equations, eg = € 3 . Hence 

(A + fX)€2 + = 0, 

SO that ( 7 , Poisson’s ratio, is given by 





Now j) = Xci + 

and = — (Tfj. 

Hence p = [X — 2afi)e^ 

so that E, Young's modulus, is given by 


E = ^ = A - . . . (ii) 

(iii) Consider now a unit cube which is sheared, the shearing stress 
being given by p-^ = —p.^ = p, and p^ = 0. Then 

p = Aci + fx{€^ + 63 ). 

—p = Ae^ + J«(C 3 + Ci), 

and 0 = Ae 3 + //(cj + eg). 

Adding the first two of these equations we find 


0 = (A + ^)(€i + € 3 ) d- 2/Z€3, 

and, if we use the last of the above equations to eliminate (cj + € 3 ) 
from tliat just obtained, we have 


Hence 


0 — — {A+ /ijACg + 2fi~€^. 

€3 = 0 , and therefore €j + €3 = 0 , 


unless A^ + fiX — '2fi^ = 0 , 

i.e. X = p. or A = —2fi, 

and this will not occur in practice unless either, as the immediate 
sequel shows, « s= 0, or ^ = 0. If we \\Tite e = Cj = —€ 3 , we have 


p = (A — p)€. 

But € = h<l>. where <f> is the shear strain [cf. p. 267]. 



7i = ^ = A{A — p) 
9 
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It has just been shown that 


son 


and 


a = 


3/9 = 

IJ 


2/i = 

= A - //■ 



and 

A — fi + 3'^ 


^ - S« 

3/9 - 2/1 


2^ 4- §« 

(i/9 -f 2/i 


(iv) 


E = {A — ’2(iu) = 


98n 


(V) 


Also X. 

3/9 + n 

after substituting the values for A, fx and a already found. 

The above relations for E and for a have been establislied because 
they are obtainable at once from the relations between A and fx, 
and the elastic constants /9 and n. Now, in practice, it is found 
that usually E and n can be determined more readily experimentally 
than can either /9 or < 7 ; it is therefore necessary to ex])re.ss a and d 
m terms of E and n. 


Since 


and 


E = A - 2a/^ = A - 




A 4 * // 

2n == A — 

E-2n = Ji- 

L / 4- fxJ ^ A 

E - 2/1 


r. ^ 

I- fi 


_ 


'In 


- = a, 


i.e. 


(Vi) 


= 


A 4- // 

-e-') ■ ■ 

Solving the equations E = A — 'lapL, and 2n = A — //, we iiave 

E - 2/1 (E - 2//)// 

3// - E 

4/i-^ - «E 
3/( - E ’ 

^ = sa + 2^) =, . ,vii) 

9/1 - 3E 

On the limiting values for Poisson’s ratio.— It has just been 
whown that 


1 - 2(7 




A = 2/t 4- u = 
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Now n is essentially a positive quantity so that its least value is zero. 
The maximum value for Poisson’s ratio, which is the value of a when 
n = 0, is therefore 0*5. On the other hand, when n = oo, we have 



Hence _1 < ^ < 0*5. 

In practice, however, a must be a positive quantity for a negative 
value would imply that if a wire, for example, of such a material 
were subjected to stretching forces it would expand in a direction 
normal to that along which it is stretched. No known metal (or 
other substance) behaves in this way. Hence, in practice, 



0 < <T < 0-5. 

Some other important relations between the elastic con¬ 
stants.—Consider an isotropic material, the three principal stresses 
within it being p^, and p^. Each will produce the same strain 
as if it acted alone. Now a tensile stress p^ ^^ill be accompanied by 
a strain gj, in its owm direction, given by 



where E is Young’s modulus of elasticity for the given material. 
The strains along the directions of the two other principal stresses 
due to the principal stress pj, are given by 

a 

^2 — €3 — 

Jii 

When all thi*cc stresses are operative 



(P 2 h P 3 ), 

bj 





and 




If Pj = Pi = P 3 , the strain is constant and given bj^ 
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Example .—Calculate the strains in a rod of isotropic material 
stretched in such a way that all lateral strain is pre\’cnted. 

From the relations just established, we have, 

Pi ^ , Pz ^ 

~ ^ g \P2 'h ^2 ~ ^ “ p ~ g ^ /^ih 


and 


€*% — 




^7 


- E (Pi + Pz)- 


Pi = Pz 


Hence 

^1 

II 

1 

« 

Pi^ 

and 

0 = 

E E 

■f Pi)- 


■■■ Pz 

Le eJ 

a 

= P-Pi- 


4 





Pz 1 _ 


• , _Pi 


^ - 

Pjfl — a — 2a* 

■ ’ E 

K ‘ 

1 

E L 1 - a 

If ff = 0-25, 


^ Pi 

“ 6E ’ 



i.o. the stretch is onC'Sixth less than in the case of the same rod stretched 
by an equal force but which is free to contract in directions normal to 
that of the applied ptdl. 

Stresses in a thin spherical shell subjected to internal 
pressure.—When a spherical shell contains fluid under pressure 
there is, if we neglect the weight of the fluid itself, a uniform excess 




Fia. 7-29.—Stresses within a thin spherical shell. 


pressure normal to the walls at every point. lA;t thi.s excess 
pressure be P, Consequently the material of the shell is stressed. 
Consider Fig. 7'29(a) which shows a one-eighth jiart of a spherical 
shell less a portion which has been removed. We may obtain all 
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the information required about the stresses within the shell if we 
consider the three principal stresses at a point Q in the shell and in 
the xOy plane. These stresses are pj, pg and pg and act respectively 
along a normal to an element of the section at Q, parallel to zO and 
along OQ produced. Now for thin shells the radial stress pg may 
be taken as zero and, on account of symmetry Pi = P 2 = P» say; 
p is known as a tangential stress. To evaluate p let us imagine 
the whole shell to be divided into two equal portions by a diametral 
plane AOB, Fig. 7*29(6), and the shaded portion removed but the 
forces on the remaining hemisphere unaltered. Consider the equili¬ 
brium of this hemisphere. If / is the thickness of the shell, small 
compared with its radius r, the forces exerted on the part ACB by 
the portion which has been removed have a resultant 2TTrt.p, and 
thi.s must be equal to P.Trr^, which is the resultant force on the 
hemisphere due to the excess jiressure within. Hence 

'Iirrt.p — Trr^.P, 

Pr 

so that p = —. 

21 

Since p^ = p 2 and pj may be taken as zero, the tangential strain 
is constant at all points in the shell and is given by 


€ 




[cf. p. 310j 




where E is Young’s modulus and cr is Poisson's ratio for the material 
of the shell. 

Stresses in a thin cylindrical shell subjected to internal 
pressure.—Let P be the excess pressure within a thin cylindrical 
.'^hell, such as a pipe or boiler containing fluid under pressure. Then, 
neglecting the weight of the fluid, the pressure is everywhere constant 
atul normal to the walls. The material will be stressed in such a way 
that the 2 >rincipal stresses are («) in the direction tangential to the 
])erimeter of a transverse section, (6) along a line parallel to the 
axis of the cylinder and (c) along the radius through the point in 
(|uestion. Tliese are shown in Fig. 7-30(a) and known respectively 
as the circumferential or hoop stress p^, the longitudinal stress 
p.> and the radial stress p^\ they are the tliree principal stresses. 
The radial stress, in thin shells, is always negligible in comparison 
with the other two principal stresses. 

Consider the forces on one half of that portion of the shell which 
lies between two planes at unit distance apart and normal to the 
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axis of the shell. The stress —► 0 and is neglected. To find a 
value for we use the fact that the forces at A and B exerted on 
ACB by the portion of the section which has been removed, are 
balanced by the resultant force on ACB which is assumed unaltered. 
The force at A (or B) is while the force on the curved surface due 
to the excess pressure of the fluid is (2r x 1)P. For equilibrium 


= 2rP, 


IV 

or . 


To calculate the longitudinal stress, po, imagine that a portion of 
the cylinder has been removed as indicated in Fig. 7-30(6), and 



Fio. 7-30.—Sti'otMC'si witliin u thin cyliiidric-ul shell. 


consider the equilibrium of the remaining j>ortion. Then 'Itti is 
the force exerted in the material due to the portion which has been 
removed. This must be equal to the force on the end of tlie 

cylinder, if the whole is in equilibrium. Hence 



Thus the circumferential stress is twice the longitudinal slicss. 
Let e^ and Cg be the circumferential strain and the longitudinal 


and 


Then 





Pi 

o 

IV 


- 

• * 

” E ~ 

— .p., — 

E 

Et 

(1 - 

Pi 

a 

IV 

(J- 

~ o). 

__ # # 

“ E 

— Pt — 
K 

Et 


A thin oval cylinder.—In thin cylinders of any oval section the 
h^p atress varies from point to point along the periphery and, in 
Edition, the oval section tends to become mon* eiicular. 'I'luis if 
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we consider the section of an elliptical cylinder, as shown in Fig. 
7*31 the bending moment will tend to increase the curvature in 
the region of points of minimum curvature such as B and D; at A 
and C, where the curvatuie is a maximum, the bending moments 
will tend to decrease the curvature. The hoop stress at A or C may 
be calculated as in the previous paragraphs; it is given by 



Fio. 7-31.—Stresses within a thin 
oval cylinder. 


P.OA 

t 

At B or D the hoop stress is 
P.OB t. 

Similarly, the longitudinal 
stress is given b)^ 

( P X internal cross- 
sectional area of pipe 

t X perimeter of pipe 



Experimental determination of Poisson’s ratio for india- 
rubber.—AB, Fig. 7-32{a), is a piece of thin-walled indiarubber 
tubing about one metre long and 2 cm. in diameter. The lower end 
is closed and carries a hook from which various loads may be sus¬ 
pended. The upper end A is closed by a rubber bung which carries 
a capillary tube C. The rubber tube and part of C are filled with 
air-free water and the apparatus is supported on a rigid stand. 
Wlien a load is applied to the rubber tube it is stretched and at the 
same time the internal volume increases and the meniscus in C is 
observed to fall. The change in internal volume is deduced from 
the fall of the meniscus and, if the extension of the tube AB is 
observed, a value for Poisson’s ratio for indiarubber may be found. 

Let V be the internal volume of the rubber tube, I its length and r 
its internal radius of cross-section. Let us suppose that when a 
load of mass m is applied I and r become I Al and r Ar, 
respectively. At the same time let the internal volume, o, become 
V + Av. We have 


V = TTK^l, so that Av = irr^Al + 'lirrlAr. 

To discover how these changes are connected with a, Poisson’s 
ratio for indiarubber, let us consider the three principal stresses at a 
point P, Fig. 7*32(6), in the walls of the tube. They will be pj, 
and P 3 as shown; is the axial stress, p 2 the circumferential stress 
and p 3 the radial stress, which may be taken to be zero since the 
walls of the tube are thin. Now 
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where R is the outer radius of the cross-section of the tube. To 
determine P 2 consider unit length of the tube and let this be divided 



Flo. 7*32.—Expuriinontal deUirininatioii of Poisson’s ratio for indiurublx>r. 


longitudinally into two equal parts; one of these is shown in Fig. 
7*32(c). The forces on the plane rectangular ends of the section, 
and due of course to the portion of the tube which has been removed, 
amount to 


2 p2tl X (R - r)J. 
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and this must be zero since the resultant force on the curved surfaces 
of the section is zero, if we assume that the pressure inside the tube 
is atmospheric at all points; this is tantamount to neglecting the 
pressure due to the water in the tube. Thus 

i)2 = 0. 

If is the axial or longitudinal strain and E is Young’s modulus 
for indiarubber, we have, cf. p. 310, 




E E 


E 


[V p,^0] 


Al 


and this is -j, so that a value for E may be found. 


Now 


But 


o a 

~ E E “ E 

2TT{r + Jr) — 27rr 


=- 




Jr 

• 

r 


Hence 


Jr J/ 




But 


Ji* 


= 7rr“ -h 'lirrl 


r 

Al 


wlienec 


r\J/ hZml 2 


1 - 


1 


TTT^ Al 


;]■ 


If a is tlie radius of the capillary tube, 

Av = tto^.Ax, 

where J.r is tlie fall of the level of the meniscus in C, since a fall in 
the \\'ater level here corresponds to an increase in v. 


2L r2 J/J 


If tlioreforc a scries of loads is used and corrcsponduig values of 
Ax and Al arc plotted, the slope of the straight line so obtained, cf. 
Fig. 7-32(rf), enables a value for a to be obtained. 

The clianges in x and in I should be measured with the aid of a 
travelling microscope; a small pin, P, attached to the plug at P 
enables Al to be observed. 

In order to make the joints between the rubber tube and the rest 
of the apparatus free from leak the following devices may be used. 
The end B is plugged with a piece of solid brass with two grooves 
round its curved surface and a brass ring attached to its lower end 
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SO that a known load may be suspended from it. This plug is 
slipped into the lower end of the rubber tube and secured with iron 
wire, cf. Fig. 7-32(e). 

Since the liquid used is water it is essential tliat the capillary tube 
should be clean so that the meniscus mav move freely in it. To 
enable this to be done easily and at the same time obtain a leak-free 
joint, a solid bras.s plug D is soldered to a brass plate E. Fig. 7'32(/) 
This plate carries two screws, S, and a second brass plate slips over 
these screws. Both E and F are recessed to take nearl^>- one half of 
a cylindrical rubber bung through which the gla.ss tube C pa.sses, 
the plates and plug having been drilled, after assembling them, to 
take the glass tube C. Nuts on S hold F in position and enable the 
plates so to grip the rubber bung that the joint is leak-free. The 
whole is readily dismantled for cleaning, etc. 

Strain energy.—Since an elastic body yields in the direction of 
the forces straining it, it follow.s that .such forces do work during 
the process of deforming the body. To find the work done on each 
element of the body we may regard each such element as a separate 
body under the action of forces at its surface. For an internal 
element the forces at the surface are tho.se which arise from the 
internal stresses, but for an element at the surface of the body the 
straining forces are the actions of the contiguous parts of the body 
together with the action of the forces applied at the external bouji- 
dary. The total work tlone on all elements of the body is the work 
done in straining the body. The total work calculated in this way 
is exactly equal to the work done by the external forces since the 
internal forces always occur in pairs whose constituents are e<jual 
and opposite. 

If a strained bod)' is })ermitted slowly to regain its unstrained 
state it can, if it is perfectly elastic, react on the objects maintaining 
the strain at any instant with exactly the same forces as when tlu* 
strain was increasing. Thus the strained body can do the same 
amount of work on external bodies in regaining its natural .state as 
the external bodies did on the straine<l body in producing tlu^ strain. 
From those coiLsiderations the fact emerges that a perfectly elastic 
body is capable of giving back all the work that has been put into 
it and it is therefore convenient to regard the woik done on such a 
body as energy stored within the body; it is termed elastic-energy 
or strain-energy. 

The strain energy in a stretched wire.—I^et consider a wire 
which is fixed at one end while the wire itself may be elongate<l by a 
steadily increasing force F. [In reality the wire is under the action 
of a pair of o]}posing forces, one at either end, but since one end of 
the wire is assumed fixed only one force does w ork.J Let / denote the 
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natural length of the wire and S its cross-sectional area. Let e be 
the strain when the extensional stress is p. The extension of the 
rod is then /e and the work done when this extension of the rod 
increases b}' d{h) is 

MV = (;pS) (3(/e) = 

Total work done as the strain is increased from 0 to €q is given by 

W = J "pSlde = de 

If Fq is the maximum force applied, E 

W = iF(, X (/€o) 

= IF X the extension of the wire. 

The .strain-energy per unit volume of the wire is therefore 





where Pj, is the maximum tensile stress. 

Tlic above relation mav be obtained in a less formal manner as 

% 

follows. Suppose that the straight line OA, Fig. 7*33, represents 
. the relation between the stretch- 


A 




ing force F and the extension 
of the wire; since OA is linear 
the limit of perfect elasticity 
cannot have been passed. The 
potential energy gained by the 
wire as the extension increases, 
say from tn to n, is . inn ; 
hence the strain energy in the 
wire, when the state repre¬ 
sented by the point A is 
reached, is 

^OB.BA = IJLFo, 

where Al is the extension OB 
and F(, the corresponding force. 


Vio. 7-33.—Strain energy in 
St ret died wire. 


If / is tlio original length of the wire, r its radius of cross-section, 
the strain energy per unit volume is 


^zI/.Fq 

nn.l 


= i(strcss X strain). 


where the stress and strain are the values appropriate to the point A. 
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Strain energy of a rod under variable tension.—Let us now 
consider the strain-energy associated with a uniform rod. length I and 
cross-sectional area S, hanging verticall}' under its own weight as 
shown in Fig. 7-34. The expression for the density of tlie 

strain energy has been obtained for a wire subjected to a constant 
stress along its whole length. When the stre.s.s i.s variable, as in the 
problem now being considered, the above expression is still valid for 
each element into which the rod may be divided. Thus for the 
element of the rod of length dx. we have 


(5W = dx 

1 


2 E 


. dx, 




But p is caiLsed by the weight of the rod 
below the element considered. Thus if p 
the density of the material of the rod. <j the 
intensity of gravity, we have 

^ 

o 

E 

•• w=jr.vv|rf.,.=i« 

*^0 K () l\, 



7*34. --StiTiin 
oiu‘r^y in n roil 
utuior vai inhli' 
torision. 


Strain-energy associated with a pure shear strain.—Let a 
naturally rectangular block of isotjopic and homogeneous material 
be subjected to a pair of shearing stresses across those faces which 
are normal to the plane of the diagram. 'I'lie system is shown in 
I'ig. 7'35. Ix‘t the face of which CD is the trace be ii.xed and let 
the upper face move from a position delined by A„B,j to AB; ^ is 
the shear strain. 



—Stniiti I’ncrj^y 
ussor-iated witii u ptin* 
•iliciir Htiaiti. 


If 8 is the urea of the face of w liich AB is 
the tra<-e, the work clone in effecting the 
above disj)lacement is 

i(p8)A„A == }.p^ihcf>). \iih - A„l>.| 

But if w is the rigidity of the material 
of the block, p -- 

. Work don<! = I//S . h . ^ . 

II 


Energy stored jier unit \'olume = 




/( 
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Strain energy in a twisted wire.—Now consider a wire twisted 
by means of a couple F, applied to one end, the other end being 
fixed. The relation between F and $, the angle of twist at the 
movable end of the wire, is a linear one provided the limit of perfect 

elasticity for the material of the wire has 
not been exceeded; this relation is shown 
graphically in Fig. 7'36. If the couple is 
increased from Fto F dF, the angle of 
twist increasing by dd, the work done on 
the specimen is F 66, for F is the average 
value of the couple. This energy goes to 
increase the strain energy of the wire. It 
is represented on the diagram by the 
element of area MNnwi. Hence the area 
below the line OA represents the energy 
stored in the specimen due to the fact 
that it is strained. If Oq is the angle of twist when the couple 
has reached its maximum value, the elastic limit not having been 
exceeded, the strain energy, W, of the specimen is given by 



/Ing/e afCty/sC ($) 


Fia.7‘30*—Strain energy 
in a twisted wire. 


w = / 

Jn 


6. 


Fd6 


Bui, when the twist in tlie wire is 6, 


r = ^.a\ 
21 


[cf. p. 286J 


Hence 


W’ = = ^FqOo 


F.H 


TTTia 




where F^^ is the maximum external couple applied to the WTie. 

To obtain another expression for the strain energy in a tw'isted 
wile, we may use the fact that the strain-energy per unit volume is 

2 

where the symbols have their usual meanings. Now at all points in 
a cylindrical section of the wire, defined by radii r and r + dr, the 
stress is constant, cf. p. 289, its value being 
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where is the maximum stress in the wire. Since the volume of 
the cylindrical element being considered is ^Trrl.br, the energy 
associated wth it is given by 



- .'Zirrl.dr 

n 


na^ 


. r® dr. 


• \v = dr = 

O I 

7ia" Jo 


naH 

4n 


Po 




which is one-half the energy which would be stored in the wire if 
all elements were stressed to the maximum value p^. 

Example. —A muss mis supported by an inextensible light cord wound 
round the rim of a horizontal ‘wheel and axle’. The system is kept in 
equilibrium by a cord round the axle; one 
end of this cord is tied to the lower end of a 
light helical spring whoso upper end is 
anchored as shown in Fig. 7*37. If a is tlio 
radius of the axle, b that of the wheel and 1 
its moment of inertia about its axis of revo¬ 
lution, find tlio period of small oscillations 
of the system. 

Lot z be the extension of tlio spring 
when the system is in static equilibrium and 
k the constant of proportionality between 
the stretching force in the 8[)ring and 
its extension. Since the force is kz, for 
equilibrium 

rtujb = kza. 


whore g is gi’avity. The energy stored 
in the spring is 

^{kz)z = ^A-22, 



Fig. 7-37.—A loaded wheel 
and uxlo maintained in 
oquilibriuiu by inonn-s ol' 
a light helical spring. 


and this is the potential energy of thosystem 
if the potential energy of the mass m is con¬ 
sidered to bo zero when it is in this position. 

Now suppose that the system is disturbed so that m moves along a 
vertical lino. WTion it has risen a distance z the extension in the spring 

will bo reduced by so that the total energy of the system will be 


Imx* + x)^ -I mgx. 


and this must be equal to the energy stored in the spring before the 
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system w is set in motion, Hence 




Since the second bracketed term in this expression is zero, it follows 
that the motion is simple harmonic and its period, T, given by 



Resilience and shock.—Colloquially, the term resilience is 
understood to indicate the capacity of a strained body to spring back 
when the applied forces are removed; in technical works the term 
resilience is generally used to denote the amount of work done in 
straining a body, the elastic limit not being exceeded. 

Consider, therefore, a uniform rod of length I ; when it is subjected 
to a pair of stretching forces, F, let Al be the extension and p the 
stress within the bar. If E is Young’s modulus for the material of 
the bar. 



wliere S is the cross-sectional area of the bar. The strain energy, 
U, or the work done in producing the above extension is given by, 

cf. p. 318, 

C = J{stre.ss X strain) x volume 



X volume 


= i (stress)^ X volume -r Young’s modulus. 

1 p- 

Hence the resilience per unit volume is - ^ . 

The resilience of an elastic body is a measure of its capacity to 
resist a blow or a mechanical shock without acquiring a permanent 
set. 

Proof resilience.—The greatest strain energy per imit volume 
which can be stored in a piece of material without permanent strain 
is called its proof resilience. Thus if Po is the elastic limit for a 

1 pff 

material in the form of a wire, its proof resilience is - . . 

J hi 
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Example. —Suppose a uniform rod AB Fig. 7 -38. of length / and mean 
radius r is suspended vertically downwards as shovm. Let it be provided 
with a collar at its lower end to receive a fulling load of mass ?«—this is 
represented by the ring K. Suppose that this ring falls a height 
before hitting the collar, the bar then lengthening by an amount x. 

The potential energj' lost by the falling ring. viz. mg{h + a), is utilized 
in stretching the rod. If Pq is the stress in the rod when the extension i.s 
a maximum, the restoring force will be PQ{nr^), so that the work done in 
stretching the rod is ^{pQTrr^)x. Hence 

mg{h + a:) = ^Pqttt^x. j -v 


But 


r = 

E ■ 


4- = 


E 


Po = 




TTi 




E 


. High 


27rrH 

E " 


PI 


f 

4 


_ my V -f . mgh . E 


B 


c:::3 


'i- 


= —^ + - 
•> ^ 

Trr* 


rH 


Fkj. 7-38. 


If 4 




mg , mg 2mg 

- 'L ± 1. i-e- - »>r zoro. 

■nr^ Trr* 


Iho zero value has no physical moaning. The other shows that if a load 
18 applied so that a rod is siuhlenly .strotche<l, the stress, when the 
extension of the rod is a maximum, is twice that produfc<l when tlie loud 
is apj)lied gradually. 

Influence of temperature on the elastic properties of iron.— 
Curve.s illu.strating how the elastic properties of iron (almost pure) 
vary with temperature arc shown in Fig. 7*39. Young’s modulus 



11«. 7-31I.- -Innui'iiee of teinpcrjituru on «)ljiMtic properties of 

iron (almost puru). 
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decreases almost uniformly with rise in temperature but the tensile 
strength has a maximum value of about 33 ton.-v't.in at 250° C. 
The curves for the elastic limit and the yield-point each show a 
maximum at about 150° C. but the curves are not symmetrical 
about the maxima. 

The impact of smooth spheres: Newton’s experimental 
law.— Newton discovered by experiment that if two spheres 
impinge directly, i.e. the direction of motion is along the common 
normal at the point of impact, the relative velocity of the spheres 
along the line of centres immediately after impact is —e times the 
relative velocity before impact, where c is a constant depending on 
the nature of the materials in the spheres. For hard substances 
such as steel and ivory e is nearly unity, but for soft substances 
such as lead it is small. 

If the spheres impinge obliquely their relative velocity after 
impact resolved along their common normal at the instant of impact 
is —e times their relative velocity before impact in the same 
direction. 

The quantity e is essentially positive and is kno^vn as the 
coefficient of restitution or resilience. 

If and W .2 are the component velocities of two spheres before 
impact along their common normal at the instant of impact and 
Vj and t'g the component velocities in the same direction after 
impact, the law stated above may be expressed as 


Vi — V2 — —e(u^ — u^)y 

or the velocity of separation is c times the velocity of approach. 

Newton arrived at the above conclusion by carrying out an 
experiment on the following lines. Two spheres are suspended by 
parallel threads OjAi and O 2 A 2 , Fig. 7*40, whose lengths are adjusted 
so that when hanging freely the spheres are just in contact with 
tlieir centres in a horizontal line in the plane of the diagram. 

The sphere Aj is then raised to P, the string being tight, the point 
P being at a height 2 j above Aj and released from rest. Its speed 

on hitting the sphere Ag is - 1 - V2gzj^. If the spheres rise to respective 
height.s 22 and 23 before coming momentarily to rest, their speeds 

immediately after the impact are +V 2 gz 2 and +V2gz^ respectively. 
If the spheres rebound, their velocity of separation is 

sl2gQz^ + x/zg). 


while the velocitj’ of approach was V 2gzy. Newiion found that 
\ z + z 

—- was independent of and the masses of the colliding 


VC 


spheres. It did depend on the nature of the spheres. 
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Instead of measuring the heights to which the sjjheres are dis¬ 
placed it is more accurate to measure their horizontal displacements, 
X. Then if the supporting threads are long compared with 2 , the 



Fio, 7*40.—The impact of t%vo smooth spheres. 

velocity is directly proportional to x for x- = 2 ( 2 / — 2 ) = 2:/, w here 
/ is the length of the su[)porting thread. But c'^ = ’hjz, .so that 


= 'i x'‘. 

or V is directly proportional to x. Hence, with the notation indicatcsl 
on the diagram, 

e(x, — 0) = -(-x.^ — x.^). 


t = 


X., X, 


Having shown that e = - -^ . if M i.s the nias.s of the sphere 

and m that of the si>hcre Ag, the rnonientum equation may he 
written 

Mmi 7rt(0) = Mej + wujj. 

Mxj = — Mxg -f 7/1x3 

= — — X 3 ) -|- 7/iX3. 


M \ ml } \ 

■ ■ M (1 
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By plotting x = y = x^, we should therefore obtain a straight 

/ 1 \ M + m 

line of the slope -—— . Thus a value for the coefficient of 

\l + e/ M 

restitution may be obtained. 


Kinetic energy lost by impact.—In general, when bodies collide, 
their total kinetic energy- is reduced. Only the case of direct impact 
need be considered because when the impact is oblique it is only the 
velocity components in the line of centres that can effect a change 
iji kinetic energy; the component velocities normal to the line of 
centres remain unaltered since there is no impulsive action in this 
direction. 

If Wj and 7«2 masses of the colliding spheres, then, with 

the notation alreadv defined, 


-i- 4- 

and t'l — i’., = —” ifo)- 

To eliminate from these two equations we have 

*2 = + «(“i “ “ 2 )- 

so that 

'"lOh ~ *^* 1 ) = — (1 + ^)h]’ 

But “ ^’i) = WgWi — rngi'i, 

so that by a<lding together tliese two last equations we get 


— (1 + p)(ui — U 2 ), 

nil 4- ?n2 

w liicli exjuesses the change in velocity of the first body in terms of 
the (liffiTcnce between the initial velocities of the two bodies. 

I'lie eiKTgv lost is 

— t'l^) -4 — I’a") = 

2\V = Wi(Mi — -i- t'l) + 7«2(»2 — + I’a) 

= mi(“i ~ + '-'i) ” ~ 

= wq(Hi — — »2 + *’i “ *-’ 2 ) 

= — rj)(Hi — MgX* “ 

=-“ - («, — «.,)"(! — c ), 

rill 4- Wg 

since {iq — 14 ) = —.i, 

77? j -i- 7772 

The loss in kinetic energy (which eventually appears as heat) is 
thus expressed in terms of three factors which are all essentially 
positive. The loss is zero either if e is unity, or if which 
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instance the bodies would not collide. Hence, in general, it ma\’ 
be said that there is always a loss of energy since 0 < e < 1. 

Experimental study of the impact of a steel sphere on a 
plane horizontal surface. —A steel ball-bearing is supported bv 
a small electromagnet above the 
surface. On switching oil' the 
current [cf. however j>. 597] the 
ball falls and tlie height reached 
by the rebounding ball may be 
determined by adjusting the 
retort-stand ring R, Fig. 7*41. so 
that the rebounding sphere just 
reaches the lowest plane of the 
ring. The distances Z and z are 
measured and the coefficient of 
restitution is found from the 
expression 

— ^ 2 ) = —— Ha)- 

N(^ -u^ = t ’2 = 0 and = -f 
V2(jZ, while t\ is — V2(jz. Thus 


J 






¥iii, — [iiipact of i\ stool spliore 
on a horizontal piano. 


z 

Strictly speaking the distances Z 
and 2 are those through which 
the centre of gravity of the sphere 
fulls and then rises but uith the large distances usually involved the 
correction on this account is seldom required. 

If the observations are repeated they can only be expected to be 
concordant if fresh j)ortions of the surfaces concerncfl come into 
contact since the deformation round the contact area may not 
disappear entirely. 

Example .—A small sphere fulls frotn a height 2 upon an imino\’ubIe 
Jxed piano. If e is the coofTicient of resilience, prove that Nvhen llie 

Hphoro eoasoH to reboun<I it will have described a total distance ^ ^ ^ ; 

(1 -- 


I I- c hii 
1 - y 


un<l that the puiliclo is permanently at rest after a time 
after its release. 

J ho downward speed of the particle when it lirst hits the plane is 

. T the speed of reb«jund is to and this is the spe«*d witii whi<'h 

L IS assumed that the sphere strikes the plarje on the second oc<-aHioti. 
nuH the speeds of rebound are 


V 


tv, e^v, e^v, . . . 
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and the distances to which the sphere ascends after the first, second, 
third rebounds . . . are 

{ev)^ (e^)^ (e®v)* 


or 


e^z, e*z, e®z, . 
Thus the total distance traversed is 


z + 2[e^z -1- e^z + . . .] = 


_ , 1 + 


1 -e2‘ 


Now the initial time of fall is */—, and the times in which the speeds 

V rr 


ev, e^v, . . . each become zero are 


ev e^v 

—, —, ... or c 
9 9 '9 


■ ■ ■ 


Hence the time spent on its complete journey is 

J- + e* + . . .)J 


V? - 




EXAMPLES Vil 

7'01. Give a short account of what occiu^ when a nickel wire is 
stretched xmder a gradually increasing load. 

Define elastic limit, perfect elasticity, Poisson's ratio. 

Wlien a rubber cord is stretched the change in volume is negligible 
compared with the change in shape. Show that Poisson’s ratio for 
rubber is 0'5. 

7-02. A part icle of mass m hangs at the end of a light elastic string of 
unstretchcd length I and modulus of stretch A. Prove that in the 
ijosition in which the string is stretched by on amount z, the combined 

gravitational and elastic potential energy is + const. By 

considering the stationaiy value of this expression, determine tl^ 

position of equilibrium of the particle. = mg - J 

7-03. Explain how to find Young’s modulus for copper provided 
in the form (a) of a wire about 20 cm. long and of aboiit 1 mm. radius, 
and (6) of a rod about 1 metre long and of rectangular cross-section 
nbovit 2 cm. X 0-5 cm. Give experimental details in both cases and an 
account of the theory in one of them. (G) 

7-04. A bar of high tensile steel 1-783 in. in diameter is placed in a 
testing machine. The extension is 6-65 x in. for a load of mass 

36 tons. If the extension is measured on a length I5-0 in. find a value 
for Young’s modulus for the steel. [3-25 x IC* ton-wt. in."**] 

7-05. Derive an expression for the thrust inwards due to a rope under 
tension passing round a smooth curve. 

Calcxdate the limiting pressure inside a cylindrical boiler of 3 ft. 
radius, the sides being J in. thick and made of a material which can stand 
a limiting tension of 40 ton-wt. in.“^. [42 atmos.] 
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7*06. A fly-wheel consists of a uniform lead rim fastened to the edge 
of a circular steel plate. If lead has a density of 11-4 gm.cm.“^ and a 
tensile strength of 1-60 x 10® dj-ne-cm."^, calculate the maximum 
velocity of the rim before breakage will occur; and find also the 
maxunum number of revolutions per second that can be made when tijc 
diameter of the rim is 20 cm. [ l«s] 

7-07. A sheet of indiarubber, 10cm. square and 2 cm. thick, lias 
one face fastened to a vertical wall, and to the other face a piece of wood 
is cemented. \VTien a load of mass 30 kg. is living from tlio wood, the 
wood is found to bo finally lowered by 0-030 cm. Deduce the coefficient 
of rigidity of the rubber and the energy stored per cubic centimetre <if 
the rubber. [1-96 x 10’ dyne.cm.2-21 x 10^ crg.cm.''^J 

7-08. Describe and discuss two methods of producing a shearing 
strain. Show by consideration of two <lifforent t>q)cs of strain that the 
strain energy per unit volume of an isotropic solid is 

I (final stress x final strain}. 

A vertical rubber cord, fixed at its upper etui, extends 10 cm. when a 
load is applied gradually at its lower end. Find tlio maximum exten-sion 
of the cord when the loud is applied suddenlv, explaining tlie method of 
calculation. ' (20 cm.. 0-6.3 sec.] 

Find also the period of the subsequent oscillations. ((3) 

7-09. Derive an expression for the rigi<lity of a metal in t h<‘ form of a 
"’ire, in terms of the period of the torsional oscillations about the axis of 
the wire, and other quantities. 

Discuss the relative importance of erroi-s in the various moasiircinents 
you would make to obtain the value of the rigidity of the metal by this 

method. 

7-10. Describe and explain how tlie values of Young s modulus, L, 
and of Poisson’s ratio, a, could be detennine<l ftvr glass using a uniform 
bur. 

If E = 7-2 X 10“ d>Tio.cm.“* and a = 0-2r> for glass, calculate the 
modulus of rigidity of this substance u.ssuming it l<» he isotropic, 
deriving the formula required. (S) (2 x 10” dync.cm.-^J 

7-11, Define the coefficient of rigidity of an isotropic solid. From 
the definition derive an expressivjn foi' tin? couple roquirc<l to t wist a wire 
“bout its axis. A wire of lengtli .70-2 cm. a>id <liameter 0 092 cm. was 
Husponded vertically from a fixed Hiipivort. To the lower end of the wire 
a short vertical cylinder of 4-36 cm. diaineier was fixed. Two fine 
threads were wrapped round the cylinder, from which they passed 
horizontally over pullcyys and siipporled scale-pans at their free (unls. 
'Vhen a load of muss 100 gin. was plu(-ed in ca«-li sculo-pun the lower (*n<l 
of the wire was found to he twisted throiigli 162 . t’uleulute a value for 
the coefficient of rigidity for the material of which the wire was made. 

[2-70 X 10” dyiie.cin." "] 
7-12. The upper end of a vertical uniform wire of length I cm. aiul 
of radius a cm. is fixed and a horizontal couple of moment (• dyru^.cin. is 
applied at its lower end. Deduce, fnan first principles, an expression fur 
the angle of twist of the lower end, the modulus of rigidity of the material 
of the wire being n vljTio.cin."*. 

DosoriVjo a method ileterrnining the modulus of rigidity of the wire 
and discuss how the accuracy of the result is affected by ei-rors of one per 
aont. in the measurements of the length and radius of the wire. (G) 
7*13. bhow that, in onler t<» twist a wire of radius a through an angle 
4> per unit length, couples of moment ^7r7ia*<ft must be applied to its ends, 
n being the rigidity modulus of the material of the wire. 

22 
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When a certain mass is attached to the end of a vertical wire 0-6 mm. 
in diameter, the extension produced is 112 mm. and the period of 
torsional oscillation is 15 sec. If the radius of gyration of the mass 
about the axis of the wire is 3 cm., calculate the ratio of Young’s 
modulus to the rigitlity modulus. (G) [2-49] 

714. It i.s desired to replace a stilid .shaft of circular cross section by 
a hollow shaft that shall be etjually twisted by the application of equal 
and oj>p<isite couples at its ends. If the external diameter of the hollow 
shaft i.s to be ecjual to twice its internal diameter, what fraction of 
material will he saved by the change? [f^d3] 

7'15. A metal bar, soldereil to the lower end of a wire, vibrates 
torsionally. How will the time f)f oscillation be changed by halving 
(f/) the liiK'ar dimensions of the wire, (5) the linear dimensions of the 
metal bar. (c) tlie linear dimensions <jf both bar and wire? 

[{a) Increased 2%^^^ times; (/») retluced 4V2 times; (c) halved.] 


7-lf). A steel rotl, of circular crtiss-seetion, is twistetl about its axis 
Iiy the applicat inn of etjual and opposite couj)le8 at its ends. Assuming 
that tho «-netlicicnt of rigidity for steel is 8-5 •' 10*^ dyne.cm."", and 
tliat the maximum stress that thestceleanstand is5-5 x lt>® ilync.cm."". 
i-alculate t Ilf maximum a\ crage energy per cubic centimetre that can 
siuj'fil in ihf stool. ( Kxpress ynur ansu er in mechanical and in thermal 
units.) ' [1-7S - 10*^ erg.cin."^ 0-42 eul.cm."^] 

717. I )fri\‘f ji formula \\ hich would enable you to calculate the bulk 
lundulus nf a solid in t f rms of nt her clast ic nualuli. Outline a metlxnl of 
linihnu tbf bulk mnjiulus nf brass by tlireet experiment. 


l."i. If the «'((uatii'n 


1 

i: 


1 

3a 


I 

l)/i 


i.s used to tiiul f‘)r a metal for 


uhif-hl'’. 2 - lu‘-dyjHM'in. " and a =1 ■ 10 *^ dyne.cm."". fmcl f he 

< rrni' in the caleulaied vjduc nf//. if I*] arul n are each correct to within 
1 percent. [007 • 10^-tlyne.cm'“-, 0-050] 

7 I'.i. ()l)tiiiu an expression fnr V<.)ung*.s moilulus lor an isotropic 
sul(.-vtanee ill 1 erms <*f other idast i«' nuKluli. Define Poisson s ratio and 
ili.sciiss iis limitiiiu \alues t<'r isotropic materials. 

7-2u. A c>lindrii‘al i-nd nf ladius <i eni. and length / cm. is fixed at 
"Ilf end. and its nihcr enil is twisted through an angle ^ radians by 
imans ni ji cniiple Up) ilied t hfi'»‘. 1 )erive an expression lor the modulus nt 

riLridiiy ni iIm- nmif l ial nf die rod. If Young's mocliilus for the material 
\MTf imnun, Imw wniiM ynu tleiluce a \alue tor the bulk inotlulus? 

7 21. Dcline tlif tlirei- ]irinci[>al naxluli of elasticity, anil Poissons 
I'.itin, .x|i,>u- tliat if M. /j. and n be respecti\‘el\' Young's modulus, the 

bulk iimdulus and tin- ui'nlulus of rigiilitv. then K w'r'^ ' 

^ ' 3/> + n 

A h.illnw cylindrical cast-irnn i-olumn is 10-0 in. in e.xtemal diameter 
and S-ll in. in internal iliameter. and 10-0 tt. long. How inucli will it 
emit ract under a load nt' lit) t' >ns? 

l\’nung's modulus for cast-iron mav be taki'U as SUUU ton.-wt. in. ".) 

[U-032 in.] 

7 22. A unifnrm glass iul>e is suspended from a rigid support so that 
a k-ngtli of 2 met re.s lies below t lie sujiport. Tliis part of the tube is filled 
witli wati'f. When the tube is Inadeil the portion below the siij>port 
sireti-lies liv t) l.ti-ni. wliile tlu- Uaigth of tulte oectipieil by iho water 
<-nliinin leiigtlieiis f»\' nnlv U t)80 cm. Obtain a valtic for Poisson’s ratio 

for fluss. [0-19] 
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7-23. A vertical wire is loaded by weights which produce total 
extensions of 0-4 cm. and 0-6 cm. respectively. Assuming that the 
elastic limit for the material of the wire has not been exceeded, compare 
the amount of work done in producing those extensions. [1 ; 2 - 2 o] 
7-24. A mass m attached to the lower end of a light elastic vertical 
string of natural length /, causes an increase of amount a in the length 
of the string. When tn is at rest and then displaced vertically show 
that the period of oscillation of the mass when relea.sed is given bv 

Wien a mass /j is added to m the time of oscillation is increased by 20 
per cent. Comiiaro the masses fi and m. = 0-44 m.] 

7-25. Two cylindrical steel shafts have the same mass per unit length. 
One is solid, while the other which is hollow has an external radius twice 
the internal radius. Compare their torsional rigidities and the 
ma.ximiim strains produced by equal twisting couples. [5 : 3, 5 : 3J 
7-26. A suspension thread consists of a wire of length I and radius a 
canning below it a wire of length //lO and radius 10«. In each instance 
the material is the same. The tof) en<l is clomped while the lower end is 
twisted about a vortical axis. Find (a) the torsional rigidity of the 
whole suspension and ( 6 ) the ratio of the angles through which the lower 
ends of each part of the suspension are twisted. 


7-27. Define coefficient 0 / restitution and ilcscribe how y<»u would 
determine its value for (a) two steel spheres, and (h) a steel sphere 
striking a horizontal metal surface. 

A metal boll of mass 200 gm. fulls from a height of 121 cm. on to a 
horizontal marble floor and rebounds for the first time to a height of 
100 cm. Calculate (a) the total distance traversed by the l^ull until it 
comes to rest on the floor, and ( 6 ) the total time (from the instant of 
release) which elapses until this occui-s. How much energy does the bull 
lose OH a result of the first two impacts with the floor? 

((a) 1273 cm.. ( 6 ) 10-4 sec., 7-52 x I0« erg.] 
7-28. A helium atom moving in u straight line with a velocity u 
makes direct impact with a hydrogen atom at rest. If the two atoms 
behave like perfectly elastic spheres i.e. c 1 , and the mass of a helium 
atom is four times that of a liydrogcn atofn, obtain a value for (o) the 
velocity of the hydrogen atom after lh(> collision, and ( 6 ) the fraction of 

Its energy Irjsl by the helium atom. [(«) Jn. ( 6 ) 0 64 ] 

7-29. From a point in a smooth horizontal plane a small sphere is 
projected with a velocity u at an angle 0 to the horizon. If c is the 
eooflicient of restitution, prove that the sphere will iiun-o a distance 
sin 2 a I . , 

fj \ uloiig the pluni* before it coosqh \n rebound. DiKcuHS what 
happens ufterwur<l 8 . 


7-30. A stream of particles each of mass m and moving with conslnnl 
velocity w impinges normally on a plate whicli is being moved towards 
the particles with a steady velocity Uq. If e is tho coenicient of restitu¬ 
tion show that tho change in kinetic enorg>' of ouch jmrticlo is 


ini(i -f e)[u2 _ _ c{u 

and that u force Nm(l e)(u -f is reejuirod to maintain the iilato in 
steady motion if N particles strike it per unit time. 
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7*31. A hard stee! ball is dropped from a height of 30 cm. on to a 
smooth block of glass; the rebound is 28*5 cm. Obtain values for (a) 
the coefficient of restitution of steel against glass, (6) the time the ball 
continued to bounce after it was first released, (c) the total distance 
traversed by the ball. [(a) 0-975, (6) 19-3 sec., (c) 1170 cm.] 

7-32. An atom of mass 1-66 x 10“^^ gra. and velocity 200 km.8ec.“^ 
collides head on with an atom of mass 6-64 x 10“^ gm. which is at rest. 
Assuming the collision to be perfectly elastic find the velocity of each 
atom after impact and the change in energy of each atom. Express the 
changes (a) in ergs, (6) in electron volts. [The electron charge may be 
taken as —4-80 x 10“*® e.s.u. and 300 volts as 1 e.s.u. of potential.] 
[(He) 80 km.sec."*, (H) —120 km.sec.”*; 1-62 x 10"** erg. or 132 eV.] 
7-33. A thin uniform horizontal rod of length 2a is supported from 
its ends by vertical fibres, each of length 1. Determine the frequency,/, 
of small oscillations of the rod about a vertical axis through its C.G. in 
terms of I and g, the acceleration due to gravity, and justify any approxi¬ 
mation made. 

Show («) that if the rod supports a load concentrated at its centre,/* 
becomes a linear function of the load, and (6) how the expression for/ is 
modified if the suspending fibres have torsional rigidity. [It may bo 
assumed that when one end of a fibre is twisted through an angle <f> with 
respect to the other, the restoring couple is b<f>, where & is a constant.] 

G(alt’d). 



Chapter VIII 


THE THEORY OF THE BENDING OF BEAMS 

AND OF HELICAL SPRINGS 


Loaded beams. Bending moment.—Let us consider an 
elastic body, in equilibrium under the action of a system of external 
forces, to be divided arbitrarily into two sections. Then the system 
of external forces acting on either part must be in equilibrium with 
the internal forces acting on the part considered due to tlie other 
part. The discussion of the equilibrium of beams under the action 
of external forces which follows will be limited to uniform beams. 


the longitudinal axes of which are Iiorizontal when straiiis are absent 
in them. It w’ill further be sui)posed that the external forces on the 
beam are all vertical, and that the stresses in the beajn, when loaded. 


do not exceed the clastic limit. 

Suppose that Fig. 8-01{a) represents a portion of a horizontal 
beam divided by a vortical plane at A into two portions, called (i) 
and (ii) respectively. Then that portion of the beam lying to the 
right of A exerts on the left-hand portion a system of forces which 
must be in equilibrium with the external forces acting on that 
portion; this system must reduce to a vertical force and a cou])le. 
Similarly, the second i)ortion of the beam must experience a system 
offerees due to the finst portion; this system will also reduce to a 
vertical force and a coujilo, each respectively equal in magnitude 
but opposite in direction to those acting on the first portion of tiu* 
beam. If portion (i) experiences a system of forces reducing to a 
force S and a couple M due to the second portion, j)ortion (ii) will 
experience a system of forces reducing to a force —b and a couj)lc 
—M, since the whole beam is in equilibrium. The forces S are the 
shearing forces, and the couples M arc the bending moments at 
the transver.sc section A in the beam. In the earlier part of this 


chapter we shall develop means whereh}’ S and M may be found. 
As a convention we shall always calculate the values of S and M 
appropriate to that portion of the beam on the left-hand side of the 
imaginary dividing line. The values of S and M will be considered 
positive when they act in the directions shown in Fig. 8*0Ma). 

Consider a beam OX, of negligible weiglit per unit length, acted 
upon by the system of external forces indicated in hig. 8*01{6). 
Suppose it is required to find the shearing force and the bending 
moment at the section A in the beam. Consider the portion of the 
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beam to the left of A as indicated in Fig. 8*01 (c). Let x be the 
distance of A from the end O of the beam, where a-g ^ ar ^ X 3 . 
If and are the shearing force and the bending moment 



Fic. 8 01.—Shearing forces and bending inoinonts. 


respectively, the conditions for tlie equilibrium of this portion of the 
beam arc 

F, -i S., = 

and -f F 2 r 2 — Fj.rj — S^^.r = 0 . 

Hence S \ = Fg — Fj, 

and = Fj(.i-i — x) — F 2 (X 2 — .r). 

Similarly, if and M[{ are the shearing force and the bending 
moment at B. a section at a distance x from O, where .T 3 ^ j.* ^ ^ 4 , 
we have 



S 


H 




= F2 -f F3. 

= F2 - F, + F3, 


= 4- F 3 . 

'riius for a part of the beam considered, which is free from external 
forces, the shearing force is constant; but it is continuous at the 
])oint of application of an external force [e.g. at a point of support 
or at a point where a load is carried]. Tlie change in the value of 
the shearing force, viz. Si, — in passing from the part in which A 
may lie to that in which B ma\' lie, is equal to the external force 
acting on the portion of the beam between A and B. 

.Also at B. 


iMj, 4- Fo-fg 4- F3J-3 - Si,x — FiXi = 0. 
Thus M is continuous, for 
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Suppose that the values of the shearing force of tlie bending 
moment have been calculated at a large number of transverse 
sections in the above beam. Let the values thus obtained be 
plotted to scale at right angles to a base line representing tlie 
length of the beam. The graphs thus obtainable are known as the 
shearing force diagram, and the bending moment diagram. 
respectively. For the beam considered, tlie former will consist of 
a set of straight lines parallel to the base line, with di.seontinuities 
at the points where the external forces act, while the latter will be 
straiglit lines with differing slopes—of. Fig. 8-01((/). and (e). 

Before proceeding to illustrate the above remarks bv examples, 
let us consider a beam resting with 
its axis in a horizontal position. 

Let tv be its weight per unit length, 
i.e, w = fjtg, where fi Is the nia.ss 
per unit length (linear density) of 
the beam, ami </ is the intensity 
of gravity. Let the forces and 
couples on a small element of this 
beam, of length bx, be as indicated 
in Fig, 8-02. They consi.st of its 
weight, w bx, acting vertically 
downwards through its mid-jioint, the shearing forces S ami (S ()S), 
and the couples M and (M i- dM). For tlie ec|uilibrium of this 
element wc must have 

S + w bx = S -1- dS, 



1 ' 

[ ) 

s^ss 





1 XV 






I'lti. 8 U2.— Forci-a aiul coiipli's on 
an I'U'iiK'iit of a boaiii. 



and 




M + - M 


\- w bx 


(f) 



1 oS) bx O, 



(IM 

dx' 


neglecting small (piantities of the second order, 
just estublished give 


f/-.M 

dx^ 


'Phe two eejuations 


1 he following examples will illustrate the.se facts, and also show 
how the fact that the beam itself posse.sses weight affects the shear¬ 
ing force diagram [s.f.d.J and the bending moment diagram [b.m.d.). 
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Example (i) —Consider a light horizontal beam carrying a load of 
weight W at its mid-point, and supported at its ends. 

W 

The reactions on the beam due to the supports are each and act 
vertically upwards as 8ho^vn in Fig. 8-03(a). First consider the shearing 



Fio. 8-03.—Freely supported light beam with central load. 


force and the bending moment at a section Kj in the beam at a distance x 
from the end A, where 0 < ar < o. Let the shearing force and the 
couple acting on the portion AKj of the beam be as indicated in 
Fig. 8 03(6). Then the conditions for equilibrium are 

\V 

— + S = 0, and M — Sx = 0. 

\\* 

S = — —, and M = Sx = — |Wx. 


Thus the shearing force on the portion to the left of K| at this point is 
directed do>vnwards, while the bonding moment is anticlockwise. 

Similarly, if Kg is a section at a distance x from A, where a < x < 2a 
— cf. Fig. 8 03(c)—the conditions for equilibrium are 

W' W 

Y + S = W, j.e. S = y. 

and U + \Va - Sx = 0. i.e. M = - Wo + ^Wx. 

In each instance we see that 


dU 


and 


d^M 

dx* 



as required by the formula established above. 

The shearing force diagram and the bending moment diagram appro¬ 
priate to this problem are indicated in Fig. 8*03(d). 

Example (ii) —A uniform beam of weight w per unit length and 
length 2(a + 6) is supported in a horizontal position by supports each 
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at a distance 6 from the nearer end. Discuss the values of the shearinc 
force and of the bending moment at different transverse seetioiis in tfje 
beam. 

Let the reaction at each support be R, ns sho\vn in Fig. 8-04(rt)- Then 
^ = (fl + b)w. Consider the equilibrium of the portion AKj, where a- is 



Fio. 8-04.—Heavy uniform beam, without oxteriiiil loud, on HyminetricaUy 

placed supports. 


the distance of K, from the end A of the beam, and 0 < x < b. Let 
S and M be as shoum in h'ig. 8 04(6). Then the conditiorts for equilib¬ 
rium require 

S = u'x, 

M = Sx — u>x{^x) = ^wx^. 

Now consider the portion AK^ of the beam, whore x, the distance of K.^ 
from A, is such that 6 < x < (6 + 2«). For equilibrium, cf. Fig. 804(c), 
we must have 

S -f (« -j 6)a> U'X, 

M 1 K(.f - 6) - Ju'x2 - 0. 

S = (x — « — 6 )m’, 

M = - uia b)(x - b). 


. ^ nocessary to extend the formal argument to the portion of 

the beam beyond the second support, for the shearing force and the 
lending moment at K3 at a distance z from H, where b z ■ 0, will be 
equal in magnitude hut opposite in sign to the corresjjonding (piuntities 
a distance x *= | 2 [ from A. The shearing force and the bending 
moment diagrams are as shown in Fig. 8 04(d). 

The cantilever. —The cantilever consists of a tiniforin horizontal 
rod, AB, Fig. 8'05(a), of length I, fixed at one end into a wall or 
other rigid support. \Vc shall first suppo.se that its own weight is 
Rogligihle, and that it carries a weight W at its free end. Let H be 
the vertical reaction at the fixed end, and Z the couple which the 






338 


THE GENERAL PROPERTIES OF MATTER 


wall exerts on the rod. Considering the equilibrium of the rod as 
a whole, we have 

R - W = 0, 

and Z + W/ = 0, 

or R = W, and Z = -Wl. 

Thus the couple is anticlockwise, according to the convention here 
adojjted. 

Now consider the equilibrium of the portion AK of the lever, 


R 



Fig. 8-05.—A cantilever of negligible weight. 


where K is a section at a distance x from A, such that 0 < z < 1. 
The forces and couples on this portion of the lever are as shomi in 
I’ig. S'0o(6). The conditions for equilibrium require 

W -I- S = 0, or S = -W. 
and M - W/ -Sx = 0, 

i-e. M = 

The shearing force diagram and the bending moment diagram arc 
therefore as indicated in Fig. 8'05(c). 

Suppose now that the above lever has a weight w per unit length. 
Let R, Fig. 8-06(a), be the vertical reaction at the fixed end, Z being 



ViQ. 8’UU.—A uiiifurm cantilever loaded at its free end. 
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the couple wliich the wall exerts on the rod. Considering the 
equilibrium of the lever as a whole, the conditions are 

K - ivl - W - 0. 

and Z + \\l + In-l- = 0. 

Hence R = \V + »■/. 

and Z = -\\l - )M\ 

i.e. this couple has a magnitude (W/ + and acts in an anti¬ 

clockwise direction. 

Now let S be the shearing force and M be the bending inoinent 
at a transverse section of the lever at a distance x from its fixed end. 
where 0 < a: < Then the forces and couples acting on this 
portion of the lever are as shown in Fig. 8-00(6). For equilil>riunK 
we have 

W + u'l I S = wx, 

i t*. fS = — \V - «’(/ — x), 

and taking moments of forces about A 

M + - \\l - Url- - S.r = (1. 

M = [ —W — U'tl — x)]x — Urx~ + \\7 hd- 
= W(; -X) + - xf. 

Example .—A liglit but rigid rod OA, Fig. 8 U7(r/), of lengtlj 2a is 



ninoot)ily liingod to u fixe*! point O ho that it c-ati rotate in a vei-tical 
plane. A particle of tiuiKS m in rigidly uttJiched t«j the* rod at A, while 
another of rttusK 2m is fixed ut its centre 'I’he rod is n-h-ased from 
rest at un angle a with the upwurtl vert ieul. Show t lait wIu'ii it makes an 
angle 0 with the upward vertic;ul, its angidar \'elocity f) is given by 

'JaO^ = 4j/(co8 a — cos 0). 
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Also determine the angular acceleration of the rod, and the shearing 
force and bending moment at a section in the rod at a distance h(h < a) 
from A. For what \alues of cos 0 is the upper half of the rod in com¬ 
pression? 

When the rod makes an angle 0 with Oy the external forces on the rod 
are my at A, '2nuj at C and the reaction at O. Since the rod is released 
from rest, the energy principle gives us 

-f- -f 2mg.a cos 0 + mg.'la cos d 

= 2my.a cos a -{- mg.2a cos a, 
i.o. 3«t)- = 4^{cos a — cos 0). 


Hence 


d' 


3 'a 


. sin 0. 


Xow consider llie shearing stresses, S8, and the bending moments, 
MM, at the section I’where PA = h\ the rod is rigid so that all considera¬ 
tions of elasticity may be omitted, cf. below. Now the acceleration of A 
is 2al) at right angles to OA and 2a()^ along AO. Hence, resolving 
forces on PA perpendicular to PA, we have 

m{2(i0) = mg'sin 0 S, 
and taking moments of forces about P, 

7n{2a0)h = mgh sin 0 — M. 

2 g 

8 = 2a»j . ^ - sin 0 — mg sin 0 

O C2 


and 


= m{ 3<7 sin 0 g sin 0] = \nig sin 0, 

M = —2am . f . sin O.h 4- 7ngh sin 0 

3 a 


— — sin 0. 

Now suppose (hat F is the thrust in the portion PA of the rod. The 
forces act ing on t lie mass m at A are as sliown in Fig. 8-07{6). Resolving 
forces along AP wo obtain 

in{2(i.h'^) = cos 0 — F. 

F = /ag cos 0 — 2a0^.tii 

= mg (a)s 0 — 2am. ^ (cos % — cos 0) 

- 1 cos 0—8 cos aj. 

F is po.sit ivc wlien 0 = a. decreases {is 0 increases, and changes sign 
at cos 0 - a cos x. 

F is originally a compression and becomes a tension when cos 0 < 
cos a. 

Stresses induced hy bending.—Let ABCD, Fig. 8-0S(rt), be the 
longitudinal section of an element of a beam which is straight in 
the unstraiited position: the beam, however, is no longer rigid, so 
that, as the sequel shows, its modulus of elasticity has to be con¬ 
sidered. The material of the beam is assumed to be isotropic and 
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homogeneous. The shape of the section normal to the plane of the 
diagram is immaterial. Fig, 8'07(6) shows the longitudinal section 
of the same element of the beam after it has been bent by the applica¬ 
tion of a couple; when the bending is produced in this manner it is 
said to be pure. It wiil be assumed tiiat the limit of perfect 
elasticity has not been exceeded at any jioint in the beam. Let the 
position of any point in tliis longitudinal section be referred to 



If the bending moment at the section AB is M, then Fig. 8-07(/d 
shows that the filaments in the upper part of the beam will be 
stretched while those in the lower part will be compressed. 'Die 
laments on a certain surface will not be .strained; this i.s tlu‘ 
neutral surface and its trace N 1 N 2 is tal icn a.s the j'-a.\is of ct)- 
ordinates; this trace is often referred to as the neutral axis of the 

cam. The strain along PiQj [considered j>ositive in llu* direction 
of z increasing] is 


PQ_(H — — Jt dfj} _ // 

PQ ~ ~ ~ ~ R 

where R is the distance of the point of intersection of i^iAj and C, 
from NjNg, and dtj} is the angle indicated. The stress is — 

where Ii, is Young’s modulus for the material of the beam. In 
stating this it has been assumed that every filament is free to expand 
dtudinallv. anrl 1 ^ Iw.tiM imViIII* 


uiiH It naw been asBumed that every Hlanient js five to expand 
ongitudinally, and contract laterally, i.e. it.s behaviour under stress 
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is the same as if it were separate from all other layers. K this were 
not so E would not be Young’s modulus for the material of the beam, 
but some other elastic constant. 

The stress is therefore a linear function of the distance of the point 
at which it is considered from the neutral surface, cf. Fig. 8 08(c). 
Now according to the convention we have adopted, the stress at a 
point in AB is due to the portion of the beam to the right of AB 
and therefore the moment of the system of forces acting on AB, cf. 
Fig. 8-08(d), must be the bending moment M. 

Having selected our x- and y-axes the third or 2 -axis will be as 
shown in Fig. 8'0S(e). Let dA, Fig. 8*08(/), be an element of area 
in a transverse section of the beam; the length of this element is 
parallel to the 2 -axis and its breadth is dy. Now, for this element 

of area, the force on it, in the direction of x increasing, is 

so that the total force on the transverse section AB is 



and this is zero since the bending is assumed to be pure. [The 
integration extends over the whole cross-section considered.] 


But 




y dA = yA, 


where y is the distance of the centroid of the section from 02 , i.e. 
y = 0 or the neutral axis passes through the centroid of the section. 

The moment in a clockwise direction of the forces on the section 
about a line through the neutral smdace is 


wliere I is the moment of inertia for the cross-section considered. 
[It must be emphasised that I is not a true moment of inertia for it 
does not involve mass; I is merely used to denote J y- dA which is 
the quadratic moment of the area with respect to the neutral 
line. It is sometimes called the second areal moment of the area. 
Its value is determined solely by the size and shape of the cross- 
section and the position of the neutral surface.] 

R d3r 


since the curvature of the beam is so small that R“* may be replaced 
d'^y d^y 

by [If ^2 is negative, the radius of curvature \^'ill be negative. 
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i.e. the nearer surface of the beam will Ijo concave when viewed from 
a point on the negative side of y.] 

The factor El is termed the flexural rigidity of the beam. 

E 

Since \p\ = the longitudinal stress is a maximum at the 

boundary (of the section) which is most distant from tlie neutral 
surface. Since M = —, it follows that IbI = v lyl- 

Ordinary bending.—A discussion of simple bending has just 
been given: it refers to the particular instance of bending in whicli 
there is no shearing force. In mo.st practical cases, however, bending 
IS always accompanied by shearing forces tending to j)roduce a 
vertical shear across transver.se sections of the beam. \\’hen this 
occurs, the forces across any transverse section have, in general, to 
balance a couple and also the shearing forces at that section, i.e. the 
longitudinal stress will be accompanied by a tangential stress. 'Plu* 
physici.st and engineer find, however, that in actual practice it is 
suflicicnt to apply the theory.of simjile bending to the piol)lcins 
which occur in designing a structure. Accordingly, we shall assume 
in all sulxsequent work that the curvature of the beam under stress 
iH connected with the bending moment by the simple formula we 
have established. 

Transverse bending; anticlastic curvature.—When a beam 
IS bent longitudinally, i.e. in a plane containing its length, a tran.s- 
verse bending with opposite curvature must necessarily be associated 
with it, if each filament is perfectly free to expand or to contract 
laterally when subjected to a compressive or a tensile stress respec¬ 
tively, In the beam considered in Fig. 8-08 the filaments above the 
neutral surface are extended; each must therefore suffer a lateral 
eontraction, while tlie filaments which are below are comjiresscd so 
that they sutler a lateral expansion. 

The following simple experiment w 111 help to clarify these r(“marks. 
If a piece of india-rubber about 5 cm. x 3 cm. X 0*5 cm. is bent 
lengthways into an arc of a circle, the shape assumed by the rubber 
is similar to that shown in Fig. 8'0J){a). Not only the longitudinal 
fibres but also the fibres normal to them are bent into circular ares. 
If the longitudinal fibres are bent so that the)' are concave with 
respect to a point below the india-rubber, then the transverse* fibres 
are concave with respect to a point above the rubber. 1'he bending 
which takes place in a plane normal to the longitudinal plane gives 
to the specimen an anticlastic curvature. 

Now consider a beam of rectangular cross-section subjected to 
pure bending, and in such a manner that filaments above the neutral 
aurfuce are extended while tho.se below are compressed. Thus let 
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ABCD, Fig. 8*09(6), be a side of an element of the beam when bent, 
this side being parallel to the plane of bending. Let LN be the line 
along which this side is cut by the neutral surface. Let AjBjCiDj 
be the opposite side of the element, the neutral surface cutting it 
along LjNj. We have to find an expression for Rg, the radius of 
anticlastic curvature, i.e. for the radius of LLj (or of NNj) in terms of 




Flo. 8-09.—Transverse bending; anticlastic curvature. 


Rj, the radius of curvature of LN, and of a, Poisson’s ratio for the 
material of the beam. Let AB and DC produced meet in Oj, while 
CD and CjDj produced meet in Og. 

Let LN = LjNi == a, and NN^ = LL^ = 6. Then if AL, etc. = 
li, we have 


Also 


AD 

Ri 4- 6 

5 n AH _ nl \ J- 

LN ~ 

1 

1 

1 

1 

1.0* ““ w 1 X i 

DDi _ 

R ., - h 

i 0 DD = 611 — 

NNi “ 

R, ’ 


AD - LN 
" LN " “ 

longitudinal 

strain along AD, 


and 



~ lateral contraction per unit width along DDj. 
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Ri = aR^. 

On the bending of a beam which is not quite straight 
initially.—Let ABCD, Fig. 810(«), be an element of a beam 
slightly curved initially. Let PQ be the neutral surface (or rather 



Fia. 810.—Bonding of u beam 


' y 


A, _ S, 

---''I/f; 

\ \jiadiusp‘^ j 

X>1 C, 

(b) 


>'itl) a initial curvature. 


its trace in the plane of the diagram). If PQ = <s, a small Hnite 
length, then AB = s — A<Sq, say. Hence, with the notation indi¬ 
cated in the diagram, 


8 — Po ~ ^ ^ 

y 01* " • 

8 po ^ Po 

If AB becomes AjBj, cf. Fig. 8-10(6), after a given systt-m of 
forces has been applied to the bar to produce bending, call AjBj = 
« + ds. Then 

As 

8 p' 

where p is the new radius of curvature of the neutral .surface ami all 
quantities are considered numerically. Thus AB ha.s increased in 

length by d« + = 8h\- + --1- 

r. ., Lp PoJ 

insider now a filament GH (shown clotted), at height c above PQ. 
The extension r] produced when this becomes GjH^ is given by 


_ 5 ._= ? 

As -t- Asq b' 



28 




346 


THE GENERAL PROPERTIES OF MATTER 


If E is Young’s modulus for the material of the bar [and, as usual, 
we assume E to be the same when the bar is in compression as when 
it is in tension], then 


Stretching force exerted on GH by adjacent filaments 



Streteliing force 
a dz 





Stretching force = «E 




'file moment of this force about the straight line through Q in wliich 
the neutral surface intersects the end of the element shown is 



Siiu'c tlie total stretching force is zero, PQ must lie in a plane 
j)assing through tlie centroid of the cross-section of the element 
and tile total moment. .M. is 


1-: 


1 


1 

Po-* 




whert* tie- inti-uiation t'xteml.s ovt-r the whole deptli of the bar. 


M KI 


1 

'-P 


1 

Po-J 


if I = J (/;“ dz. 


Strictly speaking />,, i> negative if p is positive and hence the above 
hirninia is hcttci ulitten 


M KI 


1 


1 

Po-* 


i.c. M - El change in curvature. 


.Mternath'C treatment: 'I’o straigliteu the element of the beam 

El 

considered a bendiTu: inorncnt M„. jiiven bv = - would have 

Pii 

to he a]t|ili<-d. To produce the additional curvature an additional 

HI 

is nt‘ci's.-;ar\'. Hence the total bending 
P 


licndiim moment gi\'i u Ii\ 
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moment required to change the curvature from Pq to p is, apart from 
signs, given by 



= El X change in curvature. 






I=±b(d^-c^) 








d(2a.-^b) 

^ aia-tb) 

J_ <a*-t-4cu> + b^)d 
^ ^6(a,^b) 


Tarlk of Moments of Ineutia’, ok Sec ond Akeal Moments, kou dikfekknt 

CUOHH-HBCTIUNH; EACH VALUE KEFEKH TO A HOJil/ONTAL AXJS TIIUOUOH TIIK 

‘CEKTllE OK UUAViTV’ OK THE AiiEA. 
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A light beam supported at its ends and carrying a central 
load.—Let AB, Fig. 8-ll(a), be the beam resting in a horizontal 
position on supports at its ends. Let 2a be the length of the beam 
and suppose it carries a load of weight W at its mid-point; the beam 
is ‘light’ so that its own weight is negligible compared \\ith W. 
The reactions at the supports are each equal to 4W and act 



tio. S-Il. {a) Xon-unifonn nncl (6) uniform loadujg of a beam. 


\erticaliy upwards. Then, in the usual way, wo find that the 
shearing force S, at Kj, at a di.stance x from A, where 0 ^ a* ^ a, is 
— i\\ , while M, the bending moment, is given by M = — 

Hence 




1 



Integrating this equation, we obtain 


in 

(lx 


1 2 

“. — .X^ 

4 Ef 



w here A is an integration constant. 
X = a, we have 


Since 



is zero at the point 




1 W .. 

-. — .a”. 
4 El 


Integrating again, we get 


1 U' 3 1 W’ , 

y = ~ ■x'^ -f- -. -.trx, 

12 El 4 El 


no added constant being necessary since the deflexion is zero at 
.r — 0. 

The deflexion at the centre of the beam is tlierefore given by 



i W 

.(r. 

(3 El 
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Also, the slope of the beam at the supports is the value of-^ when 

dx 

X is zero. If the beam makes an angle 0 with the horizontal at A, 


tan d = 



1 W 2 

— .a , 
4 El 


The deflexion at Kg, a point in the portion CB of the beam, may 
in this particular instance be WTitten down by considering the 
symmetry of the arrangement. In order, however, to illustrate tlie 
method of dealing with more complicated problems, a complete 
solution follows. Let the distance of Kg from A be a*, where 
a ^ a: ^ 2a. Then M, the bending moment at K.^, is given by 


M = 


" dr^ 

• ^ 
dx 


— Wa + — .a:. 

2 

W 1 W 

- . a H —. —. X . 

El 2 El 

W 1 W 2 , 

- .ax +-. — .x^ -I- A,, 


El 


4 El 


where Aj is a con.stant. It is determined by the fact that at .r = 


a. 


dx 


18 zero. Hence 


. W ., 1 VV 2 

0 = — .a- + -. — .a^ + A,. 

El 4 El * 



3 W . 
— .a". 

4 El 


Integrating again, wc obtain, 



-.aar - . .x^ 

2EI 12 El 


3 W 2 

H—. — .a^x -} 

4 El 



being a constant of integration. Since*, at x = 2rt, t/ = 0, we 
have 



[—^a.4a* 


-h 'iV-Sa^ 


-I- 3a2.2« 


+ B,l. 



as before. 


OEI ■ 
1 W 3 

— .a**, 

0 El 
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A uniformly loaded beam.—^Now consider a horizontal beam 
supported at its ends and carrying a uniformly distributed load of 
weight w per unit length—this will include the weight per unit length 
of the beam, or it may be only this weight. Let AB, Fig. 8*11(6), 
be the beam of length 2a. The directions of the coordinate axes 
are taken in accordance with the usual plan. Let z be the distance 
of a transverse section at K at which the bending moment is required. 
The thrust at A is vxl. Now consider the equilibrium of the portion 
AK of the beam, the shearing force and bending moment at K being 
S and M, respectively. Then 


and 


Hence 


wa + S = XDX, i.e. S = w{x — a), 
M + — Sx ^ 0. 


M \ 

M = u>|- ax\. 

\2 / 


[N.B.—Since we do not require the value of S, we could avoid 
determining it by taking moments of forces about K, when 


wax 


M — iiU>x^ = 0, 


so tliat 






as before.] 


Hence 


1 ri 2 1 

— = — [\iox^ — wax], 
dx^ EI 

^ — ^icax^] + A, 

dx El 


wiicre A is an integration constant. But since the beam is horizonta 
at its mid-point, 

= 0 = — -I- A, 

.dxL=a El 


i.e. 


A 1 * 3 

A = -. — .im . 
3 El 


Integrating again, we have, 

El 

tlie constant of integration vanishing since, w'hen a; = 0, y = 0, 
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If we call Wq the weight of the complete load carried by the beam, 
i.e. Wq = 2aw, the deflexion at the middle is 


48' El ' 

i.e. the effect of distributing a load uniformly over a beam, instead 
of concentrating it at the centre, is to reduce the maximum deflexion 
to five*eighths its former value. 

The stiffness of a beam.—T/ie stiffness of a beam is defined 
as the ratio of the maximum deflexion of the beam to its 
span. If the stiffness is denoted by rj-^, tlien for steel girders of 
large span 1000 < y} < 2000. For timber beams rj should not be 
less than about 400. 

General method of determining the deflexion of a beam.— 
The solution.s of any of the problems relating to the bonding of 
beams hitherto discussed, have all depended on the fact that it has 
been possible to use the equation 

M = El ^ , 

dx~ 

the general value for M being calculated by the methods already 
given. Now it is only possible to calculate the value for the bending 
moment when the number of supports does not exceed two, for 
before calculating M in a more complicated case it is necessiirv to 
determine the thrusts due to the supports on the beam, and tlie 
methods of statics do not permit us to determine these when tlie 
number of supports exceeds two. But it has already been shown 
[cf. p. 335] that 

(lx (/.C* 


the weight of the beam 
equation becomes 


which will be written 


per unit length. 




Hence tlie difl'erential 


The integration of this equation introduces four arbitrary con¬ 
stants which the remaining conditions of the problem suflice to 
determine. We shall illustrate this method of dealing with a jiroblem 
concerning the bending of a beam, by considering again the deflexion 
of a uniformly loaded beam supported in a horizontal jiosition by 
props at its ends. Before doing this, however, we have to establish 
an important theorem. 
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Lemma.—To show that at a supported end of a beapi, the 
bending moment is zero. 

Suppose that R is the thrust due to the support on the beam at 
the end which is taken to be the origin of coordinates. Let S and M 
be the shearing force and the bending moment, respectively, at a 
transverse section of the beam at a distance 6x from the support— 
cf. Fig. 8’ll{c). For this element of the beam to be in equilibrium 
the following conditions must be satisfied. 

(а) Resolving forces vertically, 

S + R — w ix = 0, 

so that in the limit when ix 0, S = —R. 

(б) Taking moments of forces about the origin, we have, 

M 4- w 5x{|dx) — S )5x = 0. 

Neglecting quantities of the second order, 

M = S 5x 

= 0 , 

when we proceed to the limit ^x -► 0. Thus the theorem is 
established. 

Uniformly loaded beam supported at its ends.—[Alternative 
Treatment.] Integrating the equation 

Ely*'' = 

we obtain Ely'" = «?x + A, 

wliere A is a constant to be determined. Integrating again, we get 

Ely " = Jmx* 4 - Ax + B, 

the constant B being zero, since the bending moment, and therefore 
y", is zero at the fixed end, x = 0. 

Another integration gives 

Ely' = iH'x^ + JAx- + C. 

the constant C being determined by the fact that at x = a, y' = 0. 
Tliis gives 

C = — — iArt^. 

Integrating again, we have, 

Ely = *f aA.r^ -- Jim®x — lAa^x. 

no constant of integration being added since the deflexion is zero 
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at the point x = 0. To determine A we use the fact that y is also 
zero when x = 2a. This gives 



EI[yL = 2« = 

0 = |jra 

" + tAa^ 

— - 

- Aa^. 


A = 

— M*fl. 




Hence 

ETy = 

A'MW* — 


hra^x 

hva^x 



aVex'* — 

Iv'ax^ -t- 



as before. 






Built-in (or encastr6) beams.—A beam which is so firmly 
fixed at each end tliat the supports prevent any change in the 



inclination of the beam at its ends, is termed a built-in beam. 
We shall only consider such a beam when its ends are in the same 
horizontal plane. It will be found tliat the effect of this method 
of securing a uniform beam is to reduce the deflexion at all points, 
i.e. there will be less tendency for the beam to break. 

Let AB, Fig, 8-12{a), be a uniform built-in beam of length 2a, and 
weight w per unit length, with its ends fixed in a horizontal j)lane. 
Then the differential equation, whose solution will give the shaj)c of 
the neutral surface in the beam, is 

Ely''' = 

the coordinate axes being as indicated. 


Now 


Ely" = Jm’x* H- Ax h 13, 
and Ely' = ^ 

where A, B and C arc integration constants. 

y' = 0 wlien X = 0. and when x = 2a. 

0 = 0 . 

and = 0 = 2Aa^ ( 2\ia. 

• Ely = ]i^iwx* ) iAx^ ( 

the integration constant being zero, since y = 0 when x = 0. 
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Using the fact that the deflexion is also zero at the point x — 2a, 
we have, 

= §«-’«' + + 2Ba^ = 0. 

Solving the two equations in A and B, we have 

A = —wa, and B = 

Ely = -iiwx* — awax^ + 

The deflexion of the beam is a maximum when a: = a. It is 
given by 

i.e. the deflexion at the centre is only one-fifth of what it would be 
if the same beam rested freely on end supports. 

The bending moment at any point in a built-in horizontal beam 
is given by 

M = Ely" = — wax -f 

At x = 0, [M]^=o = 

at X — a, Mz=a = — 

and at a; = 2o, = Ju.yz“. 

a 

Also M is zero, when x = a -I- —p = 0*42a or T58a. 

V3 

is given 

u'{x — a). The bending-moment and shearing-force diagrams 
for a built-in beam are therefore as shown in Fig. 8*12(6). 

To determine the vertical force, F, and the couple, Z, which the 
walls exert on the end of the beam we may proceed as follows. 
Consider the equilibrium of an element of the beam near to the end 
a* = 0, cf. Fig. 8*12(c). We have 

F = —[S]^^ = iva, and Z = — 

i.e. Z is a couple of magnitude acting in an anticlockwise 
direction. 

Example. —A beam of span I and of negligible weight is fixed hori¬ 
zontally at each end. Two equal loads, W, are placed at equal distances 
a from tlie ends of the beam. Investigate the defiexion of the beam at 
its mid-point. 

It m at once apparent that the reaction of the support on the beam at 
each eml is a force W, directed upwards, and tliere may possibly be a 
torque. At tlie end x = 0 let this torque be Z and suppose its sense is 
counter-clockwise. 

Consider the equilibrium of a portion of the beam of length x, where 


Since S, the shearing force, 


dM 

by S = we have S = 
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^ ® The shearing forces are everywliere zero. Hence, with the 

usual notation, 

Ely' = Z - ^\^r. 

which on integration gives 

Ely' = Z.C - 

the constant of integration being zero since at z = 0, y' = 0. 
Integrating again we get 

Ely = 

and the integration constant is again zero since at z = 0, y = 0. 

Now consider the equilibrium of a portion of the beam defined by 

a < X < - . We ha\'© 

Ely' = Z - \Vu. 
which on integration yields 

Ely' =(Z - \Va)x + A, 

where A is an integration constant. Since y' = 0 at z = we have 
A = —{Z — Wa) so that 

Ely' = (Z ~ \V«)(z - y. 
and on integrating again we have 

Ely = §(Z - Wa)(x - |)% li, 

whore 13 is un integration constant. 

Now in the equations so far obtained we have loft the unknowns Z 
and B; their values may bo found as follows. To dot ermine Z we use 
the fact that y' is continuous at a* = u, so tliat 


Za - |\\a2 = (Z - \V«)(« - ^). 
Z - a) =\V«[| 


Also, at z 
considered. 


which gives 


= a the dofiexion is the same whichever purl of the beam is 
Hence 



thaT any P'uul in 'be beam is known und « o get at once 



\v«2ri _ a-| 

El U eJ • 


Experimental determination of Young’s moduius by the 
non-uniform bending of a beam.—Let AB, Fig. 813(«), be a 

uniform beam for whose material Young’s modulus is to be found. 

it rest on knife-edges C and D lying in a horizontal j)lane on 
two very rigid supports. A scale pun F is uttuchcil to tlie beam at 
the point H midway between C and D; tlie loud, of weiglit \V. in 
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the pan may be varied. To measure the deflexion of the beam at 
its mid-point a short length of a steel needle [a gramophone needle 
does well] is attached to the mid-point of the beam with wax and 
its point well illuminated, as shown in Fig. 8'13(6). A horizontal 
microscope, its eye-piece provided with a horizontal cross-wire, is 



Light 

(h) 


w 


M 


ivx j S 


(C) 


3? 10 . 8'13.—Experimental determination of Young's modulus by the 

non-uniform bending of a beam. 


focused on the tip of the needle, the microscope itself standing on a 
rigid stand. 

If 2a is the distance between C and D, w the weight per unit length 
of the beam, the bending moment at the transverse section K, 
Fig. 8-13(c), is given by 




M =- X — wax -f hvx^. 

0 


Eli/" = — ~ X — wax -f iwx^. 


Ely' = — — X" — ^icax^ + Jwx® + A. 

4 

where A is a constant which may be determined by the fact that 
y = 0 when x = a. This gives 

0 = — — — iwa® -f iira® -f A. 

4 ^ 

A = — a- 

4 

w \v 

Ely' =-x^ — hwax- ■\ -+ ^wa^. 

4 4 


Ely = — — X* — + aVi/'x^ 

12 


W 


a^x -f 


the constant of integration being zero, since y = 0 when x = 0 
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The maximum deflexion of the beam occurs when x = a, and. if 
it is denoted by is given !)y 

Elf = _ _ U-a' + ^ , ,„,,4 

12 4 ^ 

= l\w + ~ wa\ 

24 


^ = — W 4- constant 

OEI 

= (m + ;>) + constant, 

gei 

if m is the mass carried in the pan of mass p, and g is the intcn.'^ity 
of gravity, 

. 

. . ^ = - m -{- constant. 

CEI 

If therefore, having obtiiined a scries of corresponding values of in 
and we plot them as abscissae and ordinates respectively, we 
should obtain a straight line whose slope is 

gei* 

For a beam of circular cross-section, of radius r. I = for 

a beam of rectangular cross-section of bicadtli a aiul depth Ik 
I = while for a tube with a cross-section of internal radiu.s rj 

and external radius r.^, I = ]7r(r2^ — rj*). The value for E may 
therefore be calculated for the material of any beam likely to ho 
under investigation. 

Determination of Young’s modulus when a beam is 
uniformly bent.—Let us examine the conditions necessary for a 
uniform beam of isotropic material to be uniformly bent, i.e. the 

radius of curvature is constant. Since M = " it follows that M 

X V 

must be constant over any portion of a beam which is bent so that 
its neutral surface is part of the circumference of a circle. This is 
obtained in practice in the following way. 

Suppose that AB, Fig. 8*14{a), is a uniform beam of length 
{I + 2a) resting on piers at C and D each at a distance a from the 
end of the beam nearer to it. lx*t the points of support lie in 
a horizontal plane, and suppose that the beam carries a loatl of 
weight W at each end. Then, by symmetry, the thrusts on the beam 
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at C and D are equal, the actual thrust being W, if the beam is so 
light that its weight per unit length is negligible. Let A be the 
origin of rectangular coordinates. Then at a transverse section at 



Fio. 8-14.—Experimental determination of Young’s modulus by the 

uniform bending of a light beam. 


Kj, at a distance x from A, where 0 < a: ^ a, we have, cf. Fig. 
8*14(5), in the usual way, 

S = VV, 

and M — Sa; = 0. 


M = Wx. 

At Kg, at distance x from A, where a ^x ^ {a + ?), we have, cf. 


Fig. 8*14(c), 


S = 0, 


and hence taking moments of forces about C, 

M = VVa = constant, 

since W and a are constants in any particular instance. It therefore 
follows tliat the central span of the beam is uniformly bent, its 
radius of curvature being given by 



if m is the mass of each end load. 

Let 7i be the elevation at the mid-point, which may be measured 
as in the previous experiment. Then, by the well-known property 
of a circle, 

(2R -k)h= 






since h is small in all practical cases where the elastic limit must 
not be exceeded. 



7* mga 
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[N.B. If the beam possesses a weight per unit length which is not 
negligible, the shearing force at sections in the central span of the 

beam cannot vanish, and therefore M ciinnot be constant since, in 
general, 

dM 

and a constant value for M requires S to be zero.] 

Alternative treatment: Since M = W«, we have 

Ely" = Wa 

Ely' = \Va.r + A. 

where A is an integration constant. Now at the centre of the beam, 
i.e. at ar = say, y' = 0. 

Ely' = Wa{j: — b). 

Ely = Wa(Ja:2 — bz) B. 

where B is an integration constant determined by tlie fact that 
y = 0 when x = a. 

0 = — ab) B. 

Ely = Wa[|ar^ ~ bx — in- ^ a/>]. 

To get y,nax.> hc- the deflexion at the centre of the beam, put x = b. 

. . Elyniax. = —IWa[6 — a]“ = — 

HO that y,|,ax. is negative since E and I are each essentially jjo.sitivc. 

Experimental determination of Poisson's ratio for the 
material of a beam. —It has been shown fcf. j). 345] that when a 
beam of wotropic material is bent the ratio of the radius of 
curvature in the plane of bending to the radius of anticlastic curva- 
turc IS equal to a, Pois-sons ratio for the material of the beam, 
lo determine these radii of curvature for an iron bar (say), and 
hence a value for a, let the bur be loaded as indicated in Fig. 8-14{«), 
i.e. the central span will be uniformly bent since the bending moment 
IS constant at all transverse sections in this part of the bar, inovided 
ol course, that the weight per unit length of the beam is small. The 
radius of curvature for the neutral surface is easily determined bv 
measuring the distance between the knifc-cdgc.s C and J> and, wit'h 
e ai(i o! a travelling microscope, the elevation of the mid-iioint 
I the front edge of the bar when the load is ajiplied. 'I'o determine 
the ladms of anticlastic curvature is more difficult. It is sometimes 
done by soldering to the edges of the bar at their mid.,,oints two 
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brass connectors, provided with set screws; such connectors are 
often used in electrical experiments but here we shall call them 
clamps. Their axes must be normal to the upper face of the bar. 
Two needles, not necessarily straight, each about 40 cm. long, are 
securely fastened to the clamps. One of these needles carries at its 
free end a mm. scale and the free end of the second needle just rests 
against the scale. When the bar is bent the two needles rotate 
about horizontal axes towards each other, the relative displacement 
of the end of one needle with respect to that of the other being 
determined directly with the aid of the mm. scale. If the length of 



Fui. 815.—iixpeiimentul detenninntion of Poisson’s ratio from observations 

on a unifonnly bent beam. 


the needle above the neutral axis of the bar is known, as well as the 
width of the bar, the radius of anticlastic curvature is readily 
derived. For iron bars of a convenient size the relative movement 
does not amount to more than 3 or 4 mm. if the elastic limit for the 
material of the bar is not to be exceeded; a microscope should 
therefore be used to measure this displacement if accurate results 
are required. 

The author has found the following arrangement more convenient 
and accurate. The needles are replaced by two small plane mirrors 
and Mj. Fig. 8-15(a), supported in copper frames soldered to 
short lengths of tliick copper wire which fit the clamps. These 
copper w’ires ma}’ be slightly bent so that the min'ors are parallel 
or almost parallel to each other. To the front of each mirror there 
is fixed a converging lens of two metres focal length. A horizontal 
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beam of light from a filament lamp, cf. Fig. 8-15(6), is then directed 
on to the mirrors. Tliis is done with the aid of a converging lens, A, 
across the front of which a fine straight wire, W, is stretched. Two 
images of this wire, one from each plane mirror and its attached lens, 
are obtained on a vertical translucent screen placed near to tlie 
wire W. This is possible on account of the large depth of focus 
possessed by a converging lens of long focal length. When the beam 
IS loaded the images of the wire are disifiaced; from a knowledge of 
these displacements and the mean distance of the mirrors from the 
scale, the changes in inclination of the mirrors can be calculated. If 
the width of the beam is known, the radius of anticlastic curvature 
IS at once determinable. 

If d is the sum of the displacements of the images, D, the mean 
distance betw-een the mirrors and the scale, the change in the inclina¬ 
tion of the mirrors when the bar is loaded is given by 



each mirror will move through half this angle. If h j.s the breadth 
of the bar, 


of 


R 2 — radius of anticlastic curvature = — = --- 

(j) d 

If y,„ is the elevation at the centre of the bar, then Rj. the radius 
curvature in the plane of bending, is given by 


where I is the distance between the knife-edges. 

2 ff6D _ /2 


But aRo = Rp i.e. 


If, therefore, a series of loads is applied to the bar and wc plot 
= y and d = X, a straight line with slope , should be 

obtained, hrom this slope a value for Poi.s.son's ratio for the 
material of the bar, may be deduced. 

fTu ^ value for Young’s modulus for iron, u.sc is made 

01 the formula developed on p. 358. 

Experimental determination of Young’s modulus for the 
material of a cantilever. —A cantilever is u horizontal uniform 
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beam clamped at one end and it has been shown [cf. p. 339] that 
when a cantilever of weight to per unit length carries a load of 
weight W at its free end the ben^ng moment at a distance x from 
the free end is given by 


Ely" = M = W(Z — x) \w{l — xf. 

Ely' = - xf - hv{l - xf + ^W/2 + 

the constant terms being obtained from the condition that y' — 0 
when a; = 0. 

Integi-ating again, we get 

% 

Ely = J\V(/ — xf + + ^Wl^x + ^wl^x -f- C, 

where C is a constant of integration; since y = 0 when x = 0, 

C = 

Ely = ^\Wlx^ — 'JWa;® -}- — xf -i- itefx — 

■■■ = f = .7^,[vv + iw„], 

oHjI 


wliere \\'o = wV, tlie total weight of the beam. 

(a) Statical method: If therefore a series of known loads is 
aj)plied to the free end of the cantilever and the deflexion, 
measured for each load, the graph obtained by plotting | against 

/3 

n will be linear with a slope so that Young’s modulus for 

the material of the cantilever may be obtained. Strictly speaking, 
we do not measure the displacement of the free end of the lever 
])eIow a horizontal plane througli its fixed end but a distance x 
which is the-change in position of the free end when the load is 
ajjplied. But since x + o: ~ where a is a constant, tlie slope of 

iz 

tlie graph obtained by plotting x against W is still . 

oJ&I 

Eor a long cantilever such as a wooden lath 150 cm. long, 0*5 cm. 
tliick and 2*5 cm. wide, the initial deflexion of the beam is consider¬ 
able so that the theory of bending developed in this chapter does 
not apply. This difficulty is overcome by clamping the lever OA, 
Fig. 8'10(a). so that it may only be deflected in a horizontal plane; 
the weight of the lever is then immaterial. To deflect the lever 
mounted in this way a light string, Fig. 8*15(6), is attached to the 
end of the lever and this string, after passing over a light puUeyf 

t It is better to lu^^e a light aluminium tube resting on a piano inclined at 45“ 
to tlio horizontal; cf. Fig. 8-23(6). p. 379 and I.P. p. 769. 
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at least 5 cm. in diameter, carries a scale-pan. When the pan is 
loaded the beam is deflected and the defle.xions can be njcasured 
first Anth the load in the pan being increased, and then decreased. 
Moreover, the direction of the applied force can be reversed and thus 
a more reliable mean value for the change in deflexion j)er unit 
change in the deflecting force ma}’ be obtained. 

To correct for the presence of any small frictional forces at the 



re) F (d) 

DePlecting force 


Fio. 816.—A cuntilover: exi>crinK‘iitMl dotenninatioa of Young's modulus 

for its material. 

pulley, which arc not eliminated by taking observations on each 
side of the equilibrium position of the cantilever, we may write 

t — ^ ?! 

El 3 ’ 

whore tng = W and /? is a small constant; the graphical method 
already suggested enables us to And E without a knowledge of (i. 

(6) Dynamical method: The above arrangement of a canti¬ 
lever also enables us to find a value for Young’s modulus for the 
material of the cantilever by determining the periods of vibration 
of the lever when different masses are attached to its end. For the 
particular cantilever specified the motion is relatively slow, so that 
the transits of the end of the lever past a fiducial mark can be seen 
and a stroboscopic method is not necessary to find the period T. 
The mass of the lever, however, while it does not affect the statical 
experiment cannot now be neglected; its effect may be e.xamined 
in the following way. 

F be the instantaneous value of the deflecting force [in n 
horizontal plane] at the end of the lever. Then the instantaneous 
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deflexion y at X, Fig. 8-15(c), at a distance x from the fixed end, 
is given by 

Ely = mx^ - 

a fact easily verified since, cf. p. 338, 

Ely" ^ M = F{1 ~ X), 

where F is now wTitten for W. 

At X — /, tlie instantaneous deflexion ^ is given by 

so that « ^ 


'3 2 :“ 

1 

"'1 

.2 

2 



Hence tlie instantaneous velocity of a particle in the beam at a 
distance x from the fixed end is given by 


. _ f3 1 , 

^ L2 P 2 


If// is the mass jier unit length of the cantilever, its kinetic energy is 

p, . 33 

.1-'^L2/2 2 / J ~ 280■ 

1 lie kinetic energy of the mass M carried at the end of the lever 
is 

I he jiotential energy of the beam in any position is equal to the 
work done in causing it to take up that position. In the position 
considered it is therefore given by 






’ 2 

Since tlie total kinetic energy -f the potential energy is constant, 


-i 

\ 280 / 


ia 3 El 

-i-r ^" == constant, 

2 


so that by differentiating with respect to /, we get 

/iM ^33 3EI ^ ^ 

HM -^ = 0 

V" 280 / 2 1^ 

as tlie equation of motion. The motion is tlierefore simple harmonic, 
with a period given by 


T = 27r 


(M 


3EI 
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Again, a graphical method, in wliich is plotted against M. 
serves to determine both E and fx. Now this theory of the vibrating 
beam is probably not quite comj)lete and therefore it is not desirable 
to find ft by this method. Tlie term may be regarded as a 

constant and this assumption may l>e tested by using the graphical 
method already indicated. 

Alternative treatment: If the cantilever is loaded at its free 
end with a mass M and then this end is further disj)laecd bv an 
amount ^ a force will be called into play tending to restore the 
cantilever to its equilibrium position. This force is directlj^ pro- 
j)ortional to ^ and when the lever is released this restoring force 
will cause the mass M to execute simple harmonic motion about its 
equilibrium position. 

Now for a load of mass in the disj)lacement ^ is given by 

_ 7 ^ 

^ 3EI ’ 

so that the restoring force per unit displaeem<‘nt is 


iMj 


3J5I 

' P 


Hence for a displacement from the equilibrium position of the 

XT XU .. 3KI 

mass M, the restoring force is -^ 3 - y and this ojicrates on the mass 
M and on the cantilever. 

Ihe motion of the load M is therefore given by the etjuation 

(M h m^)y I y = 0, 

where is a correction term, assumed constant, on account of the 
mass of the lever. The period of oscillation is therefore 


V' 


If therefore a series of corresijonding values of M and T is obtained 
and M plotted against T^. the slope of the graiih is constant and 

equal to ~ if the assumptions made in our argument <ire correct. 

Thus a value for Young’s modulus for the material of the cantilever 
may be found. 

In the dynamical experiment it is not possible to load the eanti- 
ever with a scale-pan and so a brass screw is passed through the 
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lever at its free end and fixed in position with brass nuts—cf. Fig. 
816(d). Brass discs of known mass are threaded on to the brass 
screw to increase the mass earned by the lever. If the observations 
are dealt with graphically it is not necessary to know the mass of 
the brass screw and the fixing nuts. 

[It is interesting to note that if the mass of the cantilever is 
negligible then 



and since the displacement due to a load of mass M is given by 


= 1 

”3 El 


we have T = 27 t 

Thus a value for the intensity of gravity may be obtained.] 

Determination of the diameter of a fine wire by using the 
wire as a cantilever.—From the equations obtained on p. 362 
^\■e find that the deflexion of an unloaded cantilever is given by 




' w, 

8 E£ 





where \Vy is the weight and Mq the mass of the lever, r its radius of 
cross-section and the density of its material. If the lever is 
completely immersed in a liquid of density p, the deflexion is 
given by 

I'roin these equations we have 



so that if p is known a value for p^ can be found. If E is known, 
tlie radius of the wire may be determined. 

An apparatus designed by the author for use in such an experiment 
is sliown ill Fig. 8'17(a)-(6). A brass disc A is clamped to a second 
brass disc B by means of a screw and nut C. A rod is soldered to 
B so that the apparatus may be supported in a clamp. FG is a 
brass rod soldered to A and this remains In a horizontal position 
when the screw D is in the position shown. When D is withd^a^m 
the rod FG falls approximately into a vertical position and is held 
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exactly vertical by inserting the screw D into the aperture E in 
B, the centres of D and E having been made to subtend an angle 
^77 at the centre of the disc B. 

One end of the ^Wre under investigation is fixed in a small clam]) 
P—cf. Fig. 8*17(c) for details concerning the structure of P. [P is 
movable along FG to accommodate wires of different lengths.] With 
FG and the ^vire pointing vertically do^^^\wa^ds a pin R at the end 
of FG is adjusted until its tip touches the end of the wire. When 



hO is horizontal the wire is deflected from the horizontal i)osition 
it would occupy in the absence of gravity and the displacement * 
may be measured with a travelling microscope. 

An aqueous solution of hypo, of known density, is j)laced in a tank 
with vertical glass sides and the experiment rej)eated so that is 
obtained. If E is known, a value for the radius of cross-section of 
the wire may be obtained in the manner already indicated. 

An optical method for determining the deflexion of a 
beam.—Let AB, Fig. 8-18, be a beam of length 2a hut of negligible 
weight per unit length, resting in a symmetrical po.sition on two 
knife-edges lying in a horizontal plane. Let M, be a small j)lane 
mirror rigidly fixed to one end of the beam. S is a vertical scale 


S 



Fio. 818 .—An optical inothod for deO-nnini.iK U.e iiKliimtion ut one 

^nej of a noti-ujiifortiily bout bourn. 
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in centimetres, etc., situated in the vertical plane containing the 
beam at a distance D from Mj, its image formed by reflexion in 
the plane mirror being observed through a fixed telescope T. When 
the beam carries a load of weight W at its mid-point, let be the 
angle of inclination of the beam to the horizontal as shown. If d 
is the difference between the scale readings whose images are 
observed on the cross-wires of the telescope when the beam is 
unloaded and then when it is loaded, since (i is small, 

tan 2^ ~ ~ , or tan B ~ . 

If M is the bending moment at a section K in the beam, at a 
distance x from A, w'here a ^ a: ^ 2a, w'e have, in the usual way, 

W 

— .X + M — W(a: — a) — 0. 

2 


EI/ = +A. 

w here A is a constant whose value is determined by the fact that 
at X = a, y' = 0. This gives 

A = fanv. 

The slope at a: = 2a is tan (tt — and is given by 

El tan (tt - y?) = \V[a^ - 2o? -f- = - — . 

4 



tan ^ = 


Wa^ 
4EI ■ 


Hence 


d = ^ -7«, 

2E1 


W'here m is the mass of the load and g is the intensity of gravity. 

In carrying out an experiment, several loads should be placed in 
the pan attached to the beam at its mid-point, and corresponding 
values of m and d plotted as abscissae and ordinates respectively. 
The slope of the best straight line drawn through the points thus 

obtained gives a mean value for This value is used in the 

above formula to find E. 
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The above proof assumes that the mirror Mj is near to the end 

of the beam—otherwise it would suffer a translation as well as a 

rotation. To increase the accuracy’ of the method a second mirror 

% 

may be placed at the other end of the beam and, yvith the aid of 
another telescope, the inclination found there also. 

[The formula wliich we hay’e derived could have been obtained 
by yyTiting doyvn the differential equation obtained by considering 
the equilibrium of the fii*st half of the beam and calculating the 
slope at the end a: = 0, yvhich is tan /9. The proof given was adopted 
to illustrate the method to be applied in a more com])licated 
instance.] 

Konig’s method for finding Young’s modulus for the 
material of a uniform beam.—Thi.s method was devised by 



1*10. 8*19.—Konig'H (optical) inothod for doU'rniiriiii^ Voinig'8 modulus 

for tlio tiuitoriul of ii buatn. 


KoNiof in 1885, the method just described being a sim[)liried form 
of it. The advantage of Konig’s method is that simultaneous use 
is made of the changes of inclination at each end of the beam. 
The apparatus is shown diagrammatically in Fig. 8-19(«). Two 
I>lune mirrors, Mj and M.^, whose normals ouch make an angle a 
with .the horizontal when the beam is unloaded, are rigidly fixed 

t Kcinig, Her tin Phyn, Gch, Ter A., 1885. 
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to the beam under investigation at points just beyond the knife- 
edges supporting the bar. The images of the divisions on a vertical 
scale S situated in the plane containing the apparatus are viewed 
through a telescope T. When the beam is loaded wth a mass m 
at its centre, let /3 be the inclination of the beam at either end to 
the horizontal; then each mirror will rotate through an angle 
Suppose that x is the change in the scale reading observed through 
T, i.e. X is the distance between those divisions on S whose images 
are seen in T, firstly when the beam is unloaded, and secondly when 
it is loaded. 

To proceed, let us imagine a ray of light to pass from the telescope 
along its axis to the scale after suffering reflexion at each mirror 
in turn. Let this ray strike at A, Fig. 8*19(6), and then proceed 
via AB to strike at B. It is then reflected along BSj. Let BA 
produced cut the scale in Oj. Call BOi = D and AB — d. It is 
now necessary to correlate s, d and D with the angle Let AN 
and BN be the normals to the raiirors at A and at B respectively. 
If a is the angle which the normal to each mirror at the point of 
incidence makes with the horizontal, then 

== D tan 2a. 

When Ml moves through an angle let the ray from T striking 
the first mirror at Ai be reflected along AjBj, where Bj is the point 
of incidence on the second mirror. If AB and AiBi intersect at C, 
cf. Fig. 8*10(c) where the rays concerned are shown in greater detail, 

ACAi = BCBi = 2^. 

Now the normal, viz. BiN,, to M 2 at Bj intersects the normal to 
that mirror at B at an angfe /3. Hence the normal at Bj makes 
an angle (a — §) with the horizontal. 

CiriN 2 = (a — y?) — CB^Oa [*.* B^Oa is parallel to AB] 
= a — 3)5. 

Now O. 2 B 1 S 2 = CBjOs + 2 .N 2 B 1 C 1 

= 2)5 + 2(a - 3/5) = 2a - 4/5. 

Also ‘-1^^ = tan 2a = 2a, 

D 

if a is small, and 

^-£2 ^ (2a - 4^) = 2a - 4/5, 

D 
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^ being small. In these equations it is assumed that B and B, are 
equidistant from the scale. 


Now a- = S 1 S 2 = OjSi - O 1 S 2 

= OiSi - [O2S.. - OgOJ 

= 2a(D) - ('2x - ^ 2{^ld) 


= 4/9D + 2^d. 




X 

4D 4 2d 


% 


But, cf. p. 368, tan (i 


1 \V 

4Ei 


where d = 2 a, so tl»at a value for 


E may be obtained. 

To ensure that the approximations we have contemplated shall 
be realized in practice, the scale is placed at a considerable distance 
from the mirrors and the telescope arranged so that the rays of 
light just clear the tops of the mirrors. 

When this method is used to determine Young’s motlulus for the 
material of a beam, greater accuracy is attained than by using a 
method in which the depression at the centre is moasiiretl, because 
the angle /? can be measured more accurately than can the <lopres- 
sion; also, if the knife-edges sink into the beam when the load is 
increased this does not affect the readings as when the depression is 
measured directly with a microscope. There is also less chance of 
damaging the beam b^^ exceeding the elastic limit for its material, 
since smaller loads can be used. 


Cornu’s method of determining the elastic constants for 
glass.—In 1800 CoRNuf published an account of a method of 
determining optically the elastic constants of glass by observations 
on the deformation of the surface of a rectangular slab of glass 
subjected to a uniform bending moment. He jjroduced the curva¬ 
ture of the surface by supporting the plate on two knife-edges lying 
m a horizontal plane with their edges normal to the axis of the 
beam, and suspending weights from the ends. A plane cover-glass 
rested on the beam and interference fringes localized in the film 
of air between the cover plate and the beam were obtained when 
the system was suitably illuminated with sodium light. The inter- 
erence pattern consisted of two conjugate systems of hyperbolae 
as shown diagrammatically in Fig. 8-20(a). By measuring the 
nnges along and acros.s the beam, the longitudinal and transverse 
curvatures were obtained, so that Poisson’s ratio could be calculated 
at once. The value of Young’s modulus for glass was derived from 


t Cornu, Compt. Rend., 69, 333, 1809. 
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the longitudinal curvature in the usual way. It is known, however, 
that some of the results he obtained were faulty as the knife-edges 
were too close together in comparison with the width of the beam. 



Kic. 8-20._Comu's intorforenco method for finding E and <7 for glass. 


When this happens the distribution of the thrust on the knife-edges 
varies as the beam is deformed. 

jEssopf using Cornu’s method, carried out in 1921 a careful scries 
of measurements on the elastic constants of glass but took care to 
avoid the disturbing effects to which reference has just been made. 
The glass beam, Fig. 8'20(!>), was supported on two knife-edges and 

I Jessop, PhiL Mag.f 42, 5ol, 1921. 
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the load applied by means of a mass suspended, in the manner 
indicated, from two wooden arms clamped to the ends of the beam. 
In tliis way a largo moment could be applied without introducing 
excessive tlirusts on the knife-edges, thus reducing the action of 
disturbing end-effects. To eliminate effects arising from tlie want 
of perfect flatness in the surface of tlie beam and tliat of the covei - 
glass the beam was turned over and the couple applied as before. 
But in this instance it was necessary to place the cover-gla.ss below 
the beam and bring the surfaces together by means of three levelling 
screws supporting the cover-glass. By tliis means the mechanic-al 
difficulties of actually reversing the cou[)le to obtain the same effect 
were avoided. The reason why this mode of procedure eliminates 
the effects of irregularities in the surface of the beam and cover-glass 
is that if the bending moment is reversed in direction while its 
magnitude is kept constant, the theoretical curvatures of the .surface 
of the beam will be the same in magnitude but opposite in sign, 
while the surface irregularities will increase a j)articular curvature 
in one instance and decrease it when the couple is reversed. The 
mean value of the curvature will tlierefore be iiKlependent of these 
irregularities. 

When tliis experiment is carried out in the laboratory as a 
practical exercise, the apparatus may take the more .simple form 
shown in Fig. 8*20(c). If d is the (listance between the point of 
f^U[)j)ort of the load of ina.ss m and the knife-edge nearer to it, the 
bending moment at all transverse sections of the central sj)an uill 
be nujd, where (j is the inten.sity of gravity. To obtain the fringes, 
light from a sodium flume (A = 5*90 X 10“®cm.) is reflected on to 
the cover-glas.s and beam by means of a piece of glass G making 


an angle of about 45® with the horizontal. The fringes, formed 
between the upper surface of the glass beam and the cover-glass, 
may be viewed with a travelling microscoj>e situated above the 
Hystem. It is more convenient, however, to measure the fringes 
with a microscojie whose axis is horizontal, using a plane mirror 
M|, suitably arranged at about 45® to the horizontal, as shown in 
l^ig. 8*20(1^). With the horizontal traverse on the instrument the 


diameters of fringes in a direction parallel to the longitudinal axis 
of the beam may be measured, while with the vertical traverse 
the diameU-rs of fringes in a <lirection at right-angles to the above, 
and passing through the centre of the fringe system, may be found. 
Measurements in these directions will bo denoted by A and 1)V B 
respectively. As the fringes will not bo in focus even with a low 


power microscope, it is necessary to convert the latter into a 
telescope suitable for observing objects near to it. To do this, the 
objective is rej>luced by an achromatic converging lens of about 
20 cm. focal length; a bra.ss extension piece may be required as well. 
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The diametera of the ‘horizontal’ and the ‘vertical’ fringes are 
then measured for four different values of the load m, say from 0*6 
to 2 kgm. 

When the bending moment is M, i.e. mgd, the longitudinal radius 
of curvature, Rj, is given by 



= M = 'nxgd. 


where E is Young’s modulus for the material of the beam, and I 
is the ‘moment of inertia’ of a cross-section of the plate about 
an axis through its centroid and perpendicular to the plane of 
bending. It is given by I = where a is the breadth and 6 the 

thickness of the beam. 

On account of the fact that the glass beam has an anticlastic 
curvature, and the cover plate is plane, the plate cannot be in 
contact with the beam at the centre Oj of the fringe system, where 
the tangent plane is parallel to the plate. But the form and 
position of the fringe system is independent of the position of its 
centre. To prove this let us suppose that the diameters of the fringes 
have been measured along the directions we have called A and B. If 
Pi and Pg, Fig. 8-20(e). represent the positions of the nth pair of 
fringes in the A direction, counted from the centre, the radius of 
curvature Rj of the neutral surface is given by 

2Ri.OiC = 



wiicre X„ = PiPa- [OiC is small compared with 2Ri and so is 
neglected in the term 2Ri — OjC.] If Qi and Q 2 are the (n -f 5)th 
pair of fringes, 

/V \2 

2Ri.OiD= • 


2Ri(OiD - OiC) = - X„2). 


But (OjD — OiC) = where I is the wavelength of the light 

used. 



Similarly, if Y„+, and Y,, refer to fringes in the direction across 
tlic beam, and R 2 is the radius of anticlastic curvature, 
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Suppose that the beam has an initial radius of curvature Rq d 
to its own weight. Then [cf. p. 346], 


ue 


El - 


LR RqJ 


)ngd, 


in general. This may be written 


El ; . . 

— = nujd + 

El 

where ^ is a constant. Using the value for R, already obtained. 

Y2- Y 2 = 

This equation suggests that if m is varied and corresponding values 
(^n+« “ obtained In each instance, then calling m = y. 

and rrrr-z= X, we have 




4ei;.9 s 

---X = y . 

gd (jd 


This equation repre.sents the straight line A, Fig. whose 

, . 4Ei;.« 

Slope IS —that E may be calculated when the slof)e has been 

determined. 

In the same way 

— (Y^ _ Y — R — i R — .1 . 

4 a / o a truja + p 

where a is Poisson’s ratio for glass. 

4A/ 


a 


[y^ -■ Y J ^ 


1 


Hence, if we plot m = y and * v 2 “ should obtain 

* »H < — ^ n 


a straight line, B, Fig. 8-19(/), whose slope is - times that of A. 

slope of A 
• # * 
slope of B 

Note on the shape of Cornu’s fringes.—In the experimental 
determination of the clastic constants for gla.ss by Cornu’s method 
It is not necessary to consider the shapes of the interference fringes; 
it is nevertheless a matter of some interest to discuss these shapes. 
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Let ABCD, Fig. 8*21(a), be the lower surface of a flat glass plate. 
Let the horizontal tangent plane to the top surface of the bar, 
whose elastic constants are being determined, touch that surface 
at Oj, this tangent plane being parallel to ABCD. 0 is the point in 
ABCD such that OOj is perpendicular to ABCD. Let 00^ = A. 

Take rectangular axes in ABCD, Ox parallel to the plane of the 
applied couples and Oy perpendicular to it. Let the radius of curva¬ 
ture in the plane of the couples be Rj and in the plane normal to 



ie,| (c) 

'[/,.> 

1 / 

Y 

Fio. 8 21.—The shape of Cornu's interference fringes. 

tiiis R 2 . Then the length of the straight line parallel to OOj and 
drawn from any point (jr, y) in ABCD to the top of the bent beam 

as shown in Fig. 8*21(6) and (c), may be taken as ZJ + 2 ^ 2R^’ 

This distance is constant for any given fringe. Hence 


or 




(say), 




where — 2 RiK and — 2 R 2 K-. i.e. the fringes are hj-perbolae. 

Let a bo the angle between the asymptotes and the axis Oa:. 
Then Poisson’s ratio, a, is given by 


a 




cot“ a. 
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<> 
XJ“ 


Again, the thickness of the air film at the point (x., 0) is A + 
and at 0) it is ^ . 

The path difiFerence is t\s’ice this in each instance so that the 
change in path difference from the positions defined by jr„ and 
is 


L 2Ri J 


where A is the wavelength of the light used. If diameters are 
measured, as in practice, 


X = *>3: 


SO that 


Similarly 


■y- 2 _v 2 

^ 4mA 

Y2 _ Y ^ 

R ** r>+rn * n 

^ ~ 4m;. 

^ _ Ri _ - x,.^ 

K.> V?.... - V." 


nhm 


Instead of a glass plate, a converging lens of long focal length 
may rest on the beam. Let r be the radius of curvature of the lens 
face which is nearest to the upper surface of the bent beam. Let 
0, Fig. 8'22{o), the lowest point in this surface of the lens, be the 



Fia. 8-22.—The shape of the fringes wlion a Ki)hcricKl surface rests on 

u bent benin. 


origin of a system of rectangular coordinates; the plane x, y is 
horizontal through O and Oz is vertical. Then at any j)oint (x, y, z) 
on the surface of the lens, cf. Fig. 8'22(ii) and (c), 

+ >f) = ^rz. 

since r is not small. Hence 

_ 

^ 2r 
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Hence, as in the preceding instance, for the fringe on which {x, y, z) 



If A = — J, this equation ma}' be written 


■ ■ A L 2 R 1 2rJ A LliR. 2rJ 

which is the equation to an ellipse or to an hyperbola according as 

-- > or !—• Now Ro is usually large compared with r, i.e. the 
'2r ' 2R.> “ .01 

fringes are usually ellipses. 

An optical method for determining the angular deflexion 
at the free end of a cantilever.—It has already been stated, 
cf. p. 3(i2. that if a uniform bar of material is clamped at one end 
and in such a way that it may only be deflected in a horizontal 
plane, then the effect of its owm weight on any bending to which it 
may be subjected is negligible. Consequently, its bending moment 
at a section at a distance x from the clamped end is given by 


Ely" = M = \\{l - X), 

wlicre the symbols have their usual meanings. This gives at once 

Ely' = -UV{; - x)2 + iWZ2, 

siiu «“ 1 lio angular deflexion is zero at ar= 0. The angular deflexion, a, 
at ilu* iViH- end of the lever is given b}' 

Ela - EI[y'J^=, = 


To measure a the apparatus shown diagrammatically in Fig. 
s-23(<0 was designetl by the author. The lever OA is a thin strip 
of glass clamped in a horizontal po.sition (or it may hang vertically 
ftownwards) witli its faces in vertical jdancs. The free end of the 


levi r is silvered and immediately in front there is fixed a converging 


Ions L of two metres focal length; 


the whole is supported on a 


suitable base board B. A horizontal force F is applied normally 
to the lever at a point A, i.e. at a distance I from tlic clamped end; 


tl)cn the silvered {)art may 1 h* u.scd as a mirror to measure a. To 


apply F a light aluminium tube R, Fig. 8*23(6), is allowed to rest 
w’ith its axis horizontal on a plane inclined at 45® to the horizontal 


and a light cord, attached to the lever at A, passes over the roller; 
the portion of the cord between the lever and the roller must be 
horizontal. At its other end this cord carries a known load W. 
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Since the tube is free to roll on the surface of the inclined plane, the 
tension in the string is very nearU'^ equal to W, cf. I.P. p. 769. In 
any case we may wTite F = \V —/, where / is a small correction 
term wliich includes the weight of any paper container holding W. 
Then 

EIa = i(W-/)/2, 


so that if a series of corresponding values of W and a is obtained a 
graphical method may be used to find a mean value for El; hence 
E may be calculated. 


1 



Fio« 8*23.—^An upticul method for tnon^uriii^ the ujiguliir donoxion of tlio 

free end of u cantilover. 


Fig. 8’23(c) shows that if is the distance of the scale from the 
lens (its focal length) and a the <leflexion of the spot of light, then 

a 

a =— - . 

2(f> 

[N.B. OjN is that subsidiary axis parallel to the ray OoS.] 

Determination of the elastic constants of the material of a 
wire; Searle's apparatus.—The method to bo described is due to 
SEARLEf and in his original paper it is pointed out that like most 
other methods of determining the elastic constants of a solid, it is 
limited to materials which are isotropic. All and CD, Fig. 8'24(a). 
arc two equal brass bars of square or circular cross-section, 'fho 
wire under test, of which only a few centimetres are required, is 

t Sottrlo, PhU. Mag.. 99, 193, 19U0. 
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securely clamped at its ends to the mid-points H and K of the 
bars—cf. Fig. S'24{b) for details. Two small hooks are screwed into 
the bars at points directly above H and K—i.e. into those faces of 
the bars which are perpendicular to those pierced by the holes for 
the clamping screws. These hooks permit the s^’^stem to be sus¬ 
pended by two parallel pieces of cotton, each about a metre long so 


A c 



(CL) 



I'lo. — Si-arlo’a nietliod for cletcriniiuDg E, 

material of a wiiv. 


«, P and a for the 


that the couples due to torsion in these pieces of cotton are small 
cunijjured with otlier couples applied to the system. Kach bar is 
then able to oseilhite in tlie same horizontal plane, and if the ends 
ol the hooks where they engage the strings arc about four centimetres 
above the taees of tlie bars, the liorizontal position of the system is 
(juite stable. 

If the end.s 13 and D of the bars are made to approach each other, 
the displacements of each end being identical in magnitude, and 
then released, each bar will vibrate in a horizontal plane. To the 
first order of small quantities the points H and K remain fixed, and 
the bending moment at all transverse sections of the wire is constant. 
To prove this, let F be the force applied to each bar. Consider the 
equilibrium of the portion BHKj, of the system. If the displace¬ 
ment of B is so small that F is normal to the axis of AB and the 
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displacement of is small compared with the half-length, a, of AB, 
we have, in the usual way, 

S = 0, 

and M — Fa = 0, 


so that the bending moment is constant; the trace of the neutral 
surface for the wire in the plane of bending will therefore be the arc 
of a circle of radius R, for 



El 

R 


y 


where E is Young’s modulus for the material of the wire, I is the 
‘moment of inertia’ of the area of a cross-section of the wire about 
an axis through its ‘centre of gra\ity’ and perpendicular to the 
plane of bending. 

If <l> is the angle through which each bar has been displaced 


R = 


I 


2<f> 


where I is the length of the wire. When the forces applied to the 
bars are removed, the equation of motion for either bar is 

+ M = 0, 

2EI 


or 


-j-- .<j> — 0, 

t 


where J is the moment of inertia of a bar about its axis of rotation. 
Hence Tj, the period, is given by 


1 OKT- 


2EI 

For a circular wire I = Jirr*, where r is its radius, so that 

Hn3l 


E = 


2^4 




Suppose now that the bars are unhooked and one is held in a 
clamp so that the wire is vertical and the other bar is free to vibrate 
in a horizontal plane. Its period Tg is expressed by 


^ mir* 


where n is the rigidity of the material of the wire [cf. p. 21)2]. 


TjV' 
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Hence 


rp 2 

J 2 


and 


E 1 

<7 =- 1 . 


2 « 


[cf. p. 306] 


where o is Poisson's ratio. Hence E, n, and a are readil}’ determined 

bv thi.s method. 

% 

[X.B. Since botli — and a depend only on the ratio of the squares 

of the periods, the dimensions of the wire, etc., are not required. 
Also, it may be noted, that since 0 < <t < 0-5, we have when <j = 0, 
- K. and when a = 0-5, 3« = E. 

To ol)tain good re.sults %\itli this apparatus the amplitude of 
vibration of the bars must be small in order that the bending 
moment may be constant; the motion is then .simple harmonic. 
In some of his experiments Searle u.sed an amplitude not exceeding 
I® and vet was able to time lUO vibrations. 

'Fo avoid giving the bars an^' translatory motion their ends are 
brouglit sliglitly together by means of a loop of cotton, and when 
the wliole .sy.stem is .stationary, the cotton is burnt. The period is 
then found; do not forget the fiducial mark! 

'Fo prevent straining the wire while fitting up the apparatus both 
hands should be used in carrvins the bars so that the wire is never 
subjected to a large bending moment, and when attaching the 
strings to the hooks, the bans should rest on a board which is after¬ 
wards !(‘moved. .V .suitable wooden frame for supporting the 
apparatus in tlie two ])art.s of the experiment is .shown in elevation 
<Mul in plan in I'ig. S-21(r/) and (e). 

The strain*cner6y in a bent beam.—Let us now consider the 
strain-energy arising from the bending of a uniform beam of iso¬ 
tropic and liomngcneous inattTial and originally .straight. For our 
pr<‘<cnt purpose the shape of the cros.s-section of the beam is 
immaterial. A short Icngtli of the beam in its unstrained condition 
is show n in Fig. S-2r){u). When the bending Ls produced by a couple, 
i.c. it is pure, let the })oiti(m of the beam under con.sideration 
assume the .shape shown in Fig. 8*25(6). The length bx of the 
neutral axis XjX., remains unaltered. Consider, however, an 
element at height ; above the neutral axis. Let R be the radius of 
curvature of the neutral axis, f)A the cross-section of the element in 
a plane normal to that of the diagram and bz its thickness in the 
plane of the diagram. If bO is the angle indicated, the .strain in the 
particular element considered is given In' 

_ (R + -) dO — H bO z 

^ “ Rbd ~ R ■ 
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.’v; 


Hence the strain-energy, cf. p. 317, associated with the element 
considered is given by 

,2 

dW — ipc(dA. dx) = iE. — . dA. dx. 

- y^2 

since p = eE. 

Integrating over the whole cross- 
section, we find that the strain-energj' 
in the portion of the rod whose neutral 
axis is is 


<*'v 


Id 


'IJ 


El 

a A = kdx .— . 

R2 


where I is the ‘moment of inertia’ for the 
cross-section considered. 

El 

Since M = — , the above expression 
may be written . dx. 

ZhiL 

W = i- [' 

2E Jo I 

which, for a uniform beam, becomes 





W = — f' U'^dx. 
2EI Jo 


Fio. S —Strain-oiioryy 

in a hont Ix'ain. 


Example. —(a). For a uniform beam of length I elninpotl nt one end, 
tree at the other, and having a weight w per unit length, the bending 
moment at a distance x from the clarnfjcd end is given by 

M * — x)2, [cf. p. 339] 

Energy stored in the beam is given by 


r 


M^dx 


-,k,j 


iw^{l - dx 


40EI L ^ ^Uo“4bEr 


(M. l*or an cncastr^ beam, cf. p. 354, if 2a is tlic length of the beam, 

M = -^u’x^ — wax ^wa^. 


W 


— wax + 


1 

“ 2EI 

Jo 

1 

“ 45 ■ El ' 

(c) For a light cantilever of lengtli I and currying a load at its free 
end. cf. p. 338. ® 


M = W^il - r). 

■ ■= di r 


— j:\^ dx « ^ \V -/3 

A) nA, • >* (j < • 
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(</) Let US now return to (o) and calculate the strain-energy from 
first principles. Since, in this instance, cf., 362, 

Ely = ^tv(l — -f- 

the work done in deforming the bar is 


i 


1 r 

, = 2 • Ei [ 


~ 5 • — -t)' 




A 


(e) Finally, let us consider the strain-enei’gy in a uniformly bent beam 

If 1 is the length of that portion of the 
beam which is uniformly bent, ef. Fig. 
S-26{a), the strain-energy in this portion 
of the beam is gi\en by 


C 


1 

D 


B 


u; 


(a) 


u; 



'' =2^-j, = 2EI-^- 


To derive this expression from first 
principles we ma>' proceed as follows. At 
any section P, Fig. 8-26(6), in the H[)an C’D 
the bending moment is M and is constant; 
it is clockwise. The external couples at 
the emls of the span each have magnitude 
M but that at C is anticlockwise while that 
at D is clockwise. Hence the work done 
in deforming this portion of the beam 
provided, as usual, that the elastic limit is 
not exceeded, is 

/ 1 

2[jM(i0)] =|M0 =iM.^ 
as before. 

The resilience of bent beams.—Since the work done in 
deilccting a hoH/.ontal beam of nnj' kind supporting a concentrated 
load W i> 

:< (deflexion at the load). 

this 1 -xprt‘ssion also measures the resilience, ef. p. 322, of the beam. 

Now if a light beam of length 2</. breadth 6 and depth d, and 
.-^upjtorted at ladh ends carries a eoneentrated load W, the deflexion 

1 W’ 

at the centri* is. ef. i). ;{4fl. 

(i rT 


0 

Vin. 8 —Strain.om*rpy 
ill u unifonnlv hi'iit heain. 


HesilioiK 


»ik 


nv.i.— 

- (I EI 


W’n 


2„3 


Ebd^ 




To obtain an expres.sion for the i-csilience of any horizontal beam, 
let dx be a short length of the beam, M the bending moment at any 
cross-section of thi.s element and the difference in the slopes at 
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its extremities. Then the strain energy for tliis portion of the beam 
IS Hence for a finite length of the beam tlie strain energy is 



which, wth the usual notation, may be written 



1 

2EI 



M2 dx. 


if the flexural rigidity, El, is constant. 

This equation enables us to calculate the resilience of any beam 
when its bending moment diagram is available. 

Beam deflexion calculated from resilience.—Let a light 
horizontal beam of length (a + b) carry a concentrated load W at 

X = a. Then since the reaction at a: = 0 is w/^— 

s 

moment at any section where 0 < a: < a, is given by 


^, the bending 


W 


\a + 6/ 


j + M = 0, 


or 


M = — 


bW 


.X. 


{a + b) 

The strain energy of this portion of tlic beam is 

2FAJo\a+b } (>El\a i 6/ 


->r b / (>E1 \a b. 

Hence for the whole beam its strain energy, or resilience, is 

W 

OElla + b. 

But this is also given by W- 


jEl\a+ bJ ()E1 


_ Wa^b^ 

■■ 3EI ■ 

[This should bo verified by the usual method for calculating 
deflexions; the advantage of the resilience method will then be 
appreciated more fully.] 

The proof resilience for the material of a bent beam.—'Phe 
proof resilience, cf. p. 322, for the material of a wire, when the 
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stress in the material is everywhere constant, has been shouTi to be 

I . For beams the proof resilience is a. where0 < a < 0-5. 
“ E ^ 

The coefficient a depends upon the manner in which the beam is 
loaded; the elastic limit is only reached at parts of the beam for the 
stress is zero along the neutral axis and increases towards its greatest 
value at the upper or lower surface of the beam. 

Closely coiled helical or cylindrical springs.—Suppose that 
a uniform wire of isotropic material is bent so that its axis becomes 



Fee;. H'27.—A closely coiled helical spring. 


a M’mi-eirele of radiu.s R; let two arms of length R be attached 
to the end of the wire as shown in Fig. 8-27{a) and equal forces F 
<U)|ili(Ml at tlieir extremities. These forces act through the centre 
of tie' circle (»f whieli the wire is part and are normal to the plane 
c-)fitainijig it; they act in opposition. The torque is then FR, and 
-iiu t‘ tin* length of the wire is ttR, the relative angular displacement 
helwetMi the arms. 0. is given by 



[ef. p. 286] 


or 


0 


2FR- 

na^ 


where 2« is the diametcT of the wire. Hence, the relative vortical 
displacement, . \z, between the ends of the arms is given by 



2FR=* 


Suppose now that there are N comjUete turns, all neighbouring 
turns being very close together, cf. Fig. 8-27(6), so that the whole 
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forms a so-called closely coiled helical spring. Then z, the extension 
for the whole spring, is such that 

4XFR® 


2 = 2N Jz = 


na 


If the spring, in a vertical position, is stretched a load of mass 
M attached to one end, the other end being rigidly fixed, then 


so that 


F = My, 


Mg 


7ia 


■tXR 


3 


M 


From this equation it follows that if we determine —, graphically 

for preference, a value for the rigidity of the material of the wire 
may be determined. 

The expression for gives the force j)er unit depressio!i of the 

load carried by the spring; it will be denotctl by /. 

The rigidity may also be obtained from observations on the period 
of the up-and-down oscillations of a light helical spring carrying a 
load at its lower end. When the loaded spring is at rest its lower 
end will be at some definite position. In order to ])roduce an 
additional extension of the spring, a vertical force equal to / times 
the displacement must be applied. When this force is remov<‘d 
the load will tend to return to its position of static equilibrium If, at 
any instant, the displacement from this ])osition is the upward 
force acting on the load due to the fact that the spiing is extemled, 
will be (M /7 -f /^), while the downward pull will bo M//. The 
resultant of these forces will be acting upw ard.s and tending to 
restore the load to its equilibrium position. Thus the forc<‘ acting 
on M will be directly proportional to the displacement of M from 
Its rest position, and always directed towards it. The oscilIatit)ns 
will therefore be simple harmonic and, if the mass of the s[)ring itself 
is neglected, are expressed by M| + /<? = 0. The iieriod, T|, for 
these vertical displacements is therefore given by 


7f - 


nn 


Helical springs; correction for the mass of the spring.—In 

the investigation, hitherto, of the motion of body attached to the 
rcc end of a helical spring the mass of the spring has been consi<lei etl 
negligible. When this is no longer possible an approximate coirec- 
tion may be obtained as follows. 
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First consider the kinetic energy of the system. Let M be the 
mass of the load, and suppose that at a given instant it is at a 
distance ^ from its position of static equilibrium. Let I be the total 
length of wire in the coils of the sijring. Then the displacement of 

a point at distance x from the fixed end of the coil is 

velocity therefore being If // is the mass per unit length of 

the spring, the kinetic energy of a small element of the spring, 

wluui the displacement at the lower tiid is is dx 

if the sjning is imiform in diameter and material, , the total 
kinetic energy of the load and spring, is given by 


1 / 7 " 




/" •/q 


if we write //t = /d, i.e. /« is the mass of the spring. 

Now eonsi( ler the jjotential energy of the system; this is taken 
to lie zero when the spring is loaded and in its position of static 
equilibrium. In its displaced position the potential energy of the 
system is 

a. extra energy stored in the spring. 

t!ie t'-i'ui in appearing since the mass centre of the spring descends 
a ilistanee ,’,5. 

w iien lli'e load M is attached lot Zq be the displacement of the 
lovvi i- end of llie spring. The energy stored in the spring is 



Wheti the extension is r the extra energy stored is 



= -h i/I-, 



In calculating this amount of energy the mass of the spring has 
been neglected, 'fhe spring is stretched by its own weight and the 
extension due to this may he taken as one-half that due to a mass m 
attached to the spring, i.e. the elTective load is (M },m) in so far 
as the additional sttwed energy is concerned. 

• Extra energy stored in tlie spring when the extension is | is 


(M hn)g^ + 
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Since the total energy of the vibrating system is constant 

W — Mf/f — \mg^ + extra energy stored = const., 
i.e. ^(M + Jy7n)|2 - (M + + (M + \m)g^ + = con.st. 

Differentiating with respect to time, we obtain, 


(M + im)$ = 0. 

Thus the motion is simple harmonic, with a period given by 





M + 

T~ 



na* 



Experimental study of a closely coiled helical spring 
supporting a bar of variable moment of inertia about the axis 
of the spring.—Fig. 8‘28(a) shows a closely coiled helical spring 



rigidly fixed at its upper end and carrying at its lower end a liorizontal 
screw AB along which two equal thick cylindrical bras.s discs may 

these discs is shown in Fig. 8’28(6). The jiitch 
o the screw is 1 mm. and the periphery of each disc is divided into 
one hundred equal divisions to help in locating the position of the 
iscs with respect to the vei-tical axis of the spring, these positions 
jcmg stated with reference to CD, a horizontal scale in cm., etc. 
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(a) Vertical oscillations. In tliis instance the periodic time, 
Tj, for small vertical oscillations of the system is the same for all 
symmetrical positions of the brass discs; if a value for is deter¬ 
mined experimentally, a value for n, the rigidity of the material of 
the wire, may be calculated. 

(b) Angular oscillations. Let lobe the moment of inertia of AB, 
the scale CD and the metal disc YY to which AB and CD are 
soldered, about a vertical axis through the coil and centre of gravity 
of tlio suspended system. Let and mo be the masses of the discs 
Pj and P.,. and Ij and I., their moments of inertia about a vertical 
axis through their centres of gravity. Then J, the moment of 
inertia of the suspended body about the axis of rotation, is given by 

J = -f- (Ij -f -f- (lo + 

by the theorem of parallel axes [cf. p. 70], where and are the 
distances of the centres of gravity of the discs from the axis of 
rotation. If the discs have been made accurately, m^ = m.y = m 
(sav). and = r; therefore = Ig = I (say). Then 

J = I,, 2{I {- mr^i 

Apj)h ing a correction, a, for the finite mass of the spring, its 
period To for small angular oscillations is given by 



win-rc Ik, is tlie couple per unit twist (one radian) at the lower end 
of the spring. The above equation may be written 

T.,= := 47r-(Jo + b^, 

uln rc and (i are constants, whose values are at once apparent. 

I b'licc if r Is varied and t he time of oscillation found on each occasion, 
(■onts])()ndlng values of/" and T.," when jdotted will lie on a straight 
liiM‘ whose .slope is (47 t 2/1 //o) and which makes an intercept 

( Itt-.I,, ; on the v-axis. If the.se arc measured Jg and ho may be 

luund. liiitt h., -= ttIv/'* 4?. where '2a ia the diameter of the wire, 
so that if the dimensions of the wire forming the spring arc known, 
a value for Young's modulus for tlie material of the wire may be 
calculated. 

A helical spring (not closely coiled) with an axial pull.—In 
Fig. 8-29(n) there is shown a helical spring made from a wire of 
uniform cro.ss-sectional area, rra-, and subjected to an axial pull F; 
the spring has N turns, each of diameter 2R. Let a be the inclination 
of the axis of the coils to the circular sections of the cylinder on 

I Wilborforco, Fhil. 3 / 09 ., 38, 386, 1894. 
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wMch the coils may be supposed to lie; cf. Fig. 8*29(6). To deter¬ 
mine the stresses at a section B of the coil, let S be the force down¬ 
wards and M the couple exerted on the portion of the coil above B 

by the portion below. The couple JI is represented by a vector M 




Kio, 8*2W,—A helicul npririg (no/ cloaely coil(*d) wUli an axiul pull. 

in the vertical plane through which the axis of the wire at tin? [loint 
passes. [The relation between the components of a coujile and 
the vector representing it is shown in Fig. 8*21){c), where 


For equilibrium, 



S = F, and Fit = M. 

Thus M is constant at all sections of the wire and M can be resolved 
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into components along the axis of the wire and at right angles to it; 
they are sliown in Fig. 8-29(rf), their magnitudes being M cos a and 
M .sin a respectively. The first, M cos a, gives rise to a twist in the 
wire, wliile the second, M sin a, is the bending moment. 

Now let W be the work done by the stretcliing forces in causing 
the spring to pass from a state of zero stress to its actual state. 

Then 

W = I F <lz. 


VO 

\s here ; is the vertical distance through which the lower end of the 
spring descends, i.e. it is the extension of the spring. This energy 
is stored in the spring and, cf. pj). 383 and 320, amounts to 

. f H: f -^-1^ 

"J El J TT)ia^ 

r • • ^ and I r dO is the work done by a couple 

L * 0 2^ J -I 

u here rVs is an element of the spring and the integrations cover its 
whole length. Since M and fare constant, we have 


j: 


M- 

F ds = i - ' ^ -T- —i 
■ El Trna* 


uluT<' I i.. tile total length of wire in the spring, i.e. / = 27rNR. 


Using 


M = FK sin a and F = FR cos a, 
this la'*t eijuation becomes 


^ • 


u 


, F-R-/ sin- a , F“R“^ cos^ a 

F (Iz = --+ - . 

El TT/m 


I >itferentiating both sides with respect to whicli depends upon 
l'\ we liml 


'Fll-Zsiir a ^ FK“/coH-a1 dF 

K1 ‘ 7rna^ J dz ’ 


ih 

dF 


= R-/ 


sin- a 2 cos- a 

L El TTiia* 


If a may be assumed constant, we find by integration, since when 
F -- 0, c = 0, 


fsin- a 2 cos- al 

= = FK-/ -t-- 

|_ El —na* J 


FR-/r4sii 

77«-* I E 


sin- a 2 co.s 


o ” 

hs- a 

♦ 


[■.■ I = irra^] 


n 
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The extension, thus calculated, is due to the bending and twisting 
of the wire; the extension due to the shearing forces in the \\ire 
has been neglected and somewhat laborious calculations sho^^ tliat 
for thin wires the extension caused by the shearing forces is negligible 
in comparison with that due to the twisting of the wire. 
t^E 5 

If — = ^ , a ratio tj'pical of many metals. 


n 


z = 


YRH r8 siir a 


7TO 


«L 


111 X O 

— -I 2 eos*^ X 
o 


FR2/ 


7 Ta*K 


[4 sin“ a + 5 cos- a] 




[4 h cos‘^ a]. 


Fig. 8*29(e) is a curve to illustrate how the extension of a helical 
spring, whose material is such that 210 — varies with the inclina¬ 
tion, a, of the coils. The extension for a = O is taken as unit N', i.e. 
the curve is really 

^ = [4 -1- cos’^ j'j. 

Springs of zero length. —When a helical sjiring is so wound tliat 
its extension is equal to the distance betwecui the {ajlnts to which it 
is attached wc have a spring of zero length, il uc' cl<*finc* the itiitial 
length as the actual physicail 


Chuck 



Brossp/atc 

Sptrfdlc 


undet Ictxsfon 
of^zerd length 
Fio. 8-30. A spriiiK of zero UaiKtli', 


length minus the elongation. 

Mention has been made? al- 
rcady, cf. p. 194, of sucli a 
spring and the method foi’ 
winding one is shown in Fig. 

^'30. 15 iH a flat bar of brass 

W’ith a hole drilled across it at 
C. The wire used in making 
the spring is under constant 
tension and passes through this 

hole in order that it may he wound on a Hi)in«llc hc4<l in th(‘ cluick 
uf u slow motion lathe. 15 is held flat against the spring its incli¬ 
nation to the axis of the spindle being <f>. As the wire comes out of 
the hole at A it must bend in order to get it in line with oth<*r turns 
in the spring. This causes the turns of the; spring to |»rcss against 
each other and so give* to the spring its desirecl ehaiactc*ristie; tlic 
t<;nMion in the wire and the value of <l> can only be found by trial 

and error. 
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In actual practice all such springs are wound to have a negative 
length and tlicn a short piece of straight wire is added to bring the 
initial length of the spring to zero. 

On the bending of long columns; the existence of a critical 
load. -Before discussing the stability' of a long vertical column of 




Flii, s ;n.—Tiie bonding of ;i coliiinn; the oxistonco of a 

rritioal load. 


isotropic material. the following experiment will be 
found instructive. A long straight strip of steel is placed in 
a vertical positiiui and loaded, tlie load being between 
guides so that it descends vertically, as indicated in 
Fig. 8-31(«). [Lead shot or mercury may be placed in an iron 
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bucket to var 3 ' the load.] The ends of the strip should be rounded 
and allowed to rest in gi-ooves, cf. Fig. 8-31(6), so that the strip is 
free to bend. Suppose that the initial load is insufficient to bend 
the steel strip and that a lateral force is applied at the centre in 
order to produce a definite deflexion of the strip. When this 
horizontal force is removed the strip will become straight again. 
The experiment is continued in the same manner with gradually 
increasing loads, until a stage is reached where the strip remains 
deflected when the lateral force is removed. At this stage it «ill 
also be found that if the deflexion is increased, the strip will remain 
bent for the same value of the load on toji—we assume that the limit 
of perfect elasticity has not been exceeded. The load when this 
occurs is termed the critical load. If the load is increased bej’ond 
this, the amount of deflexion will increase, and tlie strij) will take a 
permanent set, or collapse. 

To account for the existence of this critical load, let a vertical 
force Fj be applied to a strip or column AB, Fig. 8-31(r), togetlier 
with a lateral force at its mid-point. Suppose I is the length 
of the column and that is the deflexion at tlie centre, C. the 
direction of coordinate axes being indicated. In ortler for tlie 
column to be in equilibrium, one of the conditions requires that the 
force should be balanced bj' two horizontal forces IFj, acting as 
shown. Let M be the bending moment at C. Taking moments of 
forces about C, so that it is not necessarj' to know the value of tlie 
shearing force at this point, we find that in ortler for the portion AC 
of the column to be in equilibrium, the equation 

Vtl/,., + + M = 0, 

2 2 


+ il-V ^■Flfy''J.= ,,, = 0, 

must be satisfied. 

When Fy i.s gradually reduced to zero and Fj is increased to the 
critical load F, the above equation becomes 


Fy,„ -i- El(y"],= ,/j. = 0. 

Suppose now that the load is increased so that the force apjilied 
to the upper end is (F -f- /), where / is positive. Ix't a lateral force 
Z be applied at C in order to preserve the deflexion »/.,.• The force 
Z IS considered positive if it is in the direction of F„. Then 


(F +f)ym + m 


But 

Hence, by subtraction, 





fy^ + iZl = 0 . 
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from whicii it follows that Z must be negative. Thus, when Z is 
not operative, the deflexion of the beam will increase. 

Again, let us siippo.se that when the vertical force is (F +/), the 
deflexion at the centre becomes where > ii,„, so that the 
curvature at the centre increa.se.s. Then 


(F 4- = 0. 

But this is impossible since [//” — y"] and all other quantities in 
this equation are positive. Hence the beam will continue to bend 
and finally break. 

Tlius this theory supports tlie facts which the experiment 
described at the beginning of this jiaragrapli revealed. 


The bending of long columns; Euler’s theory.—Con.sider a 
vertical column of isotropic material, whose length is great compared 
with its dimensions in directions at right angles to it. Let its cross- 
section he uniform, the column itself being initially upright. It 
\\ill be assumed that its ends are rouiulcd so that it is free to bend 
along its v\h(jle kaigth. Sujipose that a vertical loa<.l e(jual to the 
critical load F is apj)lii*d to the upjjer end of the ceflumn, and that 
the In-am is slightly bent. cf. Fig. S-31((/). Then at every transverse 
s<‘ction of the* eolumn there will he a definite bending moment. Let 
us eonsidcr the eejuilibrium of a portion AP of the column, where 
r is at a ili>t:mce x from A, the deflexion at the point F being y. 
'I'iikiiig jiinnu-uts of forces about P, we have 



ben* A aiiel 


*/ an* iiin>tants t«) be tl<*terniined. 



• ly!j. = o " ~ 


Now at .r = 0. 


X • .jTT. or A -- (>. 

I Here. ,is eisew beta*, u i* shall rejt*et the other values for x, since 
these I'orri'spond to the existeiiee of points of inflexion in the beam.] 
'I’he coiulitii)!! A - o is impo.-'sible fur ue have assumed the eolumn 
to be bent. 

Also y' is zero when x — lj'2. lienee, sinee 
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But 


7 . = ^ 


77 . 


F = 


77 


-El 




Tliis gives the end-load u hieh is sufiicient to keep the beam bent 
when the initial curvature has been produced. If the vertical force 
due to the load exceeds the critical load F, the column vill give 
M'ay. It must be emphasized, however, that the expression obtained 
for the critical load is only valid if the column is long and narrow. 
itvS material isotropic, and the loading axial. 

[The value for F may also be obtained by using the fact that tiu' 
deflexion is zero when x = !.] 

Suppo.se now that the ends of the column are fixe<l so that tlic 
tangents to it at these points are always vertical, ef. Fig. 

^^'hen the critical load. F. is applied let be the external eciupk* 
acting on the column at its upper end in order to fullil the condition 
that the tangent at tliis point is vertical. [.An (“qiial but ojjpoNite 
couple must exist at the lower cntl.] The diflertuitial ecjuution. 
who.se solution will give the form of the neutral surlaee. is 

Ely" q Fy H = »>■ 

This is obtained by taking motnonts of forces about F, the point 
(•*^* y), in the beam where the beiuling moment is M or Ely". Tlie 
solution to the above equation is 


= A 


cos 



F 


L'V El 


.1- I 


■]| 




0 


h' 


where A and a are constants to be determined. 
At ar = 0, y = 0, 

O = {A cos ai - 

F 



• • 


COS a = 


af' 




FA 


COM a. 
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i.c. the critical load is four times as great as in the previous instance, 
or the column has four times the ability to resist thrust. The 
above expression shows that if a strut is fixed at both ends the 
load which it will stand without bending is the same as that for a 
strut of half the length but hinged at both ends. 

Now at X = U, y' ~ 0, 



lienee M„ = FA cos y, = —FA. 

Thus the (‘{luation to the neutral surface is 



At x — //:2, the deflexion is a maximum, viz. 



. . A — ^l/nr 

Now at a jioint of inflexion, y" = 0. In the ])re.sent instance 
tins oeeiirs wlien x — 114: and, by symmetry, there must also be a 
pniiil of inflexion w hen x = jl. 


'The maximum height of a column or tree,—Since a column 
i>« lMj<-Ul(‘fl when tlie loa<l it carries on top exceeds a certain critical 
\alm‘ df peiiding upon the manner in which the beam is supported 
and the critical load decrease's as the height of the column increases, 
it follows that a pole of given cross-section would, if high enough, 
tend to bend under its own weight, i.e. the height of a pole is limited, 
in the same way it may be shown that the height of a tree is limited— 


in the theoiv it is lU'cessarv to take account of the fact that the tree 


tapers: tlu' solution of the ditVerential equation in .sneh an instance 


invol\‘cs tlu' 


use t)f liessel functions, and is therefore beyond the 


scope of this book. The maximum height of a uniform column, or 
poU*, may lu* determined as follows. 

When a c-olunin is fixt'd at t)ne end let be the w eight of the load 
at its upper and free end wlien instability tends to set in; the loaded 
column is shown in Fig. 8-3:2. the disj>lacenient at the free end being 
a. The column w ill then be in equilibrium under the action of W, 
and its own flexural resisting forces ancl the reactions at its supported 
end. V^’ith the notation indicated in the diagram, the reaction at 
the ground consisting of a force W tlirected upwards and an anti¬ 
clockwise couple of moment the bending moment at P is given 
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by M + Wy = Wa, i.e. Ely" — W(a — y) = 0. If we call z == 
® — 2/. we have z* = — y' and 2 " = —y" so that the above equation 
becomes EIz" + W 2 = 0. The solution to this equation will give 
the shape of the bent column. We have, at once. 



where A and a are constants. 

Now at X = 0. y' = 0 = 2 ', i.e. a = 0. 
X = /, y = a, i.e. 2 = 0. Hence 





StT 577 


1 1 

= , —, etc. 

9 •> 


Taking the first of these values we get W = 
tt^EI 

“^^2 • This gives the weight of the smalle.st 


A 




load which will cause the beam to collapse and 
for a long column the compressive .stre.s.s which 
this load produces is considerably below the 
clastic limit for comprc.ssive .stresses. 

If the cross-section of the column is a circle of rutlius r, 1 = ^jrr*. 
Thus the weight of the load which a vertical column can su}>j)ort 
without instability occurring is directly proportional to the fourth 
power of the radius and inversely projiortional to the square of tlie 
length of the column. 


WCL 

Flo. 8-3 2.—Til o 
btniding of a long 
<*oluinn. 


It remains for us to fimi a value for A. From the end condition 
^ = 0, z = a, and using the fact already established that a is zero, 
we have a = A. Thus 




This shows that the shape of the column \ihen slightly b(*nt is 
sinusoidal. 

Since a column cannot support a load whose weight exceeds a 
certain value and because this weight deerea.scs as the length of the 
column increases, it follows that a column or rod of given cross- 
section would, if sufficiently high, begin to bend under its own 
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weight. If \V is this weight nnrl it is assumed as a first approxima¬ 
tion that the probh-m is the same as if the ^v■eig]lt were applied at 
the centre of the column, tlien beiuling ^^ ill set in when 




7T 


-KI 


tt-KI 


l- 


4|/;2)- 

To illustrate this problem let u.s consider an oak ‘tree’ of uniform 
circular section, rarlius 8 cm. Then E= 1*3 X 10^* dyne.em.“", 
aiul tlu‘ density of oak may be taken as 0*8"m.cm.“^. Then 
\\' = rjptX, so that (assuming 77 “ — 10 and <j — 1000 cm.sec.““) 


lono o-S 


I A 


10 1-3 ; 10“ y A x 8- 

41- 


'rims the greatest length i 


..1 


I — \ g () ■ lO^^i-m. ^ 30 metres. 

Electrical resistance strain gauges.—The electrical rcsi.stauee 
strain gauge is a <l(‘yic(‘ for measuring superficial strains in flat or 
eiiryed objects. It is distinguished by its small size, simplicity of 
application anti its ability to cope with or rapitl changes of 

.•'train. !3eforx' the introduction of tlie resistance strain gauge, 
surfaci' strain measurements were limited for the most ])art to 
'•.\periments on test bars, useful in many re.speets but of little value 
for deteirnining the actual surface strains occurring in complete 
articles and structures, 

electiiial lasi.-itance strain gauge, introduced in 1030 by 
SiM.MoN.s ;nid Ui'oi-; and siib.secjuently developed at tlie Xational 


■p . 

4 .' t 


rr: 



'Uy/7es/t'i: {tf ) 




Insulation Res'sCance tyl 'e 



L 

\ 




A resistance strain u.nige. 


Physical laboratory. de])eiuls on the fact that a metal wire, if 
extended or eoin}>ressed. undergoes a change of resistance bearing 
a definite relationship to the change in length. The usual form of 
resistance strain gauge consists of a single length of very fine rc.si.st- 
ance wire wound in close zig-zag form to give a series of parallel 
lengths in the form of a grid, as shown in Fig. S-33(a). The ^\ire 
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is laid between sheets of tissue paper and the uliole impregnated 
with an insulating medium. The element so formed is cemented 
to the surface under test, ef. I'ig. S-33(i). To do this satisfactoriI\ 
the underside of the gauge is treated uniformly with cellulose lacapier 
and tliis is moistened with acetone ami then applied (piieklx to the 
test surface which should be slightly roughened and free from grease. 
The gauge is left in position several days before use. 

If a wire is made from a material with a resisli\ ity /. then its 
resistance R is given by 


/ 


where I is its length and a its radius of cross-section. Differentiating 
logarithmically, we get, \f is constant, 


/IR 

R* 


/!/ 

I 


' a ' 

But Poisson's ratio, a, is — j s tlnit 




Ihe strain sensitivity factor or gauge factor is d<-fin<'d as 


/JR ^ ^ ^ ^ 


■la = 1-0 ['.• a->-0-3J. 


R I 

In practice it is found that this factor is about 2-1. since the resis¬ 
tivity of the material depends upon tiu' sti-e.ss. 'I'he above etjuation 
may be written 

. J/ lit 1 

fitruin = - 

I U strain sensitivity of till* gauge 

UnfortunaUdy the resistance of a strain gauge cannot he nuuh' 
independent of tefnj>eruture so that with every gauge* a ’compe'n- 
aating’ gauge is used. 'J'his is mounted in e.xactly the same «ay 
iiH the test surface and so is subjected to the same tln'inia! influences 
us the test gauge but is free from strain. By coniu'cting tin* two 
gauges in adjacent arms of a W'beatstone bridgi* <'ireuit, the variation 
of resistance \\'ith temperature changes is neutralized. 

One convenient bridge circuit is shouii in I'ig. K*34(«). On 
account of the Joule effect the current through the gauges shouhl 
seldom exceed 5 mA, M is the main gaug<* ami (’ the comp(*nsating 
gauge; these are arrang<al so that wlien the bridge is balum’ed (he 
current in each gauge is the same. Rj and R^ are stamlard resist- 
unees arranged as shown in conjunction with a slide wire resistance 
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AB. G is a sensitive galvanometer. Suppose that when the bridge 
is balanced, M being free from strain, the sliding contact is at O. 
Let P be the resistance of Rj and the portion AO of the bridge 
wire; let Q be plus the resistance of BO. Then if M and C 
denote the resistances of these components 

M _ P 
C “ Q' 

\Mien M is .siil)jected to strain, let its resistance become M -f zIM 




I'lc. S-34.— Bridge for use with a strain gauge. 

and Ift tlie sliding contact be shifted to O^ (00^ = x) to balance 
tin- bridge. If r is the resistance per unit length of the bridge wire 


M r _ P -h rx 

C ~ Q — rx 

1 i 

Md lM P 

l.e, - 

M I _ r.r’ 

Q 

and if r.v is small compared with P and Q. tliis equation gives 


Thus 


-- i). 

M \P Q/ 

JM 

-- IS proportional to x. i.e. with suftieient accuracy the 


slide wire can be calibrated linearly in terms of the strain x strain 
sensitivity. 

In some applications it is possible to dottble the eft'ective sensitivity 
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by mounting the compensating gauge in a position in ^^hic•h the 
strain is equal, but of opposite sign, to that of the main gauge. 

Determination of Poisson^s ratio by means of resistance 
strain gauges.—For this experiment tliree gauges are needed: 
one serves as a compensator uliile tlie others are placed res{)eetive!y 
"ith the wires parallel to and at right angles to the length of a 
uniform bar. In this way the .strains in the two directions may 
be compared. The bar should be bent uniformly (ef. p. 3.“»7) so that 
the curvature in the plane of bending can be calculated from 
measurements on the deflexion at the centre of the bar. etc. 

Let p be the radius of curvature of the neutral axis and let ; he 
the distance between tlie gauge and the neutral axis. If a length / 
on the surface of the bar becomes I -f- ,1/ under these conditions 


Al 

I 



|cf. p. 34o.] 


If dM is the change in the resistance M of the gauge concerned 


JM 



where k is a constant. Thus is a linear function of the curvature 

This relationship is shown by tliestraight line OA, Fig. 8-34(/d. 

from the observations made in the plane of bending, this graph can 
be constructed. 



To determine the radius of anticlastic curvature, observations are 

made on the appropriate gauge and it is usual to a.ssunu^ that loi’ 

this gauge the fractional change to its resistance is related to the 

<5Urvature by the same equation as that which applies to the otlicr 

gauge. A mean value for Poisson’s ratio is tlicn found in tlie usual 
way. 


The elastic deformation of a thin circular ring subjected to 
a longitudinal pull .—Approximalt theory. A tliin circular ring 
Hubjected to a pull (or thrust) through its centre has. at any radial 
Boction, a bending moment, a shearing forci? and a dir<*ct pull (or 
thrust). To estimate the bending moment the curvature of the ring 
will bo neglected and, rules, strictly applicable to beams initially 
Btraight, will be used. 


fig. 8'35(a) rejircsents a circular ring of radius K suhjecti’d to a 
pull F along AyBu and although there is bending at tlie various 
Bcctions, it is evident from symmetry that the traces of the four 
Bections at A^, H, By and G pass through the centre O after the j>ull 
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has bcfii applied ami therefore between H ami A,), for example, the 
total bemling is zero. 

Consid(T tlierefore a seetion XX. defined by the angle I>et M 
be tlio bemliiig moment at this seetion and Mq that at the vertical 
seelioii through H. Now consider the portion of the ring between 
H and X. The external forces on it due to the rest of the ring are 



U-' and U-’ a-' indicated; their lines of action j)ass through Oj and 
(he centres of the sections at H ami X. respec-tively. 'Faking 
niotnents of forces about O.,. we have. cf. Fig. •S*I3r){/d. 

.IFFvil - ci)s </)) rM„ = .Al. 

If ds is the axial length of an elenuMit of the beam and the angle 
between the tangents at its i*xtreniities. by treating the ring as a 

f/V- M 

straight beam. have , ~ . wliere K is \oung’s modulus for 

tis b I 

its material and I the second areal moment for its cross-section. 



THEORY OF BENDING OF BEAMS 


-I < >5 


Since the totnl bending between H and Aj, is zen). 


b 

II 

dtp = 

1 

1 M 


= 


d) - .ds 

= - .R 


4 

J El 

Jo El 

R f' 

Iff 




“ml 

IMo 

4- 

4FK(1 - 

cos <l>)] d<j>. 

= 

4- ^FRI 

(s-'l- 

or = 


77 




Now let AC-BD, Fig. 8'35(r). be the central line of the ring after 
deformation. In order to obtain the variation of the curvature of 
this line due to the bending we juoceed as follows. Suppose that 
nin is an element of the ring of length d.y and siil»t<*nding at> angle 
at 0; when this clement is di.splaeod it will be assumed to have 
the same curvature as the eliunent of the di*formi‘d ring cut 

off by the radii Owi and 0«. If ^ is the radial displacejuent of m. 
viz, 7mfl^, that of n is $ -f The initial curvature of the elcunent 

considered is given by 1 

lim. —- = —. 
ds R 

The radius of curvature, p. of the same element after bending is 

given by , . , li v > 

- = hin. 
p d.-i i 

tn which dtp 4- A{dtp) denotes the angle between the ero-NS-scctions at 
Wj and /ij of the deformed bar. and ds I 

To evaluate this fraction, \\ ith centre O, Fig. 8-3r)(d), and racllus 
Owj describe a circular arc to cut 0« in jf. l><*t and p/< lu* 
parallel to ml and til, the tangents at m ai»d ii re.spectively. I-et 
ft ■= hm^l^ and this is the angle between the arcs and mp/j: 

tills is very nearly equal to pmpi^. From the . (not aetualli’ 

«hown), we have and hence 

sin ft sin m^pn^ 

^ dl 

where dl = ^(ds). Since ft is small, we have 

dl ~ 


R 1A4. 

Ii = - co« iM = ^ . ■ 


Now consider the external angles of the (jiuuhilalerul //q/j/qO. 
We have 


fi , 

r id^ 

V \1 

[i- + T [dy 1 




4 [tt — d<j>] — 'Ztt. 
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Hence, since dcf) = dy). 




Also, from the diagram, in so far as be considered equal 

’ d.s . ds -i- zltA*?) /J(A^) 

R " 


R - 


I 




Hence 




iL< 


- = liin. 

M‘-k) 

1 1 
ii 


ds ' R 


■ da^ 


fU 1 11 M 

Now . = - and, of. p. 346, ■ — s = 

l< * ^ W 


R El ’ 


where 


Thus 


M = FR|^- -1 cos 

1 d'$ , $ FRr2 ,1 

H-= --cos <p . 

R2c/<^2 1^2 2EllTr U 


A general solution of this equation is 

X, . , , • J 

^ = A cos A T- B sin S -i-. <p «m <p. 

^ ^ ttEI 4EI 

'I'he constants A and B will be determined by the conditions of 

d ^ 

svimnetrv, viz. = 0. for ^ = 0 and ^ 

d(^ ^ r - 

FR® 

B = 0 and A = - . 

4EI 


. t = FR_"r4 
4KI Itt 


— (j) sin ^ — cos (j) 


]■ 


Since tliere is a decrease in the length of a radius vector when ^ 
is positive, w have;— 


(rt) Decrease in vutical diameter = = 


FR 


i 


2EI Ltt 


- 1 


(b) Increase in horiztmfnl diameter = —2f^l._ i_ = — — 

The angle turned through by the tangent at a point on tlie ring 
is, to a first approximation, given by 

1 d^ FR2 

w = -=- ( — <P COS <b). 

^ lld<f> 4EI 
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Neglecting the 
<l> = 49°. 


minus sign, tliis is a maximum when ^ = 


cot 4>. i.e. 


Then 


, , 0-561FR2 

= - ---- . 


Sucksmith’s ring-balance method for the rapid determina¬ 
tion of small varying forces.—This method, originally designed 
for measuring the force on a non-ferrous material \\ hen it lies in a 
strong magnetic field, is due to SuCKSMiTut. It depends upon the 



tio, 8’30.—Suoksinith'R ring-balun<'(* for the iott 

of briiull vurvirig for<'«'x. 


deformation of a circular ring of strip pltosphor bronze when this 
is subjected to a pull along a diameter; the ring lies in a vertical 
plane and is fixed at its uppermost point A, Fig. 'I'wo .small 

plane mirrors M and N are attached to the ring at points where the 
angular deflexions of the ring are a maximum, el. above. L is a 
converging lens and the light transmitted )jy it. after rellexiori from 
the mirrors, is focused on a scale S. If d and D are the distances 
indicated, the deflexion v of the spot of light on 8 is given by 


V = tpJ4D -1 2d\, ICf. p. 371J 


where 




O-.^blFlt"^ 

4KI 


Instead of making use of this formula to obtain a value* for the 
force F, the balance may bo calibrated by j)laeing. in turn, standanl 
masses on the pan P which is fixed rigidly to the ring; the displace¬ 
ment, as theory suggests, is found to be a linear function of the lou<l. 


^Phil. May.. 8, l.'iS. 102‘J. 
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The whole assemblage of ring and mirrors is enclosed in a brass 
box, which serves as a constant temperature enclosure, and E is a 
mica vane to damp tlie motion of the ring so that small slowly 
varying forces may be measured. Q is a hook to support any load 
whicli may Ije used in conjunction with the balance. An example 
of the use of this balance is given on p. 470. 

Continuous beams; Clapeyron’s theorem of the three 
moments.—Tliis theorem is due to Cl.4PEyron (1875) and concerns 
a continuous beam uniformly loaded and i*esting on a number of 



s :?7. < luitinuiius honiiis; ( lapoyrDn's 

tlu'itrriu of tiu* inoinonls. 


sU{)(>oi ts at tlie same level. It gives a relation between the values 
nf tlie IxMuling moimuits at any three consecutive supports such as 
A. B and Fig. S-)n(f0- 

Let AP> — «. lU.' — h and take the origin at B and the positive 
direction of .v tliat of BC'. Then, with the usual notation, in the 
segment BC we have Ely*' — w, so tliat 

M = EI^" = ^ A.r -- JIii, . . (i) 

where Mr is the bending moment at B and A is an integration 
constant to be determined. Hence 

Ely' = Jica:® + iAa:" -i- -i- Ela, . . (ii) 
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where a is the value of Q/']j = o- Integrating again, wc get 

Ely = + eAx® + "i” Elxr. , . (iii) 

the integration constant being zero. 

Now the conditions at C, i.e. x = b, give us 

Me = EI[y"]_, = (. = hvb^ + Ab • Mi,. . ■ I'v) 

and since the deflexion at C is zero, 

0 = + lAb^ + 4 EiyJj 

i-e. 0 = - 2 hub^ + hAb^ + 4- Ely.. . (v) 

Eliminating A from equations (iv) and (v) we have 

6 Me + 26M„ — = —GEIy. . - (vi) 

Now consider the segment BA, the origin at 15 but the positive 
direction of x reversed. Fig. 8-37(6) show.s the bending niotnents nt 
a section in the segment before and after tliis reversal oeeiiis. 
sign of the bending moment M remains uneliangetl and if fi is the 
slope of the beam at B we find 

aMi 4- 2aMo - \u-a^ = -OEI/i. . (vii) 

But p = —a, so that by addition of equations (vi) and (vii). we lind 

oMi 4- 2(a 4- 6)M„ 4- 6M(. = i 6"*), 

which expresses Clapeyron’s theorem of the three {bending) 

tnoments. 

To find the thrust on the beam nt the support 15. for example, 
we may proceed as follows. Let K be the reaction at 15 and con- 
aider the forces on an element PQ of the beam, ef. fig. 8-37(^/), 
W'here, in the original system of coordinates, P is on the negative 
and Q on the positive side of B. Ix-t be tluj sheaiing force 
immediately to the right of B, i.e. at Q; then S_ is the sliearing 
force on a section immediately to the left of 15. 'I'hus tlie t<jrces on 
the element PQ are as in Fig. 8-37(e). 

K = - S, . 

Now, cf. p, 335, S = . Hence from eciuatioii (i) 

dx 

= {wx 4- A)_,.=(, = A 

= _ ifrh. [cf. (iv.)l 

6 

To find S_ let us imagine the beam turned round about a vertical 
27 
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axis through B, i.c. P is now on the positive side of B. Then the 
shearing force S at P is given by 



}5ut according to our sign convention S = — S_, so that 


S_ = iica — 


Ma - 


a 


li = .S_ - 8^ = J«'(a + b) + M„(i + j) - —- 

\(i 0/ a 


Me 


EXAJIPLE.S VIII 


S OI. A hollow metal tube 1-20 era. in internal and 1-60 cm. in 
external diameter, whose length is 100 cm., is supported at the ends ami 
loaded witli 10-0 kg. in the middle. If the sag at the middle is 0-496 cm., 
<-alculate a value for Viumg’s modulus for the material of which the tube 
is ina<lo. [1-87 X 10*^ dyme-cm.-^J 

8-02. Dea-ive an expression for the bending moment of a beam. 
A uniform beam of weight \\’ and of length I is clamped liorizontally 
at one tmd. Firal an expression for the depro.s.sion at the free end. 

Ill the casi' of a similar beam, but of negligible weight, what weight 
iiiu.-it be i)la(‘(Ml at the free end to produce the same tlepression? (tJ) 

[gWJ 

s o;?, It is desired to cut a rectangular beam from a cylindrical tree 
wln'se diaim-ter is 2'/. The beam is to carrj' u central load ami its own 
^\|■jL:l^t ma\ be- neglectetl. .Show that the maximvim stress in the beam 

\\ ill be a mininiiiin if the width is 2a 4- V^3. 

s(i4. 1 )e.'^cril)e ami <‘Xplain how you would doteiTnine Aoungs 

modulus tor a jiii'ce i>f glass about 1 metre long and of rectangular 
i-i'i.‘s.s-siM-; inn alxiut 2 cm. by 0-2 cm. 

J)iTi\4- the I’onmda rctpiired in the calculation. (G) 

.s-n.'*. I )eri\ e the expression for the bending moment of a beam bent 
into tlie biriu of an arc of radius K. 

A liglii i-od is belli lu>ri/.ontally at one end and carries a load at the 
I it her. it Ls of cireuhir seeli«.>n but of varying radius. Find an expres¬ 
sion f.>r the .stress at the surfai-e i>f tlie rod in terms of the load, radius, r, 
of the section and ilistanco, d, from tlie loadeil end. 

Show that tliis surface stress is constant all along the rod provideii 
that /• is jiroportional tt> dl, ami discuss a pos.siblo apjilication of this 
result. (G) 

8-06. Show that at any cross-section of a bent beam the stress has a 


M 


value P = -» " here z is the distance of the sniall element considered 


from the neut ral axi.s. 

For a rod of circular section show that at a given section of radius a, 
the maximum longitudinal stress is 

4M 


Pxt\a2i, — 
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If the cross-eection is in the form of a ring, outer and inner diameters D 
and d respectively, show that tlie maximum stress is 

32MD 
- d*) ■ 

8 07. A beam 20 ft. long is supported horizontally at distances 5 ft. 
from each end and carries two loads each of mass 1 ton at distance 4 ft. 
and 12 ft. from the left-hand end. Assuming 

E = 12 X 10® ton.-wt.in.“® and I = 200 in.'*, 

calculate the deflexions at the cuds of the beam and at its centre; also 
the slope of the beam at the supports. 

8-08. A horizontal beam 10 ft. long, 1 ft. deep and 4 in. wide rests 
on supports at its ends and carries a mass at its centre. Young’.s 
modulus for the material of the beam may be taken as 

2 X 10« Ib.-wt.in.-®. 

If the maximum deflexion of the beam is ^ in. find a value for the maxi¬ 
mum longitudinal stress witliin the beam. [Neglect the weight of the 
beam.] [55 0 lb.-wt.in.“^J 

8-09. Explain the term second areal moment. 

A horizontal cantilever has a load W applied at its free entl. Assum¬ 
ing the weight of the beam is negligible, obtain an expression for the 
depression of its free end. 

If the cross-section of the beam is rcctangtdar, with sides of Icngtli n 
and b, and if the maximum depressions of the end of the beam for a given 
load are and »/{, respectively, when a un<l 6 are vertii-al, show that 

^ ^ 

Vb ‘ 

Calculate and i/j, for a bar 50 cm. long loaded with a muss of 500 gin., 
when a = 2-0 cm. and h = 0-50 cm. and Young’s modulu.s for tlu* 
material is 21 x 10** dyne.cm."®. [0-029 cm.. 0'47 <-m.] 

8-10. A vertical tube made of mild steel. f»)r whicli Young’s modulus 
may be taken as 2 x 10*^ dyne.cm."®, has an e.xternal tliamoler of 20 cm. 
and its walls are 2-0 cm. thick. Its height above ground is 4-0 metres 
and it is subjected at the upper end to a horizontal pull of 500 kg.-wt. 
Calculate values for the maximum longitudinal stress at the ground le\ el 
and the deflexion at the top. [1-30 x 10® kgm.-wl.cm."®, 3-54 cm.] 

811, Define modulus of elasticity uiul give examples. 

Obtaiii an expression for the maximum depression of a beam loaded at 
one end and fixed horizontally at the other. 

A cylindrical rod of iron, AIJ, radius 0-50 cm. and length 25 cm., is 
clamped at A so that its axis is horizontal. Calculate the «lefU«xions of 
the free end of the rod when a force of 3 kg.-wt. is aiipliod horizontally (n) 
at B, (6) at the point midway between A aiid 13. 

[Assume that Young’s modulus for iron is 21-0 x 10*'dyne.cm."®.] 

[<«) 0-407 cm., (5) 0-145 ein.j 

8*12. A light beam is clamped horizontally at one cn<l. Derive an 
expression for the lowering of its ini<l-point, wlien it is l<ja<le»l at the 
other end. What would bo the lowering if the sumo hoain were 
Bupportod horizontally on knife-edges at its ends and the same load 
suspended at its middle? 

8-13. If a liglit beam of uniform section deflects 1-0 cm. in a spoji of 
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100 cm. under a central load, what will be the slope of the beam at either 
end? [3-0 x 10”^ radian.] 

8-14. A light \miform rectangular beam is rigidly fixed at one end in 
a horizontal position. Obtain an expression for the depression of the 
free end of the beam ]»roducetl by a load hung there. What change in 
tbe load would be necessarj’’ to maintain the same depression of the free 
end if the linear dimensions of the beam were halved? [Halved] 

8-15. Show that for a beam carrying a uniformly distributed load 
over its whole span, the span must not exceed 24 times the depth of the 
boiiTU if the bending stress is not to exceed 12 ton.-wt.in.“^ and the 
cleflexion is Hixiited to one two-hundredth of the span. 

[Assume E = 1-2 lU* ton.-wt.in.““.] 

S-IC. Derive an expression for the bemling moment at any section 
(*f a uniform bur. originally straight, which is bent into the arc of a circle 
of large radius p. Young's motlulus for the material being E. 

A wooden bar lOU cnx. long and 2-0 cm. X 2-0 cm. m section rests 
borizontally nn«l sytniiK'trieaUy on two knife-edges 60 cm. apart. Find 
tbe elevation of tlxe centre when («) a mass of 2-0 kg. is hung from each 
eiul of the bur. (l>) the extension j)er cm. length of the most strained 
filaments is 5-0 ,• 10“^, Assume that E = 1-3 X 10** dvne.cm.““. 

[(«) 0102cin., (6) 0 0563 cm.] 
8-17. A h»)now metal tube 1-0 cm. in internal diameter and with walls 
0-30 cm. thick is 100 cm. long. It is suiipi>rted horizontally at the ends 
and carries a loail of 15 kg. at its mitl-point. The maximum sag is 
0-415 c-m. t'ah'ulale a value f«>r Young's modulus for the material of 
1 hi' tube. [2-71 X 10*^ djTie.cin."^.] 

s-ls. For a light cantilever of length I and currying a load of weight 
W at iis free end. show that the deflexion at a distance x from the fixed 
♦‘lul is 

•'”Ell2 6^ 


W'liai is the «-ur\ at ure of t ho beam xit x = 0, x — ll and x — I't 

1 \yi 


-\vi 1 \yi 1 

.El ’ 2 El ’ 


I » 


8-10. .\ cantilever 12 ft. long curries u imiformly distributed load 

f I ten per foot over the centre 0 ft. IfE = 12 x 10® ton-wt.in.~“ and 


I SUO in.*, xletermino the slope at the free en<l. 

S'20. .\ Weight \\’ suspended from the free end of a light cantilever 

of loiiuth f. causes it ti.» bend sligbtly, so tliat the depression at a point P, 
disiani //!.(;» ■ 1) from the fi.xed entl is //. t'aJcuhtto the depression 

winch wonlilliuve resulted at the free entl if W hail been suspeiulcdfromP. 

Discuss tile efl'i-ci. if aii\-, on thi> result of the calculation if the canti- 
lewr liad a weight comparable with (G) 

[No change.] 

8-21. The eross-.section of a ‘light’ cantilever is a circle of radius a. 
'I’he IcN'cr is r> ft. long anti carries a load of mass 4000 Ib. The maxinxurn 
longitudinal stress is 10.000 lb.-wt.in.“®. If Young's modulus for the 
material of the lioum is ,3 0 ;• 10* lb.-wt.in.“® find values f«xr a and tlie 
deflexion at the free end. (3-13 in., 0128 in.l 

8-22. A cylindrical ‘light’ cantile\er is 40 in. long and 4 0 in. in 
radius. Young’s modulus for the material of the lever may bo taken as 
2-0 X lO’ Ib.-w't.in.-®. If the loud at tlio free end has a muss of 1-0 ton, 
lind the deflexion at this end and the maximum longitudinal stress in the 
cantilever. [0-012 in., 0-80 ton-\vt.in.~®j 
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8-23. A light rectangular bar is clamped horizontally at one end and 
a weight is attached to the other end. Derive expressions for {a) the 
vertical depression of the free end of (ho bar. and {b) the period of the 
oscillations which occur when the weight is slightly dcpr<*sse<l an<l then 
released. 

8-24. A uniform plank of weight A\’ and length 21 i.s stjpported at Its 
ends and lies in a horizontal j^lane. It is loaded (a) with a weight 2\\' 
at a distance \l from one end and (6) with two equal weights at 
distances from the two ends. 

Draw graphs to show liow the bending moment varies along the j)laiik 
in each instance. Find also the maximum values. 

8-25. A horizontal beam rigidly fixed at one end is of weight w jjor 
unit length. The vertical shearing force at any point at a distance x 
from a convenient origin is S and bending moment is M. Show that 

dS dM 

— = w, -j— = r. 

d.c d.r 

The bonding being assumed to be small, show that 

•1*1/ 

HI J = 

E denoting Young’s mo<lulus of the material anil I the second area! 
moment of the cross-section. 

A uniform column stands vertically with one end on the ground, and 
a weight W rests on the upper end. As.suining again slight bemling 
determine the equation of tlie axis of tho column. 

Find the ratio of tho length to the diameter in the ease of a c> lindi ical 
colunnn just able to remain in tho form of a single arc luuler a prcssui’i* 
of 15 ton.-wt.in.“*, the value of Young’s modiilus heii»g 

3 0 X 10’ lb.-wl.in.-2. 


8-26. A uniform beam of s|)an I is fixed horizontally at oacli end. 
Two equal loads, W, are j>luceil at equal distances h from the cikIk of (lie 
beam. Neglecting the weight of the beam, prove that the groati'.sl 

deflexion of the beam is “ ■*^0. tind that the greatest bending 

W/t2 

moment is —. -. 

^■27. A continuous girder, designed for crossing two e(|ual ri[nms, 
has a uniform cross-section and muss m per unit length. The girder is 
launc}ie<l across the spans and when its centre is almost over tho irentral 
pier, the advancing enil hangs downwards. If the length of eaidi spun 

is « shejw that tho deprc'ssion of the free end is , where the symbols 

bave their usual meanings. 

8-28. Derive, from first principles, an oxj)resHion for the depression 
at the mid-point of a beam of unifonn muss per unit length loadisl at 
llio centre and supported at the ends on knife-etlges at the same level. 

In the caae of a beam of negligible mass, find the period of small 
OBciUulions when the loud is slightly displaced \ertieully from the 
position of equilibrium and then released. (8) 
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8-29. Derive an expression for the couple required to bend a beam 
in terms of the local radius of curvature and other factors involved. 

Two cantilevers have the same cross-sectional area, but the cross- 
section of one is square and that of the other is circular. Both canti¬ 
levers are made from the same material and their free ends, loaded by 
equal weights, show equal displacements. Calculate the ratio of the 
length of the ‘sfiuare' cantilever to that of the ‘circular’ cantilever. 


8-30. A light uniform beam of length Zl is freely supported at both 
cruls on Unife-Cflges. Calculate the depression of the beam at the point 
of application of the load {a) when a load \V is applied centrally, (6) when 
it is applied at a point distant I from one end. (S) 

S-31. A light uniform cylindrical rod, 100 cm. long and 1 cm. 
*liamctor, is supported 8\'ntmetrically on two knife-edges, 50 cm. apart, 
in a liorizontal piano. Ecjual masses of 1 kg. are suspended from the 
(•entro and ends of the rod. Calculate (a) the depressions at the centre 
point an<l at the ends of the rotl, (b) the strain energj' stored in the rod. 
\'tjung'8 rn*)dulu8 of the material of the rod is 10 X 10*® djTte.cm."*. 

(S) 

8-32. The extennion of a light closely coiled helical spring caused 
by atta<-hing a r)0-gm. mass to its lower end is 3 cm. Obtain an expres¬ 
sion tor the period of the small vertical oscillations caused by pulling the 
loa<li'(l sjn'ing down a short ilistance and then releasing it. [0-348 scc.J 
8-3:{. A 2iM) gin. weight when supported by a light closely coiled 
heli(^al spring makes .">0 eomploic vortical oscillations in 40 seconds, 
find the extension of tlie spring due to increasing the load by 20 gm. 
the the(»rv. [1-59 cm.j 

«-;u. hollow mild steel pillar 25 ft. long is fixed at both ends and 
lias an vxt iTiuil i liaini'lor of U in. Obtain a value for the thickness of the 
luctal it ih'' pillar is to carry a load of mass 50 tons, allowing a factor of 
S I f'‘t y of h. [ .\^'SUllle Young's modulus for steel to be 3-0 x 10 Ib.-wt.- 
iii. “ and lalvi’ 77“ lit.] [0-98 in.J 

S'.’h'V. .\ spi-ing balance is constructed from a quartz fibre in the form 

oi n cloM'ly i-i lilcd In ■heal spring 0-88 cm. in diameter. If the diameter of 
11 le til >i-c is i <>.'» 1 cm. ami the sensitivity of the balance 0-33 X 10 

<mgm.-wt, b wliat length of fibre i.s employed, if the modulus of 
riid’bt\- of fused t]uart/. may be taken a.s 3-0 x 10** tlyne.cm.““? How 
wi'uid yoti dftormiru^ this modulus experinteiitally? [47-8 cm.] 
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THE COMPRESSIBILITY OF LIQUIDS, SOLIDS 

AND GASES 

Early work on the compressibility of matter in the liquid 
state.—In an elementary account of hydrostatics it is always 
assumed that liquids are incompressible. The fact that water was 
not a liquid with zero compressibility was established by Canton^ 
in 1762. Bacon, at an earlier date, had subjected water, completely 
filling a lead sphere, to pressures greater than atmospheric, but tlu‘ 
experiments were frustrated by the fact that the sphere sprang a 
leak, or else water escaped through the walls of the vessel whiili 
were porous. Canton used a glass vessel, containing mercury, 
shaped like a thermometer, but with an open capillary tube. 'J'hc 
level of the mercury in the stem of the instrument at a definite 
temperature was noted. The vessel was then heated until the 
mercury just filled it; the open end of the capillary was then 
sealed and the in.strument allowed to cool to its former tem¬ 
perature. It was found that the mercury stood at a higher level in 
the capillary tube than formerly. To account for this it might be 
assumed: 

(a) that the mercury had j»reviou.sly been compre.s.sed by the 
external air, or 

(^) that the vessel was reduced in size when the pre.ssure insi<le 
was less than atmo8i»heric. 

The experiment was then repeated with water in the same vessel: 
the change in level of the w'ater was greater tlian in the case t)l 
mercury. It was therefore established that water w as a compressible 

substance. 

Oersted,J in 1822 , made a further step in the study of tlio com¬ 
pressibility of liquids; one form of his apparatus, an example of 
Rn instrument known as a piezometer, is sliown in Fig. If-Ol. It 
consisted of a glass vessel A, provided wdth a capillary tube B 
dipping into mercury contained in u dish C. D was a glass tube, 
closed at the top, whose lower end dipped into the same di.sh of 
mercury. It contained air. T was a mcreury-in-glass thermometer. 
The whole was placed in a strong glass cylinder G furni.shed with 

t Canton^ Phil. Tratui, Itoy. Soc., 1702-4. 

J OuraUMl, Poyg. Ann.^ 9* 003, 1827. 
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brass cncl-pieces, the joints between them and the glass being made 
watertight with some form of wax. G was filled with water. S was 
a screw plunger by means of which the pressure inside the apparatus 
could be increased. From the change in volume of the air in the 
tube D, the change in pres.sure inside the apparatus could be 
calculated. 

The theory of this experiment is as follows. Let V be the volume 
of A up to the zero mark 0 on its stem. Let v be the volume jjer 

division on the stem B. Suppose that 
when the pressure is Pj, the mercury 
stands in B at ?/?; when it is P .2 at n. 
Then(m — is apparenf/y the reduc¬ 
tion in volume of a volume (V -r mv) of 
liquid when the pressure changes by an 
amount (P., — Pi). The apparent com- 
2 )ressibility of the liquid i.s therefore 
given by 

apparent dimi nution in volu me 
(original volume)(change in pressure) 

{in — n)v_ 

(\" 4- wr)(P2 — Pi) 

REGNArLT, in 1847, was the first 
l)erson to obtain accurate values for the 
compressibilities of several common 
liquids, including mercury. In inter¬ 
preting his observations he made use 
of the theoretical investigations of Lame 
[later published in Let^on^s sur VclasticiU 
corps .solides—ci. p. IS‘1. Paris, 1SG7J. Before proceeding 
further it is necessary for us to consider an elementary account 
of Lame’s work in'.so far a.s it is relevant to our present 

needs. 

On the changes in volume occurring when a thick uniform 
cylindrical shell of isotropic material is subjected to changes 
in pressure.—Consider a long cylinchical tube of circular cross- 
section with flat ends subjected to the following increases in pressure; 
externally Pq and internally P. Ix't a and b be the internal and 
external radii of a cross-section of the tube—of. Fig. 9-02(a). After 
the jn’cssurcs have been applied let a jioint at distance /* from the 
axis suffer a small displacement $. A point originally at distance 

r : dr will be displaced ^ 



Fici. D-Ul.-- tJorstetl’-s nppar- 
utus for .stuil\ iiig the rum 
jiressihility of a litjiiul. 
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Radial strain 

_ increase in length o f element originally dr 

original length dr dr' 

= (say).(i) 


Moreover, the circle of radius r originally and circumference 27rr, 



Via. 9-02.—A thick 


unifonn eylindrirul ^holl subject to internal excess 
pressure. 


has a circumference 27r(r -f when the j)res.sures are applied. The 
circumferential strain, i« therefore given by 


eg = ^ . , . (ii) 

Let Cg be the longitudinal strain; it is necessarily normal to both 
and Let and p^ be the corresponding stresses. Then, 

ef. pp. 307-30!), 

Pi = (ft + -i- (ft — §h)(€ 2 I- €:i) - ■ (iii) 

To proceed further we have to assume that $ = Ar where 

A and B are small constants. Lam<!; established this theoretically 
in 1867. Then 


€| = A — Br and €g = A i- Br 

Pi^ift + 3«)(A - Br-'^) -f- (ft - |«)(A I- Br -^ 

= 2/3A + (A - -Mir ■‘) + {ft - §«)e 3 , (iv) 

Now when r = a, pj = —P; when r = b, 2>i = —Ro- fhe nega¬ 
tive signs appear since a stress Ls considered po.sitive when the 
material is in a state of tension. 

-P = 2ftA f ^^'(a - + {ft - S«)£a ■ (V) 

-P„ = 2ftA + ^|(a - 3 j + {ft - PiU, . (Vi) 


and 
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The total force tending to stretch the cylinder is 7r[o2p — feP,,], 
cf. Fig. 9*02{6) ; the longitudinal stress is therefore given by 


i>3 = 




But 


P 3 = (^ + ^)^3 + (^ “ |^)(^1 + ^ 2 )» 

= (/? + + (^ §w)2A. 

From equations (v), (vi) and (vii) we obtain 

1 a%^ 


[cf. p. 309] 
- (vii) 


B = 


2a 


a- 


(P - Po). 


_ _ i_ Pg’' - P q^^ 

“ 3 ^ b'^- 

When the tube is strained the internal volume will be 
7rL{r + + «3) = 


where I is the initial length of the tube. If V is the internal volume 
originally and it becomes V + AV when strained, we have 


AV = ttuH 


Va^ ~ Po6^ 

L (6^ — 



if powers of A, B and higher than the first are neglected. 
Similarly AVq, the change in external volume, is given by 




Practical methods of determining the compressibility of a 
liquid.—Two special instances, in which use is made of the general 
result obtained above, arise in experimental determinations of the 

compressibility of a given liquid. 

(g) In the first, the pressure is increased so that it is the same 

inside and outside the cylinder, i.e. P = Pq- Then 


AV = —ttuH .— = — 7Ta^/P#Ci. 

where the suffix (1) is used to show that the quantity thus subscribed 
lefers to the material of the cylinder. The above equation shows 
that the internal volume of the cylinder diminishes by an amount 
which is independent of the thickness of the walls of the cylinder. 
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Early workers in this subject were mistaken, therefore, when thev 
supposed that if the walls of the containing vessel were sufficiently 
thin, there would be no appreciable change in the internal volume 
of a cylinder subjected simultaneously to the same increase in 
pressure both inside and outside. 

Suppose now that the above cylinder contains a h'qiiid of bulk 
modulus /9 and compressibility k. Then the true diminution in the 




(a.) (b) 

P^o p^p 

Incompressible 

liquid 


1-5 



ic) 

P=P 

Compressible 

liquid 


Fio. U-03.—Tho (i{>{)ori‘(it compressibility of ii liiiuid. 


volume ttuH of this liquid when subjected to a pressure increase P is 
If a capillary tube is attached to the cylinder and the 
change of volume ob.sorvcd when the liquid and the containing vessel 
are subjected to an increase in pressure P both inside and outside, 
we have to consider how this observed change is related to the change 
in the internal volume of the cylinder and the true change in tlu* 
Volume of the liquid. 

Lot ig. 9*03(a) represent a cylinder with a capillary tube attache<l. 
filled with an incompressible liquid, the pressure being zero inside 
and outside. I^t A be the po.sition of the liquid surface in the 
capillary tube. When the j>ressure is raised to P everywhere, the 
liquid will rise to the point B—cf. Fig. 9 03(6). Then 


Volume BA = iraHpKy 

Now suppose that the cylinder contains a liquid of compressibility 
K, and that this liquid fills the cylinder to the; mark A wlien th(‘ 
pressure is everywhere zero. When the j)ressure becomes P both 
outside and inside the apparatus, let the liquid surface be at C in 
the capillary tube—cf. Fig. 9 03(c). Then 

Volume BC *= iraHPK. 
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Now the volume AC is the observed change in volume. Hence 
Volume AC = Volume BC — Volume AB = 7 ra^ZP{«r ~ /Ci). 


Thus (k — /Cj) is the quantity which is actually determined by an 
experiment carried out on these lines, so that it is nccevssary to find 
the compressibility of the material of the piezometer before that of 
the liquid can be obtained. 

( 6 ) In the second instance, the pressure is only increased inside 

the piezometer, when the appar¬ 



ent change in volume of the 
liquid is the sura of the actual 
change in the volume of the 
liquid and that of the interior of 
the vessel. Jamin used tliis 
method but it will not be dis¬ 
cussed here. 

Regnault's experiments 
on the compressibility of 
liquids.—The apparatus used 
b}^ RegnaultI to investigate 
the compressibilities of different 
liquids is sho^v'n diagram- 
matically in Fig. 9'04. The 
liquid under investigation was 
contained in a glass vessel AB, 
a cylindrical bulb with hemi¬ 
spherical ends. To this there 
was attached a graduated glass 
capillary tube AG, the volume 
of one division on this tube being 
equal to that of 0-010271 gm. of 
mercury at room temperature. 
AB was about 23 cm. long and 
2-4 cm. in diameter. It was 
immersed in water contained in 


a copper vessel C, 40 cm. long, and 12 cm. in diameter, and had 
walls 2 mm. thick. This vessel was provided with a flange to which 
a lid was fixed by solder. The whole was supported by the lid of a 
large outer vessel, W, containing water; it was made large in order 
to reduce the rate at which the temperature of the whole changed 
the course of an experiment. The capillary tube of the piezometer 
was fixed with wax into the lid of the copper vessel; its upper end 
passed into one arm of a three-way brass tube N provided with 
stop-cocks Tg and T 4 . M was another such tube. Tj and Tg were 

f A/cm, de rAcad* 21* 429, 1847* 
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stop-cocks fitted to the lid of the copper vessel. These wore 
connected to the rest of the apparatus by means of lead tubes, as 
indicated, and M was placed in communication \s-ith an air 
compressor. 

The following operations were then carried out. in each iiistancc 
the position of the liquid surface in the graduated .stem of the 
piezometer being observed. 

(o) The stop-cocks T^ and T 4 were closed, while T^ an<l T^ wvie 
opened. The pressure outside and inside the piezometer was then 
atmospheric—say p. 

( 6 ) Tgwas then closed and Tj opened so that the pre.'^.sure was 
increased to (P -f p), say, outside, while in.side it was still p. The 
liquid rose in the calibrated capillary tube A(»; the change in 
volume, deduced from this rise, is the change in the internal volume 
of the piezometer due to the change in the external pres.sure. 

(c) T^ was kept closed and Tj open; then T., was shut and T, 
opened. The pressure was then (P -f- p) both inside and outsi<h‘ 
the piezometer. 

{(1) Tj was shut and T., opened so that the pressure external to 
the piezometer was p, uhilo inside it was (P />). '1 he li(juld 

descended in the capillary tube. 

(e) T 4 was then shut and T 3 opened so that the pressure was again 
atmospheric both inside and outside the in.strument. The li(iuid 
surface should therefore be at the same j)ositioJi in the stem, if the 
temperature of the apparatus had not changed appreciably. 

For simplicity, it will now be assumed that tlu' piezometi-r was 
cylindrical in form, so that we may u.se the results of the analysis 
given on pp. 410-8, (Uegnault u.sed a still more complicated 
formula which took account of the fact that the ends of the piezo- 
met<;r were hemispherical.] Led to.^ and 03 be the apparent 
increases in internal volume of the cylinder corresponding to the 
operations ( 6 ), (c) and (d). These changes in volume may hv 
written down from the general formula by putting j> — 0 . Ihen 

..r I !*//■= 1 

- ly- ,yn, 


_ TTuWy r 1 1 1 

~ - ■*' ^' 0 ' 


Hegnuult used this result to calciilate the bulk n>odiilus of tlu? 
njuterial (glass) of the piezometer. He assumed that <j, Poisson s 
ratio, was a universal constant equal to 0*25, and used this value 
and the equations 

.... 


(1 d a) = 


2/tj 


id 


(1 - 2o) = 


3/i, 
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where Ej is Young’s modulus for glass, in order to calculate the 
modulus of rigidity for glass. Thus = 0*6^1- It is now known 
that a is not a universal constant but, for soda-glass, varies from 0*20 
to 0-27, so that in this respect Regnault’s work is open to criticism. 

Also 

o,, = ^ . 


so that /?, and hence k, may be derived. 

Again 

r_^i. i] 


a>3 = 


+ Tra^/P.-, 



(')i + 0>3 




= ^ 2 - 

Regnault used this relation to test the validity of the theoretical 
investigation of which he had made use. Such a check was very 
desirable, since in developing the theory it had been assumed that 
the material used in making the container for the Hquid was isotropic 
and that the walls were uniform in thickness. It is very difficult to 

realize such conditions in practice. 

Regnault also used spherical containers when the necessary 

formulae were simplified. One of these containers was made of 
copper, another of brass, the two halves in each instance being 
silver soldered. The choice of spherical containers was most appro¬ 
priate for it was more easy to realize ^rith them the conditions laid 
down in the analysis by Lame. The same capillary tube was used 

in all the experiments made by Regnault. 

Once the compressibility of a liquid has been determined 
accurately, an excellent method for finding that of any other liquid 
which does not react with the standard liquid, is to fill the piezometer 
with the standard liquid, say mercury, and determine the apparent 
change in the volume of the mercury when the inside and the outside 
of the instrument are exposed to the same increase in pressure. 
The instrument is then fUled with the liquid under investigation 
and the apparent change in volume for the same increase in pressure 
both intemall 3 ' and externally found. Then 

= observed change in volume in the first uistanco 

= naHP[KUg — k’bUm]. 
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.To 

jcompr'essof" 


aild = 7Ta^lV*[Kii,i. — >Cgiass]- 

, , '^1 TTfl ^Hn]- 

Amagat and the compressibility of liquids. —In 1877 
Amagatf gave an account of an extensive study he had made con¬ 
cerning the compressibility of several liquids. The apparatus was 
an improved form of that due to Oersted.J The liquid under 
investigation was contained in a glass piezometer, A, Fig. 9'05. 
consisting of a cylindrical bulb and a graduated capillary tube which 
passed through an opening 
into an iron trough B. The 
piezometer was surrounded 
by a water bath, the temper¬ 
ature of which was controlled 
from underneath by a small 
flame. The bath consisted of 
a metal tank with glass plates 
both front and back. The 
pressure was given by an air 
manometer, M, maintained at 
a constant temperature by a 
stream of cold water flowing 
through a glass jacket, C, 
which surrounded it. This 
manometer was fitted into the 
iron trough as indicated. It 
was provided with a bulb at 
its lower end, of such volume 
relative to that of the upper 
part of the manometer, tluit 
when the pressure was nine atmospheres, the mercury was just 
about to enter the capillary tube, i.e. the inanoinet<‘r was .sensitive 
even at the higher pressures. Pre.ssure was applied from a Cuilletet 
compressor. The necessary joints between different parts of the 
apparatus were covered with wax which was kept cokl. 

With this apparatus Amagat was able to investigate how the 
compressibility of a liquid varied over a range of temj)erature from 
^ to 50® C. The following remarks will indicate why such an 
apparatus is particularly suitable for such an investigation. 

Amagat was well acquainted with Regnault’s work and realized 
the difficulty of obtaining an accurate measure of the coinpre.ssibility 
of the material of the piezometer. He therefore used a liquid of 
known compressibility in order to find that of glass, and then used 

t Ann, Chim. Phyt/,, lli 020, 1877, 

♦ /./^, |>. 103, 



Fig. 9 05.—Axnagut's appnrutuH for oorn- 
paring thu cotnpros>>ibiIiti(*s of li<|uicis 
(1877). 
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this in determining the compressibility of another liquid and how 
it varied with temperature. [It does not appear that any correction 
was made for the variation with temperatui*e of the compressibility 
of glass.] In all instances the liquid was freed from dissolved gases 
by prolonged boiling and the ah* manometer was cleaned and 
dried. 

In later years [1882-9] Amagat made further investigations and 
made use of Jamin’s method but, unlike Jamin, interpreted liis 
observations correctly. He used, however, metal cylinders vith 
flat ends, a glass capillary tube being attached by means of wax. 
In each experiment two cylinders of the same material, length and 
internal diameter, were used. The external diameters were different. 
Ill this way he was able to confirm several important deductions 
from Lame’s theory, one of wliich was that the change in internal 
volume for a given increase in the external pressure was independent 
of the thickness of the wall for cylinders having the same internal 
diameter and made from the same (isotropic) material. It is also 
interesting to note tliat these experiments were carried out at 4® C., 
the temperature at which water has a maximum densitj'—this was 
the liquid used outside the piezometer. The rea.son for tliis choice 
of tenijierature wa.s that the coefiieicnt of increase in volume with 
temperature for water is a niininuira at 4® C. 

In 1898 Amagatt gave an account of further experiments on the 
compressibilities of liquids in which he increased the pres.sure to 
IKinO atmo.splieres. At that time it was teclmically impossible to 
construct an apparatus entirely of glass capable of withstanding 
high pressures and, .simultaneously, permitting the mercury surface 
t (Tl.e observed. Amagat therefore used a glass piezometer consisting 
nf a eylindrieal bulb A, Fig. 9-00. and a capillary tube B, below; 
tliese were housed in a steel container. The end of B dipped below’ 
some mercury, and as the jire.ssure increased so tlie mercury ro.so 
in the cai)illary tube. To locate the position of the mercury at any 
stage of an cxiieriment he coated the insitle of the capillary tube with 
a substance w hich dissolved in mercury and in this way, after having 
taken the aiiparatus to pieces, he was able to obtain the desired 
information. This was n tetUous procedure. Tait recommended 
tlie use of electrical contacts so that the position of the mercury 
could be determined during, and not after, the experiment. The 
jnezometer was tlierefore provided with a series of platinum wires as 
shown, an electrical resistance joining each pair consisting of a 
coil of wire well insulated and wraiJped rouml the cai>illary tube 
B. An insulated platinum wire pas.sed through the steel jacket, 
through the bulb A, and made contact with the uppermost platinum 
sealed-iu wiie. As the mercury rose in B, so did the current in the 

t Chim. Phys., 29, 1893. 
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main circuit change by a finite amount as the mercury passed eacli 
contact in turn. 


mssm: 


Packing 

gland 



Scnevv plungen 
for increasing 
pressure to 
final value 


From compressor 
which first 
increased the 
pressure 


Fio, U OO.—Aiimgiit’M HfCdiid uppuraluK for invest igat ing 
tho coinprcssibility of lic|uid.s til high prossiiros. 


The work of Richards and Stull.f—Tlie mctliod dcvelojjcd by 
these investigators was such that tlie coiiipiessibility of solids, cvcti 
if they existed only in irregular pieces, and of many li(jui<ls may be 
determined with accuracy. The essential feature of the method is 
the comparison of the comjjressibility of the substance to b(i tested 
"'ith that of a standard liqui<l by noting tlie weighe<l ejiiantilies of 
mercury which must be added to tho mercury in the apjiaratus in 
order to supply the volume lost undc*r cfimpression at successivo 
pressures. Electrical contacts were used to indicate when the 
desired extent of comprcHsion had been obtained. Alan}' errors were 
avoided by conducting a scries of exjx'riments. 

^ Jour. Amer. Chem. f>oc., 26, 399. 1904. Carnajit Inot., WaKhimjlon, 
t'uhlication. No. 7, 1903; No. 70, 1907. 
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For solids, the apparatus showTi in Fig. 9-07{a) was used. It 
consisted of a C 3 'lindrical bulb A into which could be fitted a weU- 
ground stopper B provided with a capUlarj’ tube D, 1-5 mm. in 
diameter, and a small funnel E. The optimum diameter for the 
capillar^' tube was found to be 1*5 mm.; if larger, the apparatus 
was insensitive, and if smaller, drops of mercury tended to stick 



tlio coin[>rcssihility of solids and liquids* 

l)et\veen the platinum wire and tlie walls of the tube. Cj and C .2 
were jilatinum contacts. The ^^■hole apparatus was first filled with 
mercury, a lifjuid whose comj>ressibilitv was taken as known, and 
the pressure was increased to Pj until contact was just made with 
C’j. 'Po do this the ])iezometer was placed in the baiTcl of a Cailletct 
cfunpressor, the prcs.sure being read on a carefullj’ calibrated 
hydraulic-dial gauge. A small weighed quantity of mercury was 
then added to that in the instrument and the pressure increased 
until contact between the platinum point and the mercury was 
just broken. Actually the pressure was increased beyond this stage 
and then reduced until contact Cj was just established. In this 
way trouble due to adlie.sion between the two metals was avoided; 
also, to diminisli the effects of sparking at Cj, the mercury was 
covered with pure water. 
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The procedure suggested above was repeated until the highest 
pressures attainable with the apparatus were reached. Observations 
were made: 

(а) with the apparatus filled \^ith mercury’, 

(б) with the solid irtside, the space above the solid being filled 
with mercury. 

To facilitate the insertion of the solid the apparatus was made in 
two parts which fitted together. The ground joint between the two 
portions was the source of serious trouble until the following pro¬ 
cedure was adopted. The trouble arose from the fact that mercurv 
leaked, so that the compressibility appeared correspondingly liigh 
and the values obtained were not consistent. The difficulty was 
obviated by wetting the surfaces with a minute drop of liquid (water) 
thus displacing all the air and jireventing the ingress of mercur\'. 
The infinitesimal variations due to the compre.ssibility of this 
I)ractically con-stant drop of lubricating li(|uid were much too small 
to have any appreciable cflfect. The stopper was firmly tied in place 
by means of a piece of stout string which j)assed over a rubber 
shoulder. 

In order to conduct away tlie heat of compre.ssion and to make 
electrical contact with the lower platinum wire, mercury was poured 
round the lower two-thirds of the piezometer which was situated in 
an iron vessel immersed in a thermostat whose temj)erature was kept 
constant to within 0*01 deg. C. The general arrangement is sliow n 
in B'ig. 9*07(6). 

For liquids which do not attack mercuiy, the piezometer took the 
form shown in Fig. y-07(c). The two stop-cocks wore introduced 
in order tliat the liquid under investigation might be introduced 
easily, but they arc not really necessary, for the jiiezomotcr could 
be filled by a method of alternate heating and cooling. 

Richards and Stull also investigated the compressibility of alkali 
and alkaline earth metals with a slight modification of the latter t\ pe 
of piezometer. Observations were made as follows:— 

(а) with the piezometer filled with mercury, 

(б) with mercury in the bend and oil (fractionated paraffin from 

kerosene) elsewhere, 

(c) with mercury in the bend, solid in the vessel, and oil filling 
the remainder of the available space. 

Theory of the above piezometer for solids.—Let wq bo the 
mass of the mercury required to fill the instrument up to the contact 
Cj when no solid is prc.scnt, the pressure being Rj, and the tempera¬ 
ture known and constant. Then, if p LS the density of mercury at 

this temperature and pressure, the volume of the mercury is . 

Let p be the mass of the solid whoso material has a density 1) at the 
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temperature of the experiment and at pressure and let be 
the mass of the mercury required to fill the instrument to the same 
fiducial mark. Then 

p p J) 

When the pressure is increased to P 2 , let be the mass of 
mercury required to fill the piezometer to when no solid is present; 
let M 2 be the corresponding mass when the solid is present. Then 

{p + dp) {p + dp) (D + dD) 
since the densities of the mercury and the solid will have been 
increased by dp and dD respectively. Let k be the compressibility 
of the material of the solid. Then, by definition, 


D 

K = — 




D D + 

P 2 - P, J 


D f mi — Ml _ 
/^(P2 — Pi)L P 
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Let K„^ be the (known) compressibility of mercury. Then 
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since nij — 

and mg — 

Now the terms 
so that we have 


M 

^ D ’ 

M, = ^tAlL 

“ ^ T> + dD 

dp dT) 

— and — are negligible with respect to unity 


dL p dJ 


K = 


(M 2 — I^Ii) — (rn.2 — Wj) D 

p p(l\ — l\) 


K 


HI 


where (Mg — Mj) and (mg — wtj) are the masses of mercury added in 
the two instances, viz. with the solid in the piezonieter and without 
it. These masses were determined directly. Calling tlieni //g and 
Pi respectively, we have 


K = 




The mechanical stretching of liquids.—Three methods are 
known by which, with care, a mercury column of many times the 
barometric lieight may be .supported by its adhesion to the top of 
the tube in which it is contained. 

(а) The first is the method of the inverted barometer. The 
mercury above the level of the barometric height is in a state of 
tension. This tension (incrca.ses with the height and its effect is 
propagated in all directions to the walls of the tube. When the 
upper part of the tube is made elliptical in cro.ss-section and of thin 
glass, its yielding to the inward pull Ls easily observed. 

(б) The second is the centrifugal method, devised by Osborne 
Heynolds in which a glass U-t»ibe, ABCD, Fig. ‘J-08(n), closed at 
both ends, contained air-free liquid in the portion ABC and only the 
saturated vapour of the liquid in the portion CD. Thi.s tube was 
fixed to a suitable board and whirled about an axis through O, a 
point a little beyond the end A, and perpendicular to the plane of the 
board. Let CE be the arc of a circle whose centre is O and radius 
OC. While the rotation continued the liquid between A and E was 
in a state of tension, increasing from zero at E (if we neglect the 
saturation vapour pressure of the liquid) to a maximum at A. In 
this way Reynolds subjected water to a tenailc stress of 5 atmo¬ 
spheres, i.e. 72-5 Ib.-wt.in.'*. Worthington, using a similar 
apparatus, reached 7*9 atmosphere.s with alcohol, and 11*8 atmo¬ 
spheres with concentrated sulphuric acid. 

(c) The third method is the method of cooling. It wa.s devised 
■>y BEBTHELOT.f In these experiments the liquid (water, alcohol, 

t Ann. dt Chim., 30, 232, 185U. 
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ether), freed from air by prolonged boiling, nearly filled a strong 
thick-walled glass tube, the small residual space being occupied by 
its saturated vapour. When slightly heated, the liquid expanded 
and filled the whole tube, but on cooling again it remained extended, 
still filling the whole tube, of which it at last let go its hold with 



Fio. 9*08.—(«) The tensile strength of a liqviid (Osborne Reynolds). 

(b) Worthington's tonometer. 


a loud metallic click, when the bubble of vapour reappeared. 
From the length of tliis bubble the extension (volume strain) was 
calculated. 

Methods (a) and (6) give a measure of the tensile stress, while 
method (c) gives the strain. WoRTHiNGTONt devised an apparatus 
by means of which he was enabled to measure the stress and the 
strain simultaneously. The liquid was contained in a strong glass 
vessel which it nearly filled at ordinary temperatures. Saturated 
vapour of the liquid filled the remainder. Dissolved air and 

t PhU. Trans., A, 183, 355, 1892. 
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especially the film of air which first lay between the liquid and the 
walls of the vessel were got rid of, as far as possible, by proiongcMl 
boiling before sealing up the vessel. Tlie temperature of j)ait of the 
vessel and its contents was then raised so that the liquid expanrled 
and filled the whole of the tube. Before the pressure exerted h\' the 
expanded liquid had become great enough to rupture the vessel, it 
was cooled in ice-cold water. It then remained so firmly adhered 
to the walla of the vessel that it could not contract and remained 
extended, tugging at the walls, until at last, as the cooling proceedc'd. 
the tensile stress became so great that the liquid let go its hold on 
the walls and a loud metallic click was heard, the volume of the liejuid 
becoming that appropriate to its mean temj)erature and to the 
pressure of its saturated vapour. Worthington thinks that it i.s the 
adhesion between the glass and the liquid which is first overcome 
and not the cohesion of the liquid itself. 

To measure the tensile stress in the liquid an ellipsoidal bulb T. 
Fig. 9'08(6), filled with mercury, and provided with a graduated 
stem AG, was sealed into the bulb AB. Tlie bulb was then subjected 
to pressures up to 60 atmospheres by means of a hydraulic pie.s.s, 
and for each pressure the corresponding rise of the mercury in the 
stem noted. This was found to be directly proportional to the 
pressure applied. This rise was due to the fact that the bulb ha<l 
been made less spherical. 

On the other hand, when the surrounding liquid was in a state of 
tension it tugged at the walls of the bulb and made it more spherical 
and therefore of greater caj)acity. It was a.ssumed that the enlarge¬ 
ment caused by a given tension was equal to the diminution in 
volume produced by an equal prc.ssure. 

To measure the strain, the liquid was caused to let go its hold on 
the walls of the tube and thus sjjring back to its unstretehed volume, 
the volume occuj)ied by the vaj)our being measured. To do this the 
straight tube attached to CD was travensed at F by a fine platinum 
wire. This was heated suddenly to redness while the liquid was in 
a state of tension. The liquid which was tugging at it immediatelv 
gave way and the length of the tube occupied by the bubble of 
vapour which had its upper end at the w ire and extended below it w as 
measured. Errors due to parallax w'ere avoided by holding a j>Iane 
mirror behind the tube. The extension so determined is only the 
apparent extension—it is necessary to subtract from it the amount 
by which the volume of the containing vessel had been dimini.shcd 
by the inward pull. To determine directly the yielding of the 
vessel the liquid under investigation was expelled by boiling 
and replaced by mercury. The comj>ressibility of mercury is 
fifty times less than that of alcohol. The mercury was subjected 
to pressure and the retreat of the mercury in CD noted. If the 
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morcury were quite incompressible this retreat would be due to the 
yielding of the glass—it amounted to 7-2 divisions per 10 atmospheres 
of 1033 gm.-wt.cm -2. When a correction was applied for the finite 
compressibility of the mercury the above number became 6-6. 

For further details concerning the method of filling the apparatus 
_called a tonometer —and of getting rid of the last traces of air 

the original paper must be consulted. 

In this way Worthington subjected alcohol to a tensile stress of 
17 atmospheres when the corresponding apparent strain was 
25 X 10“**. The absolute strain of the alcohol was about 22 X 10^. 

On the relation between the pressure and volume of a 
constant mass of gas at a given temperature.—The relation 
between the pressure and volume of a constant mass of air at room 
temperature was first given by the Hon. Robert Boyle in a bookf 
which he published in 1662. It appears that he presented a copy of 
this book to the Royal Society, but an account of tliis famous 
experiment was not published by that society. On p. 58 of that 
treatise the following description of the experiment is given:— 

‘We took then a long Glafs-Tube, which by dextrous hand and 
tlie help of Lamp was in Tuch a manner crooked at the bottom, tliat 
the part turned up was almoft parallel to the reft of the Tube, and 
tlie Orifice of this fhorter leg of the Siphon (if I may fo call the whole 
Inftniment) being Hermetically fcal’d, the length of it was divided 
into Inches, (each of which was fubdivided into eight parts) by a 
ftraight lift of paper, which containing thofe Divifons was carefully 
jjafted all along it: then putting in as much QuickfUver as ferved to 
fill the Arch or bended part of the Siphon, that the v^ercury ftanding 
in the level might reach in the one leg to the bottom of the divided 
paper, and juft to the fame height or Horizontal line in the other; 
we took care, by frequently inclining the Tube, fo that the Air might 
freely pafs from one leg into the other by the fides of the Mercury 
(we took (I fay) care) that the Air at laft included in the fhorter 
Ch lindcr fhould be of the fame laxity with the reft of the Air about 
it. Thin done, we began to pour Quickfilvcr into the longer leg of 
the Siphon, which by its weight preffing up that in the fhorter leg 
ditl bv degrees ftrengthen the included Air: and continuing this 
pouring in of the Quickfilvcr till the Air in the fhorter leg was by 
condenfation reduced to take up but half the fpace it poffcfs’d (I say; 
■poffejs'd not fill'd) before; we cast our eyes upon the longer leg of 
the Olafs, on which was likewise pafted a lift of paper carefully 

t Sew Experiments Phi/sico-Mechanical. Tonciting the Spring of Air, 1(562. 
Tlio second part of this troutiso contains ‘A Defence of the Doctrine touching 
tlio Spring nnd Weight of the Air, Propos’d by Mr. R. Boyle in his New 
PijysicoAioc-hanic-ol Experiments.’ It is in this that the above account 

appears. 
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divided into Inches and parts, and we observed, not without delij/iit 
and fatisfaction, that the Quiekfilver in that longer jjart of the Tube 
was 29 inches higher than the other.' 

Boyle also made a series of mea.siireinents of the volume of the air 
as the j)ressure was increased. 

In another series of experiments, ‘On the Debilitated Force of 
Expanded Air’, a slender glass tube was immersed in mercury and 
closed at the upper end with .sealing wax. It contained a quantity 
of air which occupied a jjortion of the tube one inch long. This 
tube was then gradually raised until the air had expanded to 32 
times its original volume, the position of the mercury being noted 
on nineteen different occasions. 

Two tables given by Bojdc are rei)roduced on p. 434. 

The length of tube occupied by the air was gradually reduced and 
the pressures were read on twentj’-five occasions. These pres.sures 
agreed very closely with ‘what that pressure should be according to 
the Hypothesis that supposes the ])rossures an<l expan.sions to bo 
in reciprocal proportions.’ 

In 1G79 E. Mariotte published his experimental re.sult.s on the 
relation between the pressiu-e and the volume of a given mass of 
gas at con.stant temperature, and no doubt his work was independent 
of that of Boyle. 

The isothermal compressibility of an ideal gas.—If p is the 
pressure of the gas at constant temperature and v its specilic volume, 
i.e. the volume of unit mass, Boyle’s law may be expres.sed by the 

equation 

pv = constant. 

No actual gas obeys this law over a wide range of pre.ssures, so, 
for theoretical discussion, we contemj)Iat(! the existence of an ideal 
gas whose behaviour when subjected at constant tenqKTature to 
different pressures is given by the above equation. 

1 he Lsothermul comj)rcssibinty of an ideal gas is readily calculated 
ttM follows. Since pv is constant under i.sothermal conditions, 
differentiating we have, 

V dp i- p dv = 0. 

Hence k, the isothermal compressibility, is given by 

1 _ I 

V dp' T p 

i-c. the isothermal comijressibility of an ideal gas is measured by 
reciprocal of the pressure to which it is subjected. 
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\\ Table of the Condensation of tho Air 
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A. The number of equal spaces in 
the shortor leg, that contained the 
sanjo parcel of Air diversely extended. 

B. The height of the Mercurial 
Cylinder in the longer leg, that com¬ 
press’d the Air into those dimensions. 

C. The height of a Mercurial 
('ylinder that counterbalanced the 
pressure of the Atmosphere. 

D. Tho aggregate of the two lost 
columns B and C. exhibiting the 
prcssuro sustained by the included 
.\ir. 

E. What tho pressure should be 
according to the hypothesis, that 
supposes the pressures and expan¬ 
sions to bo in reciprocal proportion. 


A. The number of equal spaces at 
the top of the Tube, that contained 
the same parcel of Air. 

B. The height of the Mercurial 
Cj’lindcr, that together ^vith tho 
spring of the included Air counter¬ 
balanced the pressure of the Atmos¬ 
phere. 

C. The pressure of tho Atmos¬ 
phere. 

D. The complement of B to C, 
exhibited the pressure sustained by 
tho included Air. 

E. What the pressure should be 
according to the hypothesis. 
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Deviations from Boyle's law. —According to Rcgnault.t Bovlc 
hiinself did not consider the law which bears his name to possc-s 
the generality later scientists have associated with it. At prcssuics 
greater than four atmo.spheres, this wTitor continues. Hoyle thout^ht 
that the compression of a given mass of air was Ic.ss tlian that 
calculated from his hy'{)othesis. TowardvS the end of tlie eighte<‘nth 
century Musschenbroek.J Robison and otliers invest iy'ated tlie 
strict applicability of Bojdo’s law to actual gases but their final 
decisions were not conclusive. Oersted§ (1820). ami I)i>PKi:T/.* 
(1827), showed that for pressures even as low as two atniospliere.s 
there were slight departures in tlie behaviour of tlie follow ing diy 
gases—ammonia, hydrogen sulphide and cyanogen—comj)aied witli 
that of an ideal gas. In each instance the volume decreased nioi«‘ 
rapidly with increase in pressure than would be expected if Hoyle s 
law ivere accurately true, i.e. the product pv, in.stead of remaining 
constant, tended to become smaller as the pressure was incieasc'd. 
In these experiments the gases were enclosed in a number of dilVerent 
barometer tubes, of the same diameter, and standing in the same 
cistern of mercury. The whole was surrounded by a glass tube so 
that the pressure coidd be increased. Initially, c<jual lengths of each 
tube were occupied by dilferent gases, ^^’hen the prossut<‘ was 
increased it was found that the lengths of the tubes ocinipied by the 
gases were no longer equal, so that some gases at least di<I not 
behave according to Boyle’s law. 

In 1847 Regnault.i with his cliaracteiistic experimental skill. 
comjileU'd his experiments on the behaviour of certain gasevs vmder 
I)ressure, from 1 atmosjihoro to 30 atmospheres. His apparatus is 
shoivn diagramrnatically in Fig. D'OO. The gas under investigation 
was enclosed in a glass tube A, 3 metres long, Idem. wide, and 
gracluated in min. along its whole l<‘ngth. It was fitted at its upper 
end with a carefully ground metal stop-cock 15, by means of w Inch 
it could be put into (ronno.xion with a coinju'cssion pump or with a 
vacuum pump. Its lower cml fitteil into an iron trough C containing 
mercury. D was an open mercury manometer, also fitted into C, 
and by means of this the pressure of the gas in A wa.s mcasurc'd 
directly. It was 30 metres long and at intervals of I•.'5 metres along 
it morcury-in-glass thermometers were jilaccd. Tlie mean of the 
temperatures indicated by these therinoinetcTS was taken to be that 


• 3/ewi, tic VAcad. Fran., 21, 330, 1S47. uvait clojii cru rcMnaivjiioi- 

«luo pour dea pretuioriH Hupa-rieun^H u 4 utiiioHphiTa-s, I’air »t> <-<>inpriinait iituius 
‘ju il no dovrait io f’airc d’uj>r<'H la laji 

t Couth <U Fhyau/ue, traduit par Signand alo l.aifotid, Pjiris, 17r>0. Vol. 3, 
p. 142. 

♦ Fdiu. Jour, oj Science. 4, 224. 1«2«. 

^ Ann. Chim. Chyu., 1827. 

I hiern. dt VAcad. Fran., 21, 320. 1847. 
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of the mercury column, whose height was then corrected to 0 C. 
A correction (very small) was applied for the compressibility of 
mercury. The tube A was surrounded by a glass tube G, 8 cm. 
wide, through which a stream of water at about 4° C. passed. Its 
temperature was given by a sensitive mercury-in-glass thermometer. 

In these experiments Rcgnault 



sought to determine that pressure 
which must be applied to a volume 
of gas at known temperature and 
pressure in order to reduce its 
volume at the same temperature 
to one-half its initial volume. The 
volume of the tube A up to the 
300th mm. diWsion was taken as 
unity. To determine the position 
of a mark on the tube wliich would 
di^^de the volume of the tube from 
the top to the 300th mm. mark 
exactly into two equal portions, the 
tube was filled with mercury, an 
approximate position for the mark 
being estimated. The masses of 
mercury filling the tube from the 
zero mark to tlie ‘half-way’ mark, 
and from there to the 300th mm. 
mark were determined. If the 
position of the ‘half-way’ mark had 
been correctly chosen, the above 
masses should be equal. In this 
way, after many trials, the correct 
position of the ‘half-way’ mark was 
rigorously determined. The vol¬ 
umes between successive divisions 


in the neiglibourliood of the above mark and the 300th mm. mark 


\^<‘l•e also found. 

The graduated tube A was dried by exhausting it and then filling 
it with air. a process wliich was repeated several times. During 
this process, to facilitate the drying operation.s, the water in G was 
kept at a temperature between 40° and 50° C. The tube was then 
tilled with a dry gas. 

'rhe amount of mereury in the apparatus was adjusted until the 
level of the mercury in A was at the 300th division mark. The 
liaioineter uas read and the volume of the gas reduced to 0-5, care 
being taken not to make any observations until the heat generated 
bv eonipressiiig the gas had been dissipated. Parallax errors in 
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estimating the position of the mercury surface were avoided by 
using a small lens. On each occasion the e.xperiment was repeated 
and if consistent results were obtained, it wa.s conclutled that the 
stop-cock B had not leaked. 

Rcgnault found that atmospheric air did not obey Boyle's law; 
the actual compression was a little more than that of an ideal gas 
subjected to the same increase in pressure. 


Let 


(/’WAD. . 


denote the ratio of the initial value of the product 


'pv' to the final value of that product in the course of any one of 
Regnault’s experiments, i.c. the ratio of the products ‘pc’ when the 
volume of the gas, at a given pressure, is reduced to half that 
volume under a higher pressure. Let the suffixes 1, 2, 3, . . . denote 
the values of the above ratio when the initial pressure is aj>proxi- 
mately, 1, 2, 3, . . . atmo.spheres. 

Regnault found for air, nitrogen, and carbon dioxide, tliat 




L(pc)nii, 




where a| is a small positive quantity. This fact showed that tlie 
product ‘pv' decreased a little more than it shoukl have done 
according to Boyle’s hypothesis. Similarly 


= (1 h a.). 

(pi')nn. -I2 


a on a conscam. mass 


Now suppose that the pre.ssurc acting ... . -- 

had been increased in turn from Pq, Pj, P^, P 3 . ... so that the 

volume of the gas was reduced to 23 ’ • • t*'"*^=* original 


volume, V. Then Pj, P.^, P 3 , etc. may be calculated. For we have 
at once 


[(P")""'.] = (I la,) 

L(7>y)«n.-Ii j 

BO that Pj is known. 


•Similarly 



= (1 + otg). BO that Pg is known. 


Proceeding in tliis way it became possible to calculate values for 
pv’ when the pressure on a eiven mass of gas was increased to 
Rx. P,. etc. 
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The following table is taken from Regnault’s paper. It contains 
some of his results for air, nitrogen, carbon dioxide and hydrogen. 


GAS 

Temp. 

V . V, ; 

1 

V 

Po 

V 

! Vo 

i Air 

4 44 

4 TO 

4‘SO 
4or» 

in:M» G9 ' ci0iV2fi ! 
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itiay sa i yo9-so 
iy3a-4S 970-30 

1 

0336-41 1 
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1-999434 

1- 999433 

2- 000700 

1-996206 
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1-969174 

1-001617 

1-01)0900 

1-004703 

1 

Gnrbon 
• dioxttic 

1 

, 

1 :T24 
i li-oo 

1939-08 ; 970-50 
1939-10 909 75 

1933-25 , 970-31 

705-77 i 
4S79-77 
6620 06 

1517-03 
9331-72 
17445 23 

1-998515 

1-999577 

1-994450 

1 *081833 
1-912323 
1-SI3421 

1-008410 

1-0045625 

1-099830 

^ Hvdroj^en 

1 

1 

? 1002 

9 02 
0-73 

1939-91 ■ 90SS3 
1939-98 ; 909-79 
1939-34 ‘ 909-89 

1 

5555-32 

7074-96 

loaci-ss 

11108-80 
14228-28 
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2-002314 

2-000412 

1-000340 

2 010480 
2*011075 
2-015000 

0-995933 

0-994097 

0-992327 


Hegnault found that the product ‘pv was not constant; i.e. the 
ratio 

- (Pi’)fin J 


exceeded unity bv a small amount for all the gases he examined, 
except hvdro<^en for which the ratio was slightly less than unity. 
Hegnault inferred, following the lines of the argument given above, 
that within the range of pressure 1-30 atmospheres, the product 
•ne’ diminished with increasing pressure for all the above gases 
except hydrogen. The fact that these experiments showed that 
hvdrogeii had a compressibiUty less than that of an ideal gas caused 
Hegnault to make the ironical remark that hydrogen was un gaz 
plus quo parfait’. It is now kno\\'n, from the work of later experi¬ 
mentalists. that the above behaviour is not characteristic ot 
hydrogen alone, but that it is exhibited by all gases under high 
i)n*ssures. iirovuled there is no change of state. The discovery of 
this fact is due to NATTEKERf and it was made during the course 
of some experiments in v Inch an attempt was made to liquefy the 
gases under investigation. In this he did not succeed although he 

nniched a jircssure of 3000 atmospheres. 

J n 1870 and the following years, CailletetJ examined the relation 

between tlie pressure and volume of several gases. The pressure 
\\as measured by a DesgofTe’s manometer and the position of the 
mercury in the piezometer determined bj' observing how far a coat 
of gold inside the experimental tube had been dissolved by the 
mercury. He confirmed the results of Hegnault and Natterer. The 

+ Jl ifH Ber., 5, 351. IS50, and lator papera. Pogfj. .4nn., 62, 139. 

i Compt. Bend., 70, 1131. 1870; 88, 01. 1879. 
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most complete study of the behaviour of gases under high pressures 
made during the last century was carried out by AMACAT.t 

Amagat’s experiments on the compressibility of gases. —A 
description of Amagat’s work on the coinpressi!)i]ity of liquids has 
already been given. With a modilied piezometer, i.e. one in which 
the bulb was nearer the end which dipj^ed into the mercury, he 
investigated the compressibilities of gases at room temperature. 
Such an apparatus, however, was not suitable for work at high 
pressures, partly on account of the fragile nature of the glass tube 
at those points where the platinum contacts were sealetl anti the 
difficulty attending the etfective insulation of the wires, and partly 
on account of the massive nature of the apjiaratu.s and its many 
joints. Amagat therefore developed the following method \\liich 
he termed ‘unc methode des regards’, i.e. a visual method. The 
gas under investigation was enclosed in a gla.ss jiiezometer, P, Fig. 
9*10. This was housed in an iron vessel A, the lower part of which 
contained mercury; the rest was filled with water so that pros.surc 
could be transmitted to the gas in the usual way. The upper part 
of the iron vessel was surrounded by a double-jacketetl vai>our bath. 
B, and this surrounded the upper portion of tlie piezometer, i.e. the 
only part occupied by the gas when the pressure was high. Gj and 
Gg were glass w’indows fixed in position with marine glue and scrcu • 
on caps to the ends of the side arms attached, as shown, to the iron 
ves.sel. The glue was kept from melting by the cooling devices 
indicated. The uppermost part of the piezometer wa.s attached by 
means of a specially designed clamp to a plunger whose position 
could be altered by means of the screw S. In tliis way the piezo¬ 
meter could alway.s be brought into such a position that one of the 
marks on its stem could be seen through Gg, a gas lamp near to Gj 
providing the necessary illumination. The pressure was then 
adjusted until the mercury was level with the mark seen througli 
Gg. The visual examination was not always ea.sy, at first, on account 
of the fact that the water in the side arms became heated in such 
a way that convection currents were jiroduced so that the mark 
could not be clearly seen. Amagat finally overcame this difiiculty 
by using quartz ‘rods’, with polished flat ends, to <lisplace the 
water from the 8i<le arms of the apparatus. These rods were cut 
from quartz crystals, the optic axis being along the axis of the rod. 
Glass rods were also tried for this purpo.se but at high temperatun*.s 
there was a chemical action between them and the water, so that 
the hot ends became covered w-ith a layer of material which wa.s not 
transparent, i.e. they became ‘frosted’. The upper f)ortion of the 
piezometer having been previously calibrated, and the j)rc.ssures 
measured by means of a ‘frec-piston’ gauge whi(;h Amagat had 

t Ann. Chim. J‘hye., 23, 353; 29, 68. 1893. 
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perfected, the compressibility of the gas under investigation could 
be calculated. 

Some of the results obtained with the above apparatus by Amagat 
are given in Fig. 9*11, where the product PV is plotted against 


4 





1 

iin 






From hydraulic 
press and a fhee^ 
piston manometer 





Fig. 9-10.—Amagat’s apparatus for investigating the compressibilities of 
gases at high temperatures and pressures. (SCO^C.; 1000 atmos.] 


corresponding values of P as abscissae. If Boyle’s law were rigor¬ 
ously true the curve connecting PV and P at any given constant 
temperature would in each instance be a straight line parallel to 
tlie axis of pressure. The curves actually show that the behaviour 
of gases mth respect to pressure depends upon the nature of the 
gas and even for the same gas varies as the temperature is changed. 
For hydrogen cf Fig. 9*11(a) the curves are practically straight 
lines parallel to one another, but inclined to the pressiu-e axis in 
such a way that they show that PV increases with P at constant 
temperature. Similar remarks may be made with reference to 
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nitrogen, the curves for which are shown along with those for 
hydrogen. In this instance, however, it will be noted that cacli 
curve shows a minimum. The curves for carbon dioxide are shown 
in Fig, 9’11(6). Each curve for this gas shows a distinct minimum, 
after which the gas behaves like hydrogen except that tlie etlect 
is more marked. With respect to the minima for carbon dioxicle it 



(d) <c) 

Fi«. o n. — TJio variiilion of I’V with P for kovcthI gasos. 


"’ill be noticed tliut, as the temperature is iiicrcasod, at first tlu^ 
niinimum moves t<jwards the right of the diagram but this displac-e- 
ment does not continue for at still higher temi)eratur(‘s a ri'trogradc 
motion occurs. The curve passing through lh<?se minima is a 
parabola. These facts are shown more clearly in Fig. f)-11(c) whi«-h 
is an enlarged diagram of the left-hand portion of (h). In a<hlition 
to this parabolic curve which now shows itself very stiildngly, 
there is a second parabola in connexion with the curve^.s below the 
critical point. It passes through those j)oints at \s hi<’h the formation 
of liquid begins and also through those where it is comph'lo. 1 he 
dott^ isothermal corresponds to 32® C., a tempcratuie just above 
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the critical temperature for carbon dioxide. The curves for ethylene 
are shown in Fig. 9-n(rf). Here, too, it will be observed that as 
the temperature rises the marked drop in the curve tends to dis¬ 
appear, from which we maj' rightly infer that at iiigher temperature 
the curves would resemble those for hydrogen. From these facts 
it is concluded that the particular behaviour of hj’^drogen in that no 
minima are exhibited i.s merelj' a con.sequence of the fact that at 
ordinary temjieratures this gas is so far removed from its critical 
temperature that the initial downward slope of the curves has dis- 
aj)pearcd. 


Bridgman’s Work on the Properties of Matter at High 

Pressures 

General technique.— Bridgman has made a very comprehensive 
investigation of the properties of matter at high pressures, and he 
has been sucees.sfiil bceanse he was able to design a method of 
jKicUing tlie piston used to produce the high pres.sures, and the 
necessary joints between different parts of the apparatus, so that 
tlie leak was negligible. Until Bridgman began his work the 
favourite metliod of packing, a pipe connexion for example, vas 
due to Ama(;at. The jupc A, Fig. 0*12 (m), was j)rovidcd with a 



ric.. ‘112.—I’ai king gliuuls for \»so 


with 



prossviro systoins. 


llange B near to its end and this flange entered a recess in the side 
of the ves.scl, whore the high ])rcssurc was to be maintained, in such 
a wav that the .soft packing material C was completely enclosed. 
In tliis way Amagat prevented the packing from being extruded 
under tlie initial pressure c.xertcd by the screw S, when tliis was 
lilaeed in jiusition, or being blown out when the pressure was 
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increased inside the apparatus. Arnagat reached a pressure of 3000 
atmospheres. An upper limit of pressure beyond w hich this t\ pe of 
joint failed was readied when tlie pre.^^sure inside the apparatus 
became equal to that exerted by the screw on the packing. When 
this stage was reached the packing just filled the surroundijig sjiace, 
but at higher pressures it slirank away from the enclosing walls anti 
a leak occurred. If there are irregularities due to faulty machining, 
leaks will occur below the above theoretical limit. Now we shall be 
in a better position to appreciate the excellence of the packing 
device designed b}’ Bridgman. 

An example of such a device is shown in Fig. 9-12(6). At first 
it appears only to be a slight modification of that due to Arnagat, 
for the packing has only been removed from the front to the back 
side of the flange. However, let us consider the forces acting on 
the jiacking. The force exerted from below on tlie packing is equal 
to the pressure in the liquid filling the apparatus, multiplied by the 
area EF. For the packing to be in equilibrium this force must 
be balanced by the force exerted by the screw; it is distributed over 
the annular area of the packing. This force per unit area, which 
is the pres.sure in the ])acking as long as it remains soft, is therefore 
automatically maintained at a value e.xceeding the pressure in the 
liquid, so that the liquid cannot leak—provided, of course, that the 
walla of the retaining ves.sel remain intact. Bri<lgman calls this 
method of packing ‘that based on the principle of unsupported areas'. 

lliere was one further difficulty which had to be overcome, and 
that was to j)revcnt the packing material from leaking beyond the 
y)oints G and H. liventually this was accomplished by means of 
steel washers suitably placed. 

Fig. 9-12(c) depicts Bridgman’s method of packing a moving 
piston. A was a mu.shroom-shaped plug which is pushed into tlie 
high-pressure vessel by a plunger P, con.structed of hard steel. The 
stein of the plug freely projects into a hollow in P and it is the 
cross-sectional area of this .stem which is the ‘unsupported area’, 
luji* equilibrium the prc.ssure in the packing must be greater than 


it is in the liquid in the ratio 


urea of cross-section of jilug 
annular area of jiacking 

The packing B (soft rubber) w'us prevented from leaking by the 
presence of the copper and steel rings C. The friction between 
the packing and the walls of the tube in which the [liston moved 
is considerable; the retarding force due to it was kept low by making 
the thickness of tlie packing small. Sometimes the packing was 
made in two layers with a mixture of grayihite and vaseline smeared 
between them to reduce friction. 
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Such a packing is never used for more than two or three strokes 
of the piston, but it is readily renewed and consistent results are 
obtained. 

The connecting tubes used in this work were made of copper. 
(P < 10® gm.-wt.cm.“^), hard-drawn steel (P < 4 x 10®gm.-wt. 
cm.“2), and for higher pressures from short pieces of a hard steel 
alloy, drilled from the solid rod and heat treated. Heavy glass 
capillary tubes may be used at the lower pressures but they are 
unreliable. 

The measurement of high pressures.—Pres9iu*e gauges may 
be clas.sified conveniently as follows: 

(r/) As primary gauges, i.e. those so constructed that the absolute 
pressure may be found at once, at least approximately, from the 
eoiistruetion and reading of the instrument itself. We say approxi¬ 
mately since it is .seldom, if ever, possible to design a gauge of this 
tyjie in which no correction at all has to be applied. 

(/>) As secondary gauges, the readings of which can only be 
interpreted a.s jiressures when the instruments have been calibrated. 

The simplest and earliest form of primary pressure gauge was 
the open mercury manometer. The upper limit of such a gauge 
is act by the height of the column, and in practice these gauges 
have not been used for pressures greater than a few hundred 
kgm.-wt.em.' They have to be used in the shaft of a deep mine 
or in a tall tower. Among the corrections to be applied are those 
for tempt“rature, the compres-sibility of mercury, and for the varia¬ 
tion of the intensity of gravity with latitude and with altitude. 
Practically' the only type of primary gauge successfully applied to 
)>ressures exceeding 10® gni.-wt.cm.““ is some form of the .so-called 
■free ]>iston gauge’, u.sed and greatly improved by Amagat although 
it may be that 1)escofi'e has the claim to priority. Such a gauge 
con.sists essentially of a piston of small cross-sectional area exposed 
directlv at one end to the pressure to be measured and so well 
machined tliat it fits the cylinder in which it works so well that leak 
is unimportant. I'he force required to keep the piston in place and 
against the expelling force due to the pressure in the liquid is 
measured in anv convenient way. Generally the small piston is in 
communication* with a much larger one in direct communication 
with a mercury coliunn. When the sy.stem is in cqtiilibrium the 
jiressure.s involved arc inversely proportional to the areas of the 
}»i.ston.s. In u.se, the effect of friction between the pistons and the 
walls of the cy linders in which they’ move is reduced by' giving each 
jnston a rotary motion before taking an observation. 

In almost all high pre.ssure investigations direct measurement of 
the pressure by means of a free-piston gauge would be inconveniently 
clumsy; in addition there is invariably' a small leak. A secondary' 
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gauge is therefore very desirable and as a basis for such a gauge, any 
conveniently measurable high-pressure effect may be taken. In ail 
probability the simplest effect on whicli to base the construction 
of a secondary gauge is the change with pressure of the electrical 
resistance of a metallic wire. In ordinary metals, ^^ llich are never 
quite homogeneous or free from strain, the effect is not sufficientlv 
reproducible for use in this coimexion. Bridgman, using a free- 
piston gauge, investigated the effect of pressure on the resistance 
of liquid mercury, at constant temperature, and up to pressures 
of 7 X 10® gin.-w't.cm.”^. The measurements were so accurate that 
they have become recognized standards. In using such resistances 
as i>ressure gauges a number of precautions is necessary, the most 
important of which concerns the glass capillary in which the mercurv 
must be contained. The compressibility' of glass is so great com¬ 
pared with the pressure coefheient of resistance of mercurv that the 
compressibility of the glass must be measured, and its variation with 
pressure determined. Since glass is not lioniogeneous it is impossible 
to get results rej)roducible to the necessary degree of accuraev, so 
that the desired advantage of reproducibility, wliicli mercury 
apparently offered, is lost. Moreover, it was found e.ssential care¬ 
fully to anneal the glass and to use the glass and its containeil 
mercury at a definite temperature. 

Later on Bridgman found that wires made from such soft metals 
as lead could be used; for two samples of lead the pressure coetheient 
of resistance was identical to w ithin O-l per cent. 

These, and other considerations, led Bridgman to return to the 
manganin gauge introduced by Liselle, and it became an essential 
part of all his work. A typical gauge is made from well annealed 


manganin wire having a diameter U-OUo in., and being about 5 metres 
long, so that its resistance under ordinary circumstances is about 
120 ohms. A gauge constructed from this material is calibrated 
by determining its change in resistance when it is subjected to such 
a pressure that mercury will freeze at 0° C, Tliis is determined bv 
plotting the position of the piston by w Inch the pressure is generated 
against the resistance of the coil. F reezing is indicated hy a dis¬ 
continuity in the motion of the piston, the total ninoimt of tlie 
discontinuity corresponding to the difference in volume between (ho 
liquid and the solid mercury. The freezing pressure of mercurv at 
0 C. is know'n by previous measurement with a free-piston gauge 
to be 7-G40 x 10® gm.-w't.cm.~^. Bridgman had previously estab¬ 
lished, using a primary pressure gauge, tlmt the change of resistaiwe 
with pressure for manganin up to 13 x 10® gm.-w’t.em.-^ was a 

linear function of the pre.ssure—an extension of the result found hy 
Liselle. 


In carrying out a calibration by the above method the freezing 
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point of mercury should be approached in two directions, viz., 
liquid solid, and solid -> liquid, and consistent results should be 
obtained if the apparatus is working properl}’^. 

Bridgman has used such a gauge up to pressures of 12 x 10® 
gm.-u^.cm."2, the results at the higher pressures being obtained 
by extrapolation. Such a procedure, as Bridgman admits, is not 
perfectlj' safe, but in this instance the error is not considered to be 
large. A possible check on the method would be to measure 
simultaneously the changes of resistance of a coil of manganin and 
one of some other metal or alloj'^, and then compare the values of 
the prcssui'e deduced b^’ extrapolation in the two instances. 


The behaviour of gases at high pressures.—Bridgman’s 
experiments on gases were made with lu'drogen, helium, nitrogen, 
argon and ammonia. The gas under an initial pressure of 2 X 10® 

gm.-wt.cm.“^ was passed into a cylind- 
Q rical vessel A, Fig. 9-13, placed inside a 

_ > _ larger cylinder B; A was closed at its 

lower end with a specially designed valve 
i C opening inwards. The lower end of B 

was closed by means of a plug D which 
carried a manganin gauge M—the ‘lead- 
ill’ was specially insulated. A known 
mass of gas-free kerosene was then 

Gas— -- placed inside so that the space between 

B and A was completely filled with this 

Kerosene -liquid. P was a plug of the conven- 

tional type, moved inwards by a piston 

. _Q operated from a hydraulic press. In 

this way the pressure inside the appara¬ 
tus could be increased. As the plug 
^ j was gradually pushed in, the pressure 

^ increased until it reached that of the 

I'Ks. ‘)13.—Piiru'ii)lo of gas in A' the valve C then opened and 

Lm the advance of the piston Q the 
liigh pressures. chang6 in volumo due to the fact that 

hnfh thft kerosene and the cas were 


M 


Fi< 5. U-13.—PriruM|)lo of 

Bridgman's piezoinotcr 
lor u.so witli gases at 
liigh pressures. 




compressible deduced. Until this change was reached the motion 
was determined solely by the apparent compressibility of the 
kerosene. The apparent compressibility of the kerosene being 
known, the compressibility of the gas could be calculated. A 
small correction for the change in internal volume of A with 


pressure did not exceed one per cent at the highest pressure 

applied (16 X 10 ® gm.-wt.cm.^^y 

The fact that the gas was in contact with kerosene raised the 
l)ossibility of the results being affected by the solution of the gas 
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in this liquid, but it was found that the volume of pas. at a given 
pressure, Avas independent of the time during whirh the gas and 
liquid remained in contact. The mass of ga.s was determined bv 
weighing the bomb A before and after filling. 

The results obtained for hydrogen were least accurate for at high 
pressures hydrogen passed freely through the pores of the steel 
cylinders. Air and oxygen may behave in a similar manner, but 
to a less extent. 

Bridgman found that for nitrogen, hydrogen and helium, the 
product ‘jpy’ was almo.st a linear function of the pre.ssure—ef. Fig. 
9*14{a). At = 15 X 10® gm.-wt.cm.““. the volume of nitrogen 



tic. —The pro<I\irt PV ns n function of pressure for s(miu‘ g.jso.s. 


wa.s more than sixteen times what it wouhl liave been if it had 
behaved as an itleal gas. Ilytlrogen and helium behaved similarly. 
At these high pressures the above ga.ses have compressibilities which 
are comparable with tho.se of liquids tit ordinary pressure.s. 

Fig. 9-14(6) shows an effect whieli all tlie gti.ses examined exhibit 
and which could not he inferred from their bt'htiviotir tit rclativeh' 
low' pressure.s. In the diagram the change in vohime in cm.^ per 
mole is plotted against tlie pressure. The inititil volume was that 
of one gram-molecule at a pressure of 3 x 10*^ gm.-wt.cm. -. A 
Hignifiearit feature of thi.s diagram is that the curves for nitrogtai 
and helium int<Tseet at a point other than tit the origin, and from 
the general trend of the curves for hydrogen and argon it tippetirs 
that they would intersect at a point corresponding to ti pressuri' 
somewhat above the highest pressure reached by Bridgman. 'I'he 
intersection in the former instance is tlue to a change in the rehitive 
comprcBsibility of the gases with imu’casing pre.ssun*. 

To account for this behaviour in the case of helium and nitrogen. 
It must be remembered that at the comparatively low prcssui-es 
to which the initial jiarts of the curves correspond, the decrease 
in the volume of the gas W’ith pressure has its origin in the diminution 
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of the ‘free or empty space’ between the atoms or molecules. At 
higher pressures this ‘empty space’ has been so much reduced that 
further diminution in it is very slow, but it is most probable that the 
actual space occupied by a molecule or atom is still capable of being 
reduced by pressure. Now the complicated nitrogen molecule is 
much larger than an atom of helium so that at the lower pressures 



Fio. D-14(6).—The change in volume in cm.’ per mole 

os a function of tho pressure. 


tlie main reduction in volume, brought about by a reduction in the 
‘empty space’, is greater in the case of helium, i.e. its compressi¬ 
bility is greater than that of nitrogen. At the higher pressures, 
liowevcr, where it is the electronic configuration of the fundamental 
unit which largelj' determines the compressibility, it is the nitrogen 
molecule which offers the greater possibility in this direction. 

The expected crossing of the argon and liehum curves is explained 
in a similar way; the crossing ot the ammonia and argon curves 
is also readily explained when one remembers that a molecule of 
ammonia has ten extra-nuclear electrons, while argon has eighteen. 

The compressibility of liquids at high pressures.—One of 
liridgman’s latest forms of piezometer for use with liquids is shown 
diagrammatically in Fig. 9'15. It is a development of a method 
initiated by PERKiNS.f Bridgman had previously improved the 
method but in its latest form the piston is fitted with extreme 
accuracy and continuous readings are possible, i.e. it is no longer 
necessary to open the cylinder after every change of pressure to 
see the effect produced. The piston is the same diameter os the 

t Trans. Roy. Soc., 72, 324, 1819-20. 
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body of the steel cylinder, the clearance between them being 10“® in.; 
recent improvements in the technique of grinding have made sucli 
a working limit possible. An electrical device of gi*eat sensitivity 
is used to measure the motion of the cylinder, A high-rcsi.stance 
wire is attached to the plunger, P, and is in contact with a 
horizontal wire Wo rigidly fixed to the 
cylinder, but insulated from it with 
mica. Cj and Cg are the current leads; 

Pj and Pg the potential leads. Wj 
moves across Wg when the position of 
the piston changes. A potentiometer 
is used to measure the potential 
difference between the sliding contact 
A and a given point B in the wire \\\, 
the error from contact resistance being 
eliminated by this method. The 
current through Wj is also measured, 
and so the resistance of the portion 
AB of the wire may be calculated. 

From the change in this resistance, the 
displacement of the piston P is deter¬ 
mined. The method is of the same 
order of sensitivity as that in which 
use is made of the phenomenon of 
optical interference. On account of its 
great sensitivity the apparatus can be 
made small and therefore be mounted 
in a separate cylinder from that con¬ 
taining the manganin gauge. In this 
way the temperature of the liquid under 
examination can be varied while that of 

the gauge is kept con.stant. Errors due to a change in the temper¬ 
ature of the gauge arc therefore avoided. 

Water, mercury, glycerol, several alcohols, ether, acetone, kerosene 
and three ethyl halides, wore among the liquids investigated. With 
increasing pressure it was found that the comprc.ssihility diminishetl 
considerably, an ab.solute necessity if the volume is not ultimately 
to become zero. A natural explanation of this is that at tlu- 
relatively low’ pressures the molecules fit loosrdy togetluT with a 
considerable amount of 'free space’. Until this has been con¬ 
siderably diminished the compre.ssibility will be relativelj- large, but 
when it has been made more or less nonexistent, the changes in 
volume which do occur with increasing pressure must then be caused 
by the shrinkage of the molecules themselves. 

The compressibility of matter in the solid state.—No general 



FiO. 9* 15,—Hridi^iian'e piozo- 
iiu^tor for znoa.suriti^; tlio 
romprossibititios of liquids 
at liigh pressures. 
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method which is direct has yet been devised for measuring the 
compressibility of a solid; the reason is that the volume of a solid 
is obtainable in general by a method which involves immersing 
it in a liquid contained in some vessel. When a piezometer for 
solids is used corrections must be applied for the compressibility of 
the liquid and for the change in volume of the containing vessel 
under pressure. The method is therefore indirect. We have 
ahead}* di.scus.sed the method due to Richards and Stull [cf. p. 
42.")]. In an earlier method due to ^Lvllock, the change in length 
of the major portion of a long cylindrical tube when exposed to 
internal pressure is measured; according to the theory of elasticity 
this change is a function of the comj)ressibility of the material of 
the tube and is independent of the other elastic constants. In this 
manner Gruxeisen has determined the compressibility of several 
metals at low temperatures.f 

Among the methods adopted by Bridgman for measuring the 
compressilhlity of a solid, only one will be described. In it the 
ehange in length of an iron rod subjected to hydrostatic pressure 
is measured relative to the change in length of the container, this 
being made from the material under investigation. It is first 
necessai}’, however, to know the compressibility of iron. It is 

determined in the following way. 

An iron bar. 30 cm. long, is placed inside a heavy cylinder and 
exposetl to ju’cssure, this being transmitted to the apparatus by a 
tluid with v Inch it is filled. The relative change in length of the 
rod and the cylinder is measured, and at the same time the clinnge 
ill h’ligth of the cylinder is measured at outside points. The 
absolute change in iength of the iron rod can then be computed. 
In making tliis, it is assumed that the change in length of the 
ciliiuler externally, wliere it is measured, is the same as that 
internally where it is in eontaet with the rod. This assumption 
is legitimate since the evlinder extended a considerable distance 
ixyond the ends of the rod so that end effects are negligible. In 
an\- ease, however, the correction for the change in length of the 
cN lintler is small, not o.xceetling a few per cent. 

’ 'i'lie method of determining the relative change in length between 
tlie iron and the cylinder is the potentiometer method cited above. 
The constant current is passed through the wire indei>cndently of the 
]iotcntial terminals. Readings of the potential difference between 
the sliding contact and a fixed point in the wire are never made 
until after tlic lapse of a few minutes from the time of changing the 
pressure. This is essential in order to allow the heat of compres¬ 
sion to be dissipated. In connexion with tliis electrical method 
Bridgman einiihasizes that the wire must be exceedingly uniform 

t Pfiys.. 33. 1269. 1010; 39, 257, 1912. 


THE COMPRESSIBILITY OF LIQUIDS 


4") I 

and should be of such a material that its resistance is not aj)prec-iablv 
affected by pressure changes. ^Moreover its resistivity must he lart:c. 
For these reasons the ultimate clioice of material \vas nichromc. 

For pure iron Bridgmanf found, at temperatures indicated l>y 
suffixes, 

^30 = [5-87 ~ (2'1 X 10"^P)](kgni.-\vt.)"*em.-, 
and K 75 = [o-'J3 - {2-1 x 10-^P)](kgm.-\vt.) Vm.^ 


where P is the pressure in kgm.-^\t. 

cm.~2. 

When the absolute compressibility 
for one metal had been obtained 
accurately, those of other metals could 
be investigated by a differential 
method. At relatively low pressures 
Richards had made extensive use of 
such a method. He realized fully, 
however, that his results would have to 
bo corrected when more accurate values 
for the compressibilitj' of mercury and 
that of the material (iron) of tlic con¬ 
taining vessel were known.ij; In this he 
was justified for he used a value for the 


comprcssibilit}'of iron which was about 
30 i)er cent too low. 

When the changes in length of the 


iron and the material under investiga¬ 
tion were relatively large, Bridgman 
used the apparatu.s show n in Fig. 9-10. 
^ is the sj)ecimen in the form of a 
long rod; it is kept pressed against the 
bottom of the iron vessel in which it is 


contained by a spring, represented very 
diagranunatically by the two ‘force 
vectors,’ FF, acting downwards. A 
high resistance wire (niehroine) is 
attached to a holder at the upper end of 
the 8 j)ecimen; it is capable of move¬ 
ment across a contact A, attached to 
the containing vessel but insulated 
from it with mica washers, A spring N 
keeps W, in contact with A. C, and Cj 
are current leads, while and P^ are 


C, 



I'lO. 1(>. —-Hrid^iiiairK pio/.o- 

motor tor tho 

n'lut ivo liiioar 
Hibility with roKpoct to iron 
of iiiat<'riii|H itviiilahlo in Oh* 
form of roflK. 


t <'f. ApfMjjuJix. 

XJour. Amer. Chem. Hoc., 37, 1043, lOlo 
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potential leads. From the observed changes in the difiFerence of 
potential between the sliding contact A and a fixed point B in Wj. 
the current being kept constant, the relative motion of the rod and 
the iron c^^linder is found. To bring about these changes in length 
the \^ hoIe apparatus is placed in a high pressure apparatus and the 
2 )ressure applied hydraulically. 

To eliminate the effects of various disturbing factors, such as 
the change in length of the holder whereby Wj is fixed to the 
specimen, and for the changes in the thickness of the mica washers, 
a ‘blank experiment’ is performed in which S is replaced by a 
cylinder of pure iron, i.e. by a material of kno\m compressibility. 

When only short specimens are available the relative motion of 
one end of the specimen is magnified by an arrangement of levers, 
and then a jjotentiometer method is used to determine the change 
in j)Osition of the end of the last lever. 

'I'lic following results were obtained:— 

For tung.^ten, 

~ [3-15 — (i'6 X 10 ^P)J X (10"'^ kgm.-wt.)“'cm.“. 

K-.^ = l:Mi> — (1-5 10’^P)] X (10-''kgm.-wt.)-W.“. 

For gold, 

= [5-77 — {3-1 X 10~^P)] X (lO"^ kgm.-wt.)"^cm.-. 

= [5-70 - (2-1 X 10“^P)J X (10-^kgm.-wt.)-*cm.2 

General remarks on the compressibility of solids.— 

Kichards first jwinted out, and Bridgman substantiated his remarks, 
tliat the uompressil)ility of the elements in tlie solicl state is a periodic 
function of the atomic number. The alkali elements are the most 
compressible of all the elements in the solid state which have been 
investigated. It is j)robabIe that tlie compressibility of the rare 
gases in tlie solid state would be greater, but a direct determination, 
of the severest experimental difficulty, lias yet to be made. 


EXAMPLES IX 

9 01. Explain what is meant by the elasticity of a solid. How is the 
volume elasticity defined? How may its value be determined in the case 
of a given solid? 

9-02. Obtain a value for the density of sea water at a depth of 4 miles 
below the surface assuming that the density at the surface is 1'025 
gin.inl.""^ and that the compressibility of sea water is 4-3 X 10”® 
dyno.bar'^. [I bar s- 10® dyno.cm."^.] 


Chapter X 


SURFACE TENSION 


A fundamental property of all liquid surfaces and a mole¬ 
cular explanation thereof.—All liquids not in contact with solids 
tend to alter the shape of their surfaces so that these have a minimum 
area. This is a fundamental property of every liquid and exhibits 
itself in many ways. For example, small quantities of liquids tend 
to become spherical in shape, and soap films tend to become less 
extended. Plateau (1873) made an exhaustive study of the .shapes 
assumed by the surfaces of liquid drops when tliey were not affectetl 
by gravitational forces. He used (a) soap films, whicli aresotliin 
that their weight is negligible, and (6) drops of olive oil suspended 
in a mixture of water and alcohol of practically llie .same density. 
Spheres several centimetres in diameter were obtained in this way. 
He came to the conclusion that if Rj and arc the principal radii 
of curvature at any point on the surface of a licpiid droj) in a zero 
gravitational field, then 


-L q. -L = constant. 

R, R, 

Geometrically, it can bo shown that, for a given volume of liquid, 
tlie surface area is a minimum when the principal curvatures at any 
point on the surface satisfy the above relation. 

To account, on a molecular hypothesis, for this inherent property 
of all liquids, it must be remembered tluit in Iluids (i.e. liijuids and 
ga.ses) the con.stituent molecules, which are always particles of 
definite size and shape?, are free to move relatively to each other; 
•n liquids the motions are much restricted by tin* cohcsional forcc.s 
between the molecules. This freedom of the molecules to move in 
liquids and gases distinguishes them at once from solid.s. I'licy arc 
«aid to po8.sc8s fluidity. 

Now molecules in the interior of a liquid are subjected to molecular 
forces in all directions, i.e, to forces due to the attraction between 
neighbouring molecules. The resultant of these forces on any given 
such molecule is, on the average, very small and the molecule docs 
not rapidly move away from a given position. Kor molecules near 
to the surface of the liquid, however, conditions are e.ssentially 
different. Considering any one such molecule, it appears that it 

463 
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can only be attracted by forces which have a component directed 
towards the interior of the liquid, if we neglect the effect of the 
relatively few molecules existing as vapour near to the surface. 
Every such molecule will therefore experience a relatively large 
resultant force tending to make it move inwards, and while there 
will be a large number of molecules experiencing such forces there 
will be relatively few molecules moving outwards to take their 
vacant ])laces. Thus the inherent tendency for a liquid surface to 
contract is readily explained. 

Surface energy and surface tension.—In virtue of the resultant 
forces on surface molecules wherebj^ the surface of a Hquid is cau.sed 
to contract until it contains a minimum number of molecules, i.c. 
the surface is the smallest possible for a given volume under the 
action of any external forces which may bo present, it follows that 
everv surface molecule must possess potential energy, i.e. energy 
in vii tue of its position. The amount of tiiis energy per unit area 
of the surface is termed the intrinsic surface energy or the 
surface energy density of the substance. The surhices of both 
liquids and solids jjosscss surface energy but it is only when tlie 
surface is inohile that its effects become apparent. The fact that a 
litpiid surface is the scat of potential energy manifests itself very 
vividly when a soap film is ruptured (with the aid of a pointed piece 
of filter paper, for example), for the liquid is projected in all directions 
^vith a considerable velocity, i.e. the potential energy has been 
converted into kinetic energy. 

Let a liquid film 1)0 formed between two limbs of a bent wire. 
BAC. I'ig. 10 01, and a horizontal straight wire, XY. placed across 
them. Snpjjosc that a force, F, acting normally to XV is necessary 
to maintain equilihruim when the film is vertical. Then 1' must 
be balanced by a force on the wire due to the film. Suppose y is 
the magnitude of this force per unit length of the wire. If the 
length of XY is I, tlie total force on the wire from the above cause 
is '2yl, the factor 2 being introduced .since the film has two sides, 
llciicc 

F = 2yl. 


y is termed the surface tension of the liquid. 

[It should be noted that if parallel wires are used for the purpose 
of forming a film between them, tlic system is unstable. lor 
example, if F is too large, the force 2yl never becomes suflicient to 
balance F for 1 remains constant. The instability does not matter 
as far as thcorv is concerned, but with the stable arrangement here 
a(loi)te«l a rough estimate of y may be made. If the weight of the 
wire is not suflieient it may he loaded. Then F = ing, where in is 
the total mass of the wire and its load.] 
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On the relation between intrinsic surface energy and 
surface tension.—Let XY, Fig. 10-01, move througli a small 
distance dx to a parallel position XjVj. the external force on the 
udre being F. Now when a film is stretched in thi.s way its temj)era- 
ture falls unless heat (thermal energy) is comnumi(*ated to it. We 
shall suppose that the heat ncce.ssary to 
restore the film to its original temperature 
has been supplied. 

If £ is the intrinsic surface energy of 
the film, i.e. the potential energy per unit 
area of the surface, the increase in 
potential energy of the ‘surface’ molecules 
is (2/ dx)£y the factor 2 being introduced 
since the film has two surfaces. The 
work done by the stretching force is F <^.r. 

These two quantities cannot be equated, 
however, for heat has been communicated 

to it from external bodies. If <iQ is tlie heat (thermal energy) 
supplied to restore the temi>eratiire of the film to its original value, 
we have 

(2/ da-)c = F dx + ,^Q. 

Now the force F is equal and opposite to the pull of tlie lilm on 
the wire XY. when the film is in equilibrium. If y is the pull j)er 
unit length, then 2ly = F, and the above e<juation becomes 

(2/ dxU = '^yl dx dQ, 



Vii'. lOOl.—Surfaoo 
Ifii-iion. 


or 


f = y I- 


\2l dx/ 


€ = y -t- 7? 


This may be written 

dQ 

where rj = 2 /“^"* thermal energy supplied per unit increase in 
area of the film. 

Now the force y exerted on each unit length of the wire is called 
the surface tension of the liquid and the above shows that the 
intrinsic surface energy of a li(juid is really the sum of the two 
quantities—a ‘thermal’ part denoted by 7/. and a ‘mechanicar 
part y, or € — r)\ we see, therefore, that the surface tension is e(pial 
to the ‘mechanicar jiart of the intrinsic surface em-rgy. Hici.m- 
HOLTz called this ‘mechanical' part of tlie surface energy density 
the free surface energy density. It will be noted also that the 
Jnerease m the total free surface energy of a surface is c(pml to the 
external work done on that surface, provitled heat is suj)plie<l to 
keep its temperature constant. 
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Free surface energy density or surface tension.—In solving 
problems concerning the shapes and positions of liquid surfaces 
under various conditions, it is often very conveiuent to use the 
following mathematical device; any necessarj' virtual change in 
the shape of the surface is assumed to take place under isothermal 
conditions and the free surface energy per unit area is replaced by 
a force in the surface of the liquid. If a short line of length ds is 
ch*awn in the surface, the force on it is y ds, and is directed along the 
normal to ds in the surface of the liquid, y is called the surface 
tension of the lifjuid. Such a process is always possible since 
the dimensions of free surface energy and of surface tension are 

AIhT~“ 

respectively —— and -—^-, both of which reduce to MT“^. 


i;- 


L 


The sharpness of a liquid surface in contact with its own 
vapour (or with air).—Experimental evidence supports the view 
that tlie transitional layers between a liquid and its own vapour 
(or the superincumbent gas—generally air) are only one or two 
molecules thick, i.o, the rate of change of density in a direction 
normal to the .surface is very rapid in the neighbourhood of the 
.surface. The strongest evidence in support of the above comes from 
the theory of optics. If the transition from a liquid of refractive 
iiulex ft to a gas or vapour above it is absolutely abrupt, light 
rellectcd fjoin such a surface will be completely plane polarized if 
the angle of incidence is tan-^ but if there is a tran.sitional layer 
of gradually changing refractive index from that of the liquid 
l.clow to that of the gas above, then the reflected light will always 
hr cllii)ticaily polarized. KAVLEIGiit working with a water surface 
from which the accidental layer of grease Iiad been removed by 
a mt'thod to be de.'^eribed later [cf. p. 465]—showed that there was 
practically no trace of elUpticity in tlic light reflected from water 
when the angle of incidence was tan“^ 1*333. It is now known that 
sucli u grease layer is only one molecule thick so that the transition 
is very abrupt. 

More recently. Ramas* and Ramdas have detected a slight ellip- 
tii'ity even for verv clean water, but this is probably to be attributed 
to the fact that the molecules at the surface are thermally 
agitated. 

Example .—A soap film is enclesotl within a triangular frame winch 
is in ii \'ortical j»Ianc with two of its siiles equally inclined to the vertical 
and with the wire forming the base of the triangle horizontal but free to 
slulo up under the action of surface tension forces or down under its own 
^^t!ight. Show that an equilibrium position may bo reached and, 
neglecting tlamping ft>rce.s, <lotermino the period of oscillations of the 
wire* base about its po.sition of static equilibrium. 

Fig. lO Og(u) shows tlio static position of the wire, mass m and length 

t rhit. Mag., 33, 1, 1802. 
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I in contact with the film. If y is the surface tension of the solution 
from which the film is formed, for equilibrium, we have 

mg = 2yl, 

where g is the intensity of gravity. In Fig. 10 02(6) the wire is shown 
displaced downwards a distance z from its equilibrium position. If i.s 




Flo. 10-02.—A soap film on a triangular frainowork. 

the length of wire in contact with the film and 0 the angle at the vertex 
of the triangle, 

tan 

The equation of motion is, if it is assumed that isothermal conditions 
prevail and damping is neglected, 

rnz = mg — 2yl' = 2y(l — I') 

= — ^^.23.tan 

z -I- Iy ^ 



so that the motion is siinplo harmonic with a period T given by 

q. _ 2. /"-'d . 

1 - 2g mil ho 

[N.B. If 0—►©, T—► CO but so many as8umj>lion8 liavo been made 
in deriving the above expression that it cannot l>o used to discuss 
tho stability of tho wiro.J 

The pressure difference across a spherical surface.—Let r, 
F'ig. 10'03(a), be the radius of a 8i)herical bubble of gas in a liquid. 
Let P bo the pressure outside tho bubble. We have to sliow that 
the pressure inside is equal to P -1- />, where p is a quantity to be 
determined. For this purpose let r become r -I- dr, where dr is so 
small that the pressure inside is not altered thereby. Moreover, 
let heat be supplied to the surface of the bubble so tliat its original 
temperature is restored. If A = 47rr^, then dA, the increase in urea 
of the surface associated with the change in radius is given bj' 
= Sttt dr. If y is the surface tension of tlie liquid or, us we have 
just seen, its free surface energy per unit area, the increase in tlic 

80 
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total free surface energy is 87ryr 6r. This is equal to the work done 
in expanding the bubble. To evaluate this work let dS be an element 
of the surface of the bubble. The resultant force acting outwards 
on it is 

(P + i)) dS - P dS = dS, 
so that the work done in effecting the expansion is 

dr. J* p dS = p.47Tr^.dr. 

Equating the two expressions obtained for the work done, we have 

4wr~p 6r = 877-yr dr, 

2y 

or V — — • 

r 


If the bubble had been a soap bubble this excess pressure would 




have been —, for a soap 


film has a double surface. 


The fact that the j^ressure inside a soap bubble diminishes as 
the radius increases is shown by the following experiment. Two 
brass cups, X and Y, Fig. 10-03(6). about 2 cm. in diameter and 
1 cm. long, arc connected to stop-coclvs A, B and C as show^l. 



Fio. 10 03._The pressure excess inside a spherical bubble. 


The open ends of X and Y are immersed in a soap solution and soap 
bubbles differing considerably in diameter blown. B is open and 
C closed while the larger bubble is being formed, and vice versa. 
A is then closed and the two bubbles are placed in communication 
with each other by opening the stop-cocks B and C. Air passes 
from the smaller bubble into the larger one, causing the latter to 
expand and the former to shrink. This process continues until the 
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radius of curvature of the larger bubble is equal to the radius of 
curvature of the soap film which finally protrudes below the open 
end of Y and which is a portion of a spherical surface, cf. see the 
dotted outlines on the diagram. After a time the thickness of the 
walls of the large bubble become so thin that it bursts: the film 
remaining on Y at once becomes fiat, and after some time very 
thin; it finally breaks. 

Pressure difference across a cylindrical surface. —Let us now 
assume that Fig. 10-03(a) repre.sonts the cross-section of a cylindrical 
bubble. Since it is difficult to produce such a bubble in a licjuid 
we will a.ssumc tliat it consists of a soaj) film having two .surfaces. 
Consider a length I of this cjdinder. When r becomes r -f- (5r, as 
before, the increase in area is 2[27r(r + dr — r)/]. Lot thermal 
energy be supplied to the film so that its temperature assumes its 
original value. The increase in the free surface energy is ^rrly dr. 
Now the work done, calculated by the method used in tlie j^revious 
paragraph, is 'Znrlp.dr. Equating these two (juantitie.s we have 



r 


When there is only one cylindrical surface the exces.s pressure is 

r 

The pressure difference across any curved surface free from 
discontinuities.—Tlie expression for tlio difference in pressure 
across a curved surface of the general t^’jjc just stated wliicli wo 
now proceed to obtain, was known to Young and to Laplack. it 
is the foundation of most precision metluKls for determining the 
surface tension of a liquid. Let ABCD, Fig. lO'(M{a), be a small 
portion of a curved .surface licpiid, the angles between adjacent 
si(le.s being right angles so that oppo.site sides of the element under 
consideration arc etpial. Ijct the surface be convex with rcfereiiee 
to a point above it. Let tlie normals to the surface at A and B 
intersect at Oj, so that AO^ = BOj = r^ (say), while those at B 
and C intersect at O.. where BOo = 00^ = r^ (say). Let F be tlie 
pressure on tlie convex side and (P + p) that on the concave side 
of the surface. IvCt y be the surface tension of the liquid, i.e. its 
free surface energy density, and .suppose the drop of licjuid of which 
ABCn is part of its surface expands so that this element occupies 
the position AjB,CiI)j, the temperature remaining constant, l.et 
dn be tlie displacement of each point of the element of surface 
considered. The forces, due to the jire.ssurcs on the respective 
sides of the element, are P (area ABCD) and (P -j- p) (area ABCD). 

Hence, as far us this portion of the surface is concerned, the external 
work done is 


p(ABCD) dn. 
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The increase in the free surface energy of the element of surface 
considered is y times its increase in area, i.e. 

/(AiBiCiBi - ABCD) = — AB.BC)], 

since each surface element is rectangular. 

But 

A^Bj AB AT)/i . 

—i—^ , or AjBi = AB 1 +—I. 

-h on ^ ' 

1 . .1 •. ^ { m < 5/1 \ 


A,B, = 


and similarly 


iCi = BC^ 


1 + 


Increase in free surface energy 


1 +^')(i 

ri / \ rg 

= ydiil- +-)aB.BC, 

\ri r^/ 

if the term containing (5/i)^ is neglected. Since this increase in 
free surface energy is equal to the work done in expanding the surface 





Fio. 10-04.—The pres^iure difference across nny curved liquid surface. 


under the condition that heat is supplied to the film so that there 
is no change in temperature, we have 
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So far it has been assumed that the points and Oj lie on the 
same side of the surface. If they do not, but are as in Fig. 10-O3(/0. 
then 



Hence, as before, 

p.(AB.BC).d,i = yAB^l + 

1 2 

or = — 

Vrj rj 

If it is agreed to consider a radius of curvatuie as positive or 
negative according as it lies on the side where the pressure is 
greatest or least, respectively, then we have the general formula 

7> = r(- +-)- 

\ri rg/ 

from which at once follow the values for the pressure dilTerence 
when the surface is spherical or cylindrical. 

If the surface is that of a film, the pres.sure difi'erence \s ill in each 
instance be doubled since there arc two surfaces; of course the film 
is so light that its weight is negligible compared with the other 
forces involved. 

Interfacial tension and the adhesion between two liquids.— 
When two non-miscible liquids are at rest, i.c. in static equilibrium, 
there is a definite surface of demarcation between them. Let ns 


suppose that at thLs surface there is a layer of molecules of one 
type ‘resting’ on a layer of molecules of the other type with no 
inter-mixing and that only molecules of one type are to be found 
either above or below the liquid interface. Fii*st consider those 
in the upper layer. They will be attracted upwards, on the ^^hoIe, 
by the molecules above them, but will also experience an attraction 
in the oppo.site direction due to the neighbouring molecules of the 
other liquid. Thus the molecules wc are considering will posse.ss 
energy in virtue of their position. Similarly for the molecules in 
the second layer. In virtue of tliese fa(ds there must exist a dclinite 
amount of surface energy at the interface between two liquids, tlic 
amount per unit area being termed the intrinsic interfacial energy 
of the liquids. It follows, therefore, that when an interface between 
two liquids cxi)and8 work will have to be done. Consider two non- 
miscible liquids, A and B, in a column of unit cross-sectional area. 

Let €„ and be the intrinsic surface energies of the interface 
and of the liquids respectively. Let and yj, be the corre¬ 

sponding free surface energy densities or surface tensions. 
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Suppose that by means of a direct pull it were possible just to 
separate the two liquids completely. Let be the work done. 
Let Yja and 7?^ the amounts of heat (measured in work units) to be 
supplied per unit area of the new surfaces fonned in order to mam- 
tain isothermal conditions in the case of the liquids A and B; let 
be the corresponding quantity for the interface. Then in the 
present instance unit area of the interface has been destroyed and 
two new surfaces, one of liquid A and the other of liquid B, each of 
unit area, have been produced. The heat to be supplied will there¬ 
fore be — H- 7 ;^ + 7 ;^ for both surfaces. After the change has 
been brought about the intrinsic surface energy will be €„ + ej,. 
Hence, from the principle of the conservation of energy, 

^ab + — nob + na Vb = + ^b‘ 

Since, in general, € = y rjy the above equation may be ^\Titten 

Tab + nab + ~ nab + »7o + = /a + + n+'?a* 

or 

'^^ab ^ya+Yb — Yab- 

This equation is due to DupR^f and is of fundamental importance. 
In the first place it shows that for given values of the surface tension 
of two liquids, y^ and y^,, tlic greater the work of adhesion, i.e. Waj,, 
the smaller is the interfacial tension y^f,, where the work of adhesion 
is defined as the work required per unit area of an interface just to 
separate two liquids from each other b}^ a pull normal to the common 
interface and against the forces of adhesion between them, the 
temperature remaining constant. Secondly, it provides the neces- 
•saiy condition for the complete miscibility of two liquids, viz. that 
tlie iiiterfacial tension between the two bquids should be zero or 
Jiegative. Now when the interfacial tension y^f, is negative it means 
that any interface will tend to increase in area, for when it is positive 
the interface tends to decrease in area. The tendency for the inter¬ 
face to increase implies, at once, that the liquids will tend to mix, 
i.c. they will be miscible. In other words the movement of the 
molecules across any imaginary boundarj^ which we may have 
supposed to exist takes place quite freely. 

There is, at present, no direct method for measuring the work 
of adhesion between two given liquids; using Dupre’s equation its 
value must be deduced from those of the surface tension of the 
liquids and their interfacial tension. 

Contact between solids, liquids and gases.—Let Fig. 10*05 
reijresent a vertical section through a solid, liquid and a gas, all in 
contact and in equilibrium, the fine of contact being assumed 

t Thiorit Micaniqut de la Chaleur, 1869. 
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perpendicular to the plane of tlie i>apor and of length bl. I’Ik* 
forces acting on the molecules in this line are /’rs >'.>(, P''*‘ 
unit length where the meaning of these symbols is at onoo ajji)arent. 
Let <l> be the angle indicated, j.e. the angle betv^een tiio tatjgent 
planes to the liquid and to the solid along their line of contact, or 
the angle of contact for the given 
liquid and solid. Since there is equili¬ 
brium, we have, 

Vus + yi.o-coH ~ y.so = 0 . (i) 

But Dupre’s equation for the liquid- 
solid system is 

^^i.s + yi,s “ Vlg - >'so == 

Subtracting the above tuo equations 
in order to eliminate the unknown solid-liquid and solid-gns .surface 
tensions, we have 



Vi<i. —Liquid resting 

an a solid surfaco. 


''Vs = 7 lcj(I + ws <f>) . . (ii) 

Now W'ls is a measure of the adhesion between the liquid and 
solid while yi,{;, or better 2yiQ, is a measure of the adhesion in the 
liquid itself, i.e. its cohe.sion, a fact at once obtainc'd by writing 
down Dupr6’8 relation for a litjuid in contact with itself when the 
interfacial tension is necessarily zero. Hence the above e(|uation 
proves that ff>, the angle of contact betsveon the litjuid and solid, 
in a giv'cn instance, i.s determined by the relative magnitudes of 
the adhesion between the solid and litjuitl ami the lohesion of the 
liquid. When <f> is zero, i.e. the litpiid completely wets’ tlie solid 
with which it is in contact, Wj^s = -yuit that in this instance the 
a<lheHion between the liquifl and solid is ecjual to the cohesion in tlie 
liquid. [IfO ■< <l> < Jtt, the solid is only partially wetted by the 
liquid; if ^rr < ^ < n, there is no wetting.] 

Angles of contact and their measurement.—It has just been 
shown that, in general, there is an angle of contact for every liquid 
at rest on a solid. Thus, if a piece of clean glass i.s inserted into 
water so that it is in a vertical position, it will be found that the 
liquid near the glass has been drawn some di-stance beyond the 
level of the rest of the water. The ABC, Fig. lO-OO(a), i.e. tlie angle 
between the solid surface in the water and the tangent to the 
water surface where it meets tlie glass, is called the angle of 
contact for a water-glass interface. For water in contact with 
glass this angle is very small, while for benzol in contact with gla.ss 
it is zero. 
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When the above experiment is repeated with mercury the liquid 
near the glass is depressed below the general level of the mercury 
surface. The angle of contact is again ABC, Fig. 10’06(6), but it is 
now quite large (approximately 135°). It should be noted that, 
although the surface tensions of tw'o liquids may be equal, they 
may not exhibit the same capillary phenomena, for their angles of 
contact w'ith a given material may be different. 

The effect of the angle of contact on the shape of a small quantity 



of liquid placed on a flat surface is easily sho^^Ti as follows. Water 
placed on a clean glass surface spreads itself over the glass, but 
if water is similarly placed on a greased plate it remains as a 
‘drop’. lYaces of dUrt or grease alter the angle of contact very 
considerably; that is the reason wh}' rainwater persists as a drop 
when it alights on a wundow-pane, for such a piece of glass is never 
chemically clean. 

To determine the angle of contact between water and glass 
coated with paraffin wax, N. K. Adam used an apparatus similar 
to tliat shown in Fig. 10 06(c). A is a section of the plate at right 
angles to its faces. It is held in a clamp wliich may be rotated 
about a horizontal axis through B. The clamp may be moved 
vertically 63 ^ means of the screw C, and the carriage E which it 
operates. 

D is a glass trough, coated inside with paraffin wax so that it 
may be filled with water above the level of its sides which have 
been ground flat on the top. This surface is made horizontal with 
the aid of screws Sj and S.^. Gj, G 2 and G 3 are rectangular pieces 
of glass coated with w'ax; the 3 ’^ rest on the sides of the trough and are 
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in contact ^\ith the liquid. B 3 ' moving Gj and then Gg across from 
tlie right-hand side of the trough to the positions imlicated, tin* 
surface of the liquid is freed from contamination. The plate is set 
in turn at various angles of inclination until a position is found for 
which the water-suiTace on one side of the plate remains undistorted 
right up to the line of contact witli the solid. If ^ is the anglr 
between the trace of the plate and the undistorted surface of the 
water (a.s measured with the aid of a protractor), then i.s the angle 
of contact required. 

An interesting method for investigating the angle of contact 
between mercury and glass is as follows:—The level of some mercury 
in an inverted spherical flask is 
adjusted by raising or lowering the 
reservoir D, Fig. 10*07, until the 
mercury surface in the flask is 
plane at points where it meets the 
glass. The angle BAG = ^ is the 
required angle of contact. If 2}. is 
the length AC, and r the radius of 

the flask, <i> = sin"* it must be 

r 

remembered that ^<^< 77 *. 



Fio. 


10*07.—of contaict of 
iiioroury witli ghus^. 


Careful measurements of the 
angle of contact between different 
liquids and solids have .shown that 

for a given liquid-solid combination the angle of contact may var^* 
between two extremes. This variation i.s easily seen wlu'ii a rain¬ 
drop is travelling slowly- down a window-pane, i.e. a piece of glass 
which is not chemically' clean. The angle is greatest at those points 
where the drop is advancing and least where it is receding. Adam 
and JEssopf accounted for this variation in (he angle of contact by 
assuming the existence of a frictional force between the solid aiul 
liquid. Let and be the ‘advancing’ and ‘receding’ angles of 
contact. When the drop is just on the point of advancing the 
frictional force will tend to oppose the motion .so that it will act in 
the direction of cf. Fig. 10*0o, p. 4(K1, so that 


ysa = F -I- yi.s b yui • • (hi) 

When the surface is just on the point of re<*eding F acts in the 
<lirection ofy^y, and then 


+ F = cos . . (iv) 

^ Jour, Chtm. Soc,, 127, I803» 1925. 
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Eliminating F from equations (iii) and (iv), and combining the 
result with equation (i), we have 

cos (f>^ -h cos == 2 cos . . (v) 

or the cosine of the angle of contact which would be observed in the 
absence of friction is the arithmetic mean of the cosines of the 
advancing and receding angles. Equation (v) may be wTitten 

2 cos + <I>r) cos — <f,R) = 2 cos (f>. 

If — ^r) is small, a condition nearly always found in practice, 
then cos h{<f>x — ^r) 1 > i-e- 

4a + 4si — 

Another method for measuring the angle of contact between a 
liquid and a solid, and one in which the difference between the 
advancuig and receding angles is measured, is due to AsLETT.f 
Essentially the method consists in immersing a cylinder, with its 
axis horizontal, to such a depth in a liquid that the free liquid 
surface is horizontal right up to the line of contact with the curved 
cy lindrical surface—cf. Fig. 10‘08(o). If O is the centre of a cross- 

section of the cylinder, BA the liquid surface, then BAT is <f>, the 


Water 



Fig. lu us.—Abletfs method for determining angles of contact. 

angle of contact, where AT is the tangent to the circle at A. Then, 
if OX is perpendicular to BA produced, 

a = AON = 77 — 

t Phil. Mag., 46, 244, 1923. 
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Let d be the diameter of the circle and h the height of N above 
the lowest generator of the cylinder. Then 



ON 2 , . 

cos a =- -- = 1-= —cos <b. 

OA d d 

2 

COS(f> = - 1, 

d 

, d 

80 that if A < - , ^ is obtuse. 

Fig, 10*08(6) shows the essential features of the apparatus as 
finally used. It consisted of a solid glass cylinder G, about 3 in. 
long and 3 in. in diameter, covered with a layer of paraffin wax 
several millimetres thick. To do tliis, tlic cylinder was placed in 
a bath of molten wax and slowly spun until a layer of wax 3 to 4 mm. 
thick had formed on it. It was then allowed to cool in a du.st-free 
atmosphere and when cold w'as centred accurately in a lathe and 
turned smooth. The cylinder was then mounted in a rectangular 
glass tank with its axis horizontal and parallel to the longer sides 
of the tank. A .small electric motor, suitably geared down, drove 
the friction wheel F, i.c. a small wheel covered with a rubber tyre 
just bearing on the wax surface, so that a rotatory motion could be 
imparted to the cylinder when necessary. By using a closely wound 
helical spring as a driving belt from the motor, the transmission of 
vibration to the cylinder and hence to the water surface were 
prevented. 

The curvature of the water-air surface was tested by using it as 
a curved mirror upon which a narrow* beam of parallel light was 
incident. Sj was a horizontal slit somewhat below* the level of 
another horizontal slit S.^, which consisted of a fine slot in a piece of 
black paper attached to the left-hand side of the water tank. By 
adju.sting the position of Sj and the optical aj)paratus for producing 
the parallel beam with respect to S 2 the beam of light could be caused 
to fall at any desired point, say P, of the water surface near to the 
curved surface of the cylinder. The imago formed was observed 
with the unaided eye through the right-hand side of the tank. 
When the surfaeo w’as not flat the image appeared as in Fig. 10*08(c). 
small irregularities in the wax surface being seen a.s brightly illumi¬ 
nated spots. When the surface had been made flat by running in 
more water, the image of the slit was level riglit up to the surface 
of the cylinder, as show'n in Fig. 10*08(t/). 

To measure h, the dejjth of the low est generator of the surface of 
the cylinder below the free surface of the w'utcr, use w*as made of the 
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manometer M as follows. Water from an aspirator was run very 
slowly into tlie tanl\. the rate of flow being controlled by the tap T. 

hen the water just touched the c\iinder the position of the water 
in M was noted, using a low power microscope. It was noted again 
when the liquid surface had been made flat at P. Thus h was 
determined directly from the manometer readings. The diameter 
of the cylinder having been measured in several places and a mean 
value calculated, the angle of contact could be deduced from the 
formula already established. 

The angle of contact was also measured when the cylinder was 
rotated slowly, first anticlockwise and then clockwise. Thus the 
advancing’ and the ‘receding’ angles of contact could be obtained, 
since if P is between the axis of the cylinder and the nearer wall of 
the tank an anticlockwise motion of the C34inder will establish 
conditions equivalent to the case of a rising meniscus; clockwise 
to a falling one. Within the limits of experimental error it was 
found that 

the angles being constant for peripheral speeds in excess of 0*44 
mm.sec.”^. 

The mean results obtained under the above conditions were 

IIS^O', 

<i>K= 96^20', 
and = 104“ 34', 

the mean of the first two angles being 104® 45'. 

For j)cripheral speeds below 0-4-1 mm.sec."^, and were 
found to de])end upon the speed, but in each instance 

Yarnold’s method for measuring angles of contact.—This 
dynamical metliodf was first used to measure the ‘advancing’ and 
receding’ angles of contact of mercury with steel or glass; later 
Varnold and ^Iason applied the method to water in contact with 
paraffin wax. 

To understand the principles involved it is necessary to consider 
a solid sphere of radius a when it is suspended so that it rests partly 
immersed in a liquid, densit 3 ’ p; letz be the height of O, Fig. 10-09(o), 
the centre of the sphere, above the plane surface of the liquid. Let 
y be the surface tension of the liqiiid and g gravity. If (/> is the angle 
of contact and 0 the semi-vertical angle of the cone AOB, the surface 
tension acts at an angle (<f> + 0 — tt) to the horizontal. 

t Proc. Pfiys, Soc. 58, 120, 104G; B, 62, 125, 1949. 
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To calculate the upthrust on the sphere let us consider the prcssiin* 
due to the liquid at all points on the horizontal ring sho\Mi in Fig. 
10*09(6); its limits M and N are defined by the angles oc and 6y.. 



Fio. 10*09.—A dynatiiicul method for (Jetuniiiiiiiig angitis of 


Since the depth of M below tlie horizontal surface of the lujuicl is 
(a cos a — z), the prcBsure at all points on the ring is 


gp{a cos a — z). 

Thus dU, the upthrust on the ring, is given by 

dU = {gp{a cos a — z) .2it a sin a . a da] cos a. 
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Total upthrust due to tliis cause is U, where 

fo 

U = ~TTgp I (a cos a — z)a~ sin a cos a rfoc. 

•■'o 

The total upward force, F. on the sphere and due to the liquid is 
obtained by evaluating this integral and adding the force due to 
surface tension. Tlie result is 

F — TTci^<jp['i — 5 cos^ 0] ~ 7Ta-gpzil — cos- 6) 


'27Tya sin 6. cos {^tt — 0 — tt)} 

= .— sin 0. sin {0 + i^). 

If the depth to which tlie sphere is immersed is sucli that the 
mercury surface is horizontal at all points in the neighbourhood of 
the sphere, (0 f- <f)) = tt and z = a cos 0; if is the total upward 
force under such conditions then 


Fq — 7T(i^gp[^ — cos 0 + i cos^ 0]. 

If the sphere is completely iinmcrsod the upNvard force becomes F, 
and i.s given by Fj = t-rru^gp. Hcncc 

/-\ 3 


Fi 2 4\«/ 4\«/ 


To make use of this formula the sphere is suspended from a 
.Sueksmitli balance, ef. p. 407, so that small continuously applied 
and slowly varying fon-es may be measured with precision. The 
li<juid is brought into i-ontact with the lowest point on the suspended 
spluTc and then slowly raised, in stops of about 0-01 cm., until about 
one lialf of the sphere is immersed and subsequently lowered until 
contact w itli the s|)here is lost; the time taken for the total disi)lace- 
nient through a few millimetres i.s about an hour. 

F c 

1 ’he vai iation of with - duriiig tlie raising and lowering of the 

I' 1 (I 

li(.[ni(l (mereuiA ) is shown in Fig. lO-OO(r) by the curves A (advancing) 


F 


and R (receding); the thin curve represents how ^ varies with 

.1* j (X 

'I'hc points of iiitcr.sec tion of tlie curves give the values of ; when the 
lirpiid surface is horizontal right up to the surface of the sphere, 
d’hen 

eos(7r — <^) ~ eos 0 ~ , 


a 


where <j> is the required angle of contact. 

The advantages of this method are (a) that it is not necessary to 
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know the surface tension of the liquid and {h} tliat it docs not 
dej)end upon a pui'ely visual observation of the angle of contact. 

It is found that values for the 'advancing' angle vary o\cr a 
considerable range, while those for the receding' angle all lie 
within a comparatively narrow range. The ditlerence betwecni the 
two angles is usualh' ascribed, ef. p. 4(55, to a fiictional force per 
unit length acting normally to the line of contact. There it i.s 
assumed that thi.s force is independent of the direction of the motion 
of the liquid; this is equivalent to assuming that the irreversible 
work expended in the forination of unit area of the solid-air intci face 
IS identical with the irreversible work expended in the formation of 
unit area of the solid-liquid interface. It is <lillicult to justify .such 
an assumption. 

When tliis apparatus is used with water, in contact with parafiin 
wax, it is found that if the term ‘angle of contact' is to be precise, it 
is nece.ssary not only to indicate the state of the surfaces but also 
their relative velocity and the time during \s'hich they have been in 
contact, for it Is found that the angh's itivolvcd depend upon tlie 
time of immersion. Yarnold and Mason conclude that the term 
equilibrium angle of contact’ is practically mcaningles.s. 


Waves on the surface of a liquid.—^N'lu n wavc.s ad\ an( <‘ aci-o.-^s 
the surface of a liquid it is usually j)crinissible to neglect the mass 
of air which is sot in motion by the liquid. 'I'he condition to be 
satisfied is that the pressure at the liipiid surface must <‘ver\ \\ hei e 





s 14rface yvavi! 




Via. 1010. 


jravity wuveM on tlio KUrfa4*o of a lujuifl. 
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be equal to the atmospheric pressure. In the simplest cases of 
wave motion it is knowm that the individual particles at the surface 
of the liquid describe paths which may be taken as cu’cles in a 
vertical plane. To obtain a steady motion to which Bernoulli’s 
theorem, of. p. G14, raaj^ be applied, let us select a S 3 ’^stem of co¬ 
ordinates advancing with the waves and having a velocity c equal 
to that of the troughs and crests as noted b^' a stationary observer. 

Let r, Fig. lO’lO(a), be the radius of the circular path of a particle 
near the surface of the liquid and T the period of its motion. In 
tliis time the particle, as seen an observer at rest, will advance a 
distance X, i.e. one wavelength. Hence A = cT and the speed of 

'lirr 

the particle in its circular patli is . 


The velocity of a particle at X, cf. Fig. 10*I0{6), the crest of a 
wave is c — ; at a trough Y it is c -j- . Let Zq be the height 

of y above a datum level. Then from Bernoulli’s theorem, 


y{-2r + Zq) + - 

where p is the density 



of the liquid and g is gravit 3 \ 


P 



A simple method for calculating the velocity of propagation 
of capillary waves on a liquid surface.—The velocity c with 
which long plane waves travel across a liquid surface has just been 
proved to be given bv the equation c = ^(«7A/27r). The profile of 
a jiortion of such a wave i.s shown in Fig. 10.11(a). Let P be a 
point on this protile and N its i)rojection on the undisturbed 
surface of tlic liquid. If gravit 3 ' were the onl 3 ’ force acting, 
tlie incrca.se in pressure at N due to the wave would be < 7 /)PN. 
wlicre p is the ileu.sit 3 ’ of the liquid. Surface tension will give 
rise to an additional pressure yr~^, where y is the surface tension of 
the liquid and r is tlie radius of curvature at P. If the amj)Htudf 
is small compared with /, the profile of tlie wave ma 3 ’ be regarded 
as tlie curve traced out b 3 ’ a point near to the centre of a circle 
rolling along a jilaiie surface. Let a be the radius of this circle and 
6 the distance of P from its centre O, Fig. 10-11(6). Let the position 
of P be given with reference to a s 3 ’stem of fixed rectangular axes 
Pj^.r anti P^y, where P^O is parallel to the plane of rolling. Let time 
be measured from the instant when P is at Pq. Let 0 be the angle 

of roll; then QOC = 0, where the point Q will be the point of 
contact which the rolling circle makes with the plane of rolling when 
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Pq moved to P^, where PjO^Pq = Q and OOj = aO. The 
instantaneous coordinates of Pj are then 

X = h aO — b cos 0 = a[0 + (bja) — {bja) cos 0] 

= a0, [i{{bla)^0], 

and y = 6sin0. 




. dy b 
.. — = - cos 0, 
dx a 


and 


(ry 


b sin 0 


a 


^ IS small, a condition appropriate to the present problem, 

/dhA 

the radius of curvatur ‘ ‘ 


. (d^y 

" (ja 


Thus 


r= --- 

Wx2/ I „2 / PN' 

Hence, neglecting the negative sign, in the ease of a wave the 
excess pressure due to surface tension is 


y 

r 



PN 



■ 


But 27ra = X, so that the above excess pressure may be put equal 


1--A.- P -H 


Undisturbed surface 



Fla. lO-ll.—Velocity of cupillury waves on a liquid surface. 

to (47r*.y/A*). Now when the pre.s.sure at N is tjp PN, the velocity 
^ ■\/(l/A/27r). Therefore, wlien the pressure at N becomes 
Q/P 4- (47r*y/A*)]PN, the velocity will be given by 

c_ hd^ly .i^y\- l‘J^ 

"-'J2nV Ap • 



81 
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It seems justifiable to do this since we may regard the effect as due 

r 477^"] 

to an increase in go in the ratio 1 + — : 1. 


Since = — + —we have 

2tt pA 


2c* = ^ + l!2:(_L). 

dA 277 O \ aV 


Hence for a maximum or minimum 



9 P 

277 277y }?■ 

is then zero, and this may be wTitten 



and smcc c ^ oo when A —> 0 and when A -*• oo, tliis value for A 
must be the wavelength of those ripples which travel with minimum 
velocity across a liquid surface. 


METHODS FOR DETERMiyiNG THE SURFACE 
TENSION OF LIQUIDS AND INTERFACIAL TENSIONS 

General remarks.—It has already been shown that there is a 
difference in pressure on the two sides of a curved liquid surface. 
When the form of the surface is spherical the expression for the 
above pressure difference has been proved to be given by 



where y is the surface tension of the liquid and r is the radius of 
the spherical surface. Hence, to measure the surface tension, y. 
in any given instance the first essential is to obtain a spherical 
surface; one very common method of doing this is to place a 
uniformly narrow tube vertically in the liquid when the liquid surface 
in the tube is part of a sphere. It then remains to measure the 
radius of this surface and the pressure difference across it. If the 
angle of contact between the liquid and the material of the tube 
is zero, the above radius is equal to that of the cross-section of the 
tube where the liquid rests, provided the tube is sufficiently narrow. 
The pressure difference is gcnerallj' determined from observations 
on the height of a certain column of liquid. If tliis liquid is identical 
with that under investigation its density must be knowm, but if the 
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pressure can be measured in terms of tlie height of a column of 
some other liquid of known density, then it is not necessary to know 
the density of the liquid under examination. In actual practice we 
shall find that both methods of measuring the pressure are used. 

Some theorems of practical importance.—(«) The ascent 
of a liquid in a capillary tube: For the sake of simplicity we shall 
first assume that the tube is narrow and the angle of contact zero. 
Let AC, Fig. 10'12(a), be the surface of a liquid in a capillary tube 


(a) ib) 

Fig. 1012.—Ascent of a liquid in u vortical and narro\v capillury tube. 

of radius r. We assume that AC is i)art of a sphere of radius r. 
The pressure over the curved surface is everywhere atmo.sphcric. 
At B, a point ju.st below the surface and therefore in the liquid, 

the pres.sure is less than atmo-spheric by an amount [cf. p. 458]. 

At D, a i)oint below B and lying in the same horizontal plane as 
the surface of th(^ Ihiuid outside the tube, the pressure is atmospheric. 
Now the din'erence in pressure between the two points B and D is 
equal to the pressure exerted by a column of liquid of height 
DB = h (say). If p is the density of the liquid, this diflercnce is 
fjph, where y is gravity. The pressure at B is therefore less than 
atmospheric by this amount and it ha.s already been shown that this 

dinerence in pressure is —. We therefore have 

— = oph. 
r 

Now HUjjpo.se that the angle of contact between the liquid and 
the material of the tube is cf. Fig. 1().I2(6). Ix‘t R be the radius 
ot curvature of the liquid surface at its lowest point; if the bore of 
the capillary is small, II is constant at all points on the liquid 
surface. Ihen. as before, if is the atmospheric pressure. 

pressure at B = 

R ■ 
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But pressure at D = P^j = pressure at B + gph. 



But r = R cos <f >; 


, - 2y cos (f> 

therefore- 

r 



It should be mentioned, perhaps, that if ^ is finite, values of the 
surface tension of a liquid deduced from measurement of its rise in 
capillar^' tubes are unreliable, since the magnitude of ^ is alwaj's 



Fig. 10*13.—Rise of a liquid in a capillary tube of wider bore. 


uncertain; moreover, <f> varies considerably ^nth the degree of 
contamination of the surfaces in contact. The above theory is 
necessary, however, for academic purposes. 

It is now necessary to examine how the formula we have obtained 
for the ascent of a liquid (zero angle of contact) is modified when the 
capillary tube is so wide that it is no longer justifiable to assume that 
the meniscus surface is hemispherical. The following analysis is due 
to Feruuson. By the excess-pressure principle 

9ph = -. 

where R is the radius of ciu'vature at A, the lowest point of the 

y 

meniscus—Fig. 10-13(o). Putting for short a® = —, where is 

Up 

known as the capillary constant or specific cohesion^ of the 

liquid, then 2a^ = RA. 

This is an exact equation, whatever the angle of contact. The 
difficulties begin when an attempt is made to find a value for R 
wliicli shall be less approximate than that obtained above. 

t In chemistry' 2u* is often called the specific cohesion. 
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It will be assumed that the trace of the meniscus in the plane of 
the diagram, cf. Fig. 10*13(6), is an ellipse with semi-axes r and 6. 
The radius of curvature at A, of. p. 10. is K = r-6"*. Hence the 
equation 

2a2 = RA. 

becomes 2a“ = —, or 6 = — . 

6 2ar 

If we assume that the tube is perfectly cylindrical we may equate 
the resultant force ^nry, which acts upwards on the liquid along its 
line of contact with the tube, to the total weight of liquid raised. 
Then 


'Irrry = Tjr-hpg + ^nr^bpg. 



Now equation (i) may be WTitten 


I2a^ - GaVA - rVi = 0, 
a quadratic in a^, giving 

CrA d: GrAl 1 + 

2 \ 3 A/ 

= - 

24 



and the positive sign must be taken, since in the limit when t —>0 , 
we must have 2a* = rk. ‘ 

• y.. 

• « 

9P 

In passing it may be noted that 


I 

2 1 I fi 1 ^ 1 

or = \rh\ 1 + -.— -f- . . . 

^ L 3 A 9 A* 


R = r(l -I 

\ Ca*/ 


This give.s u close approximation to the correct valij(‘ of R but it is 
not required here. 


(6) The rise of a liquid between vertical plates, (i) Parallel 
plates: To calculate the amount of this rise we may u.so Fig. 10'12{rt). 
lA;t the vertical lines in that diagram now represent .sections of the 
two parallel plates at distance d apart. We assume AC to be a 
section of a cylindrical surface of diameter d so that the prc.ssure at 


B is less than atmosjihcric by an amount - , 
Proceeding as before we obtain, if the contact 


or —, , since d = 
d 

angle is zero, 
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(ii) Inclined plates: Fig. 10'14 represents two vertical glass 
plates, AOB and OAD, inclined to one another at a small angle 6. 
When these are inserted in a liquid the latter rises between the plates. 
To determine the shape of the 



Fk;. 10-14.—Rise of « liquid botwoon 
iticluicd vertical plates {eiul-offect 
neglected). 


curve in w’hich AOC, the vertical 
plane through OA and bisecting 
the angle 0, i.e. the plane of co¬ 
ordinates, intersects the liquid 
surface, consider an element 
PQR of the surface at right 
angles to the intersection of the 
liquid surface with the plane 
AOC. Let {Xy y) be the co¬ 
ordinates, referred to OC and OA 
as axes, of Q the middle point of 
the element PQR. [PiQiRi is 
another such element. Notice 
that the projections p, q and r of 
the points P, Q and R respec¬ 
tively, on the horizontal plane 
through Ox do not lie in a 
straight line.] Then if the liquid 


wets the glass, the surface at 
PQR is part of tliat of a cylinder whose diameter is equal to the 
distance between the plates at Q. This distance is xO, since 0 is 
small. The height y to which the liquid rises is therefore given by 



i.c. xy = 2yjgpd = constant. The surface is therefore part of a 
hyperbola, whose asymptotes are the axes of coordinates. 

The energy changes associated with capillary rise.—The 
energy requh-ed to cause a liquid to rise to its position of static 
eciuilibrium in a vertical ca])i]lary tube is derived from the diminu¬ 
tion of surface energy which accompanies the movement of the liquid. 
K. C. Brown* has shown how use ma\’ be made of this fact to establish 
the well known formula for the rise of a liquid in a capillary tube. 
For the sake of simplicity Brown assumes that initially no part- of 
the tube is subn»crged below the general level of the liquid, which 
is contained in a wide vessel, cf. Fig. 10*15{a). Fig. 10*15(6) shows 
the liquid in the tube when the length occupied is x and Fig. 10*I5(c) 
shows the equilibrium stage, i.e. when the liquid has reached a 
height 6; 0 < x < h. It will be assumed that the temperature 
remains constant. 

If r is the radius of cross-section of the tube, the loss of free 
surface energy' which occurs when an area 27rrA of the wall of the 
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tube is wetted is 27 rr^(ysa — ySL), which, by the relation given on 
p. 463, is 2TTrhyiQ cosc^] <f> is the angle of contact and the other 
symbols have their usual meanings. 

Now the most obvious gain of energy is the potential energy of 
the raised column, viz., {7Tr^hp)gAh = Inr-gph^, where g is the 
intensity of graWty. Tlie problem is not solved by equating this 
to the loss of free surface energy for work is done in overcoming 
the viscous forces which arise whenever a liquid moves slow ly. The 



Fio. 10-15.—Energy c-hnnges asso(-ii)tod with c-apillary rise. 


amount of energy thus dissl])ated may be calculated by supposing 
a downward force F to act on the liquid (column as it moves from 
(a) to (c), the magnitude of F being just suflicient at all stage.s to 
prevent acceleration. At the intermediate .stage represented in Fig. 
10’15(6), F = 7rr-gp(h — .t) for tlii-s weight of litiukl added to that 
in (6) gives us the .stage (c), when no further rise takes jilace. 

The work done against F is 

f F dx — Trrhjp f {h — x) dx = \7Trhjph~. 

Ju •'0 

Hence 2^Trhy^^^^ coh (j) = Inr^gplr \ \Trrhjplr, 

or cos <f> = igphr, 

which is the relation n-quired. 

The stability of a small liquid index in a vertical capillary 
tube which is slightly conical.—The liquid index, density p and 
length A, i« shown in Fig. I()-l(>(a). In this <liagram the capillary 
tube tapers upwards so that if r and li are the radii of eurvature of 
the upper and lower menisci r < R. If // is the atmospheric 
pressure, y the surface tension of the liquid, and A, 15, C and 1) are 
the points indicated, we have 
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But 
so that 

= 2y 

Since r < R, the quantity within the square brackets is positive 
and the liquid takes up a position so that the above equation is 
satisfied. 






Fig. 10-16.—The stability of a liquid index in a vertical and slightly 

conical capillary tube. 


When the more narrow end of the capillary tube points downwards, 
as in Fig. 10*16(6), we have 

wliieh it is impossible to satisfy since R > r. The liquid index 
therefore moves to the lower end of the tube and there forms a 
small drop as in Fig. 10-16(c), If Tj and Rj are the radii of curvature 
of the surfaces indicated, and z the overall length of the drop, we 
have 

n — ~ + gpz ^ n + 

ri Ri 



which is always positive whatever may be the value of rj. 

The shape of large sessilef drops and bubbles.—(a) Large 
drops: It will be assumed that the drop under consideration is so 
large that it is flat at its highest point, and that at any point on its 

f Attached at the base. 
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surface the curvature in planes other than the meridional plane is 
negligible. A meridional section of such a drop is given in Fig. 
10*17(a). Let (x, y) be the coonlinates of ai^v point Q on the 
surface, referred to axes Ox, Oy as shown. If P„ is the atinosj)herio 



(C) (d) 


Fio. 10* 17.—Meridional sections tiirough largo drops and bubbles. 


y 

pressure that at Q is cither given by Pq f fjpy or Py f . where U 
is the radius of curvature in the meridional plane. 

1 dw dw dij 

9py = Y-— = v-— = 

R ds dtj ds 

where ip Ls the angle which the tangent to the section at Q makes with 
Ox, and 8 is the arc OQ. 

qp dw 

. y = -^.sm If). 

Y 

If A is the point on the curve at which the tangent is vertical, and h 
is the depth of A below Ox, then 

I y dy — I sin ip dip. 

y Jo Jo 


h 

fs . , 

y>iy = 

1 Hin \p dy. 

> 

Jo 

9 


— cos 1 I> 


L Mo 

/. A* = 

2y 

$ 


•/ r 

Also, if ipQ is the angle which the tangent at B, the point at which 
the curve cuts the surface on which the drop is foriiUKl, makes with 
Ox, so that ipQ = if), the angle of contact nf)proi)riatc to the liquid 
and surface, 

UP r“ f* 

-i- I y dy = \ sin ip dtp = I sin (/y, 
y Jq Jo Jo 

where H is the maximum height of the bubble. 
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^(H^) = -cos^ + l, or = 

2 y gp 

(6) Large bubbles: A section of such a bubble is shown in Fig. 
I0*17(6). For convenience the positive direction of the axis of y is 
reversed. Then, as above, 

Pfl - 9py + y-~ = Po¬ 
rt^ 

gpy fiy = y sin y) dy:. 




— cos (tt — ^) + 1 = 1 + cos <j>. 



if D and d are the depths indicated on the diagram. 

This discussion on sessile drops and bubbles is incomplete for it 

has been assumed that for the former < <i> <■ rr, while for the 

latter that 0 < ^ < — . The two otlicr possible instances are shown 


in Fig. 10-17{c) and (c/). The total height (or depth) is given by the 
appropriate formula already obtained but it must be noticed that 
no value for li or 'd- can be found. In these instances a value for 
<l> can be obtained only if y is known. 

It must al.so be pointed o\it that for such large drops or bubbles 
as those shown in Fig. 10*17 there cannot exist any point of inflexion, 
for the c.xistence of such a point would mean that the pressure in 
tlie liquid would be the same at points at different levels. With 
smaller drops, such as those hanging from a thin vertical glass rod 
etc., points of inflexion do occur, when the pressure change associated 
witli tlie radius of curvature in a i)lane normal to that of the diagram 
prevents a violation of the elementary principles of hj’drostatics. 


Experimental determination of surface tension.—(a) The 
rise in a capillary tube method: Select a piece of glass tubing 
about 0*4 cm. diameter and heat it in a bunsen flame, rotating the 
tube all the time. When the glass begins to soften, apply a gentle 
pressure along its length so that the walls of the tube thicken. Then 
remove the glass from the flame and slowly pull the ends apart, 
'fhe capillar}' tube thus constructed is clean, a condition which is 
absolutely essential if a reliable value for y is to be obtained. When 
the tube is cold select a length from the centre of the drawn-out 
portion and attach to it a very thin glass rod, R, drawn out to a 
point and bent twice at right angles as in Fig. 10*18(a). Bands B| 


SURFACE TENSION 


483 


and Bg cut from a length of rubber tubing enable this rod to be 
attached to the tube easilj’. 

Now clamp the capillary A in a vertical position and place the 
liquid whose surface tension is to be measured below tlie tube so 
that the latter is immersed to a greater depth than that at which 
it is to be used and then raise it slightly. If the liquid falls back 
readily as the tube is raised we nmy assume that the tube and liquid 
are not contaminated. Continue to raise the tube until the end of 




10* 18.—of Kurfaoo tcimion by tho rupillnry rijst.^ 

method. 


the rod is just about to break througli the litjuid surface. To 
nu'aHure the height of the li(|uid in the eapillary a vernier micro¬ 
scope, M, sliouhl be use<l. The microscope is focused on the lowest 
point of the liquid surface in the eapillary and the reading on its 
scale observi'd. I’he vchhcI containing the li(|ui(l i.s then removed, 
eare being taken to see that th<* rod is not ilistnrlied. 'fho micro- 
scope is then focused on the end of the rod and tlie reading noted. 
I he difference between these readings gives the height of the Ucjiiid 
in the caiiillary. These observations should be repeateil. 'J'be tube 
*» then lirokcn at tlie point corresponding to the top of the meniscus 
and the radius fouiul witli the aid of a vernuT microscope. 'J’o do 
tills scv<;ral readings of two diameters mutually at right angles are 
made. If the mean values of each set are eiiual to within about 
•> per cent the mean value can he taken as a measure of r. If tlio 
discrepancy is greater than this the tube should he rejected and 
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another one constructed. The mean diameters of the ends of the 
tube should be measured before commencing the main part of the 
experiment. If the ends are found to be reasonably' circular then 
the tube will probably have a circular section throughout. These 
end diameters should not be used in calculating y since it is the 
radius at the point B, Fig. 10*12(cf), which determines the pressure 
change in crossing tlie surface of the liquid. The value of the surface 
tension may then be calculated from the formula already proved. 

[At tliis point it is convenient to ask ourselves what would happen 
if a tube of radius r and length less than li, where h is given by 
'ly — (jphr, were dipped in a liquid of surface tension y and density p. 
I'sually, i.e. when the length of the tube is greater than h, it is the 
lieight of tlic li(piid in the tube which adjusts itself until the equation 
is satisHcd. \\'lien this is no longer possible, as in the problem now 
contemplated, tlie only quantity in the above equation wliich is a 
variable is r. The liejuid therefore rises to the top of the tube and 
tliere forms a surface whicli is concave upwards and whose radius 
is greater than r. Its value is given by = hr, where /q is the 
height of the liquid in the capillary.] 

C'ommenting on the measurement of surface tensions by the rise 
of a liquid in a capillary tube method, Ferguson and DowsoN.f 
state that the experiment is more than ordinarily' difficult. In the 
lirst j)lacc. those authors point out that it is not easy to find a tube 
of Kufliciently uniform cross-section to use witli different liquids and, 
secondly, it is no small matter to calibrate, clean, and keep clean 
such ;i ])i(‘cc of tubing. In addition it is difficult to estimate the 
t<*m]»erature of the meniscus with the accuracy' demanded; the 
metiiod is tlieiefore useless if the variation of surface tension with 
tcmpeiatui'e is the subject of an experimental determination. 
Fiirther it is not easy to measure with jjrecision the heiglit of ascent 
III the licjuid; 'and wiien we remember that, all the measurements 
having been made with due care, tlie value is not y but y cos <f>, it 
liecomcs increasingly clear that the convenience of this widely' used 
method is more apparent than real’. 

Practically all the.se troubles are swept away if, instead of measur¬ 
ing the rise of the liquid in a narrow tube, the liquid be forced down 
to tlie lower end of a tube immersed vertically' within the liquid, 
and, on a convenient manometer, the jiressurc required t-o effect this 
l)c mca.sured. 

\ thermocouple placed near the lower end of the capillary' is used 
to indicate the temperature of the meniscus. 

Shorn of all corrections the method and apparatus is so similar 
to that designed by' Jaeger and described on p. 485 that no further 
details will be given. 

t Trans. Fur. Soc., 17, 384, 1921. 
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Richards and Coombs| overcame some of the difficulties men¬ 
tioned in the previous paragraph by constructing an apjiaratus of 
the form shown in Fig. 10-18(6). AB was a capillary tube specially 
selected for uniformity of bore while C was a wider tube, aljout 
4 cm. in diameter, fused to the capillary tube. D was a glass vessel 
placed inside C to reduce the volume of liquid required. The 
apparatus was thoroughly cleaned and then filled with pure air and 
a sufficient quantity of the liquid whose surface tension was to be 
determined. The whole was immersed in a thermostat and tlu- 
position-s of the menisci viewed tlirough a plate-glass wimlow. the 
height h being determined with the aid of a catlietometer. The 
apparatus W'as then inverted and a second determination of the 
capillary rise made. The apparatus enabled the variation of surface 
tension with temperature to be investigated. \’ery con.sistent 
results were obtained. 

lug. 10*18(c) shows a modification of the apparatus used by 
Richards and Coombs. It consists of two vertical tubes A and B. 
joined together as shown. Their internal radii arc rj and r., respec¬ 
tively. The whole apjiaratus is easily used in a thermostat and once 
the liquid has been introduced into the aj)j)aratu.s this can be sealed 
hermetically. [The apparatus can be emptied of air, if neces¬ 
sary.] 

If h is the difference in height between the two liquid surfaces, 

the pressure of the ambient air and vapoiir, and O a reference 
point at a depth a below that of tlie meniscus in the wider tube, 
we have, in the usual way, 




H (jp{h -I a) p — 



2y 

- i Upv.. 


80 that y is easily obtained. The above theory assumes that tlie 
angle of contact is zero and that each tube is sulliciently narrow for 
the liquid surfaces to be n.ssumed hemispherical. 

(6) Jaeger's method or the method of maximum bubble 
pressure: This is basctl on tlie fact that the excess jne.ssure inside 


a spherical liubble of air inside a liquid is 
of the bubble. 



where r is the radius 


The experiment consists essentially in determining the niaxiinuin 
pretwure required to produce an air bubble at the end of a vertical 
capillary tube immersed in the liquid whose siirfact; tension is being 


t Jour. Atrur. Chem. Soc., 37, 1U5U. lUliJ. 
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determined. A capillary tube about 0’05 cm. in diameter is con¬ 
structed as in (a). This is placed vertically downwards in a vessel, 
A, Fig, 10*19(a), containing the liquid whose surface tension is 
required. This vessel should be at least 8 cm. in diameter so that 
the surface of the liquid may be flat. The capillary tube is con¬ 
nected to a manometer, C, containing xylol, and also to a Woulff’s 
bottle, D, fltted with a dropping funnel, B. Mercury (or water) is 
placed in B and permitted to run slowly into D. A difference of 



[Tho microscope M is only used when the vessel A has been removed, for 
otherwise refraction at tho ciir\'ed surface of this vessel would vitiate tho 
observations.) 

Fio, 10-19 (a).—Sleasurement of surface tension by the method of 

tnaximum excess pressure. 

pressure between the inside and the outside of the apparatus is at 
once shown if the apparatus is air-tight. When the pressure in D 
reaches a certain value bubbles are released from the end of the 
capillary tube dipping into A. These should be formed singly and 
at tile rate of about one in ten seconds. The first condition is 
obtained by reducing the volume of air in the apparatus so that 
when one bubble breaks awaj’ from the end of the capillary tube, 
the pressure inside the apparatus is reduced to such a value that it 
is less than the maximum prcssiu*© required to blow the bubble; 
the second condition is obtained by adjusting the rate at which 
liquid flows into D. The maximum height k of the manometer is 
recorded. If p is the density of the liquid in the gauge, the pressure 
recorded by it is gpk, where g is the intensity of gravity. But this 
pressure difference in not entirely due to the effects of surface tension, 
for part is attributable to the pressure due to the fact that the orifice 
of the capillary is at a depth d below the surface of the liquid. If 
(j is the density of this liquid, this pressure amounts to gad, so that 
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the pressure difference dii'cctl}' attributable to surface tension is 
9[ph — ad]. We therefore have 


2y 


= <j{ph — ad). 



T 


Hence y may be calculated when the other variables in this equation 
are known. 

To discover the reason why the value of r used in tlie ai) 0 \e 

% 

equation is equal to the radius of the capillary tube at its lower end. 
let us suppose that the tube is uniforni in dianieter and that the 
pressure inside the apparatus is .such tliat the centre of the lieini- 
spherical liquid surface is at C|—cf. Fig. 1U-11)(//). \\'e are justitied 

in assuming that this surface is jiart of a spliere of radijjs r if the 
capillary is naiTOw, and the angle of 
contact between the liquid and the tube 
zero. Suppose that the prc.ssure inside 
the aj)paratus i.s increased so that the 
centre of the surface is at the radius 
still being r, but that if the .surface is 
forced down beyond this j>osition its 
radius increases. When is the centre, 
let the radius be (r + /1r). The j)ro.'<sure 
difference across the surface is then less 
and the bubble grows since tlie pressure 
inside the a[)paiatus is too great for the 
surface to be in equilibrium. Thus a 
bubble of air escapes, and the litpiid 
surface will lie entirely above C 2 . if tlie 

removal of one bubble is sufficient to retluce the prc.ssure inside the 
apparatus below the ma.ximum pr<*ssure necos.sarv to cause a bubble 
to escape from the tulie. If not, several bubbles will escajie. 

The great advantages of this inetho<l are that it may be applies! 
to determine the surface tension of a molten metal, or to invi'stlgate 
how the surface tension of a Ihpiid varies with tempi-ruture, or liow 
that of a solution vaii<*s with tlie concentration of tlie dissolved 
substance. Tlu* method is particularly suit<‘d for such determina¬ 
tions as the two last, since it is not necessary to know tlu’ radius of 
tlie capillary tube. Also, siiwe a new sui'faee is continually being 
formed in thir liquid the effects of contamination are reduced to a 
minimum, and finally the radius r can be determined before observa¬ 
tions are ma<le fcf. method («)|. 

Unfortunately certain diflieultic-s arise wlien an absolute deter¬ 
mination of the surface tension of a liquiil i.s being made by this 
method. One is seldom quite sure whether or not the size of the 
bubbles, when the excess pressure insid<‘ the liubblo is a maximum, 


Fio. 10-15> (/»).—lAiriimtioii 
«(! a at tlu> oiui of 

a ♦•a|>illitry tube (greatly 
eiilurgeil.) 
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is controlled by the internal or the external radius of the tube. If 
these radii differ considerably and the surface tension is known at 
least approximately, simple substitution of these values in the 
appropriate equation reveals the correct one. 

Note on Sugden^s work on the method of maximum bubble 
pressure.—A real difficulty, in connexion with the method of 
maximum bubble pressure, lies in the fact that in order to obtain 
a value for the surface tension of the liquid under investigation it is 
necessary to know how the density of that liquid varies wth tem¬ 
perature. The requisite data is not always available and Sugden 
has so modified the original Jaeger method that such knowledge is 
not required. He uses two capillary tubes of different radii and 
determines the maximum pressure excess required to produce 
bubbles first from the wide capillary tube and then from the other. 
If the tips at which the bubbles form are at equal distances below 
the liquid surface, we have, uith slight but obvious modification in 
the usual notation 


so that 


= (j{ph — ad) and — = — ad), 

r R 



= gp{h — H). 


Another advantage of Sugden’s method is that a smaller container 
may be used, for it is not essential that the liquid surface in it should 
be fiat since the correction term disappears from the final equation. 

In the original work Sugden used capillary tubes so wide that it 
^^■as not justifiable to assume that the bubbles broke away when 
their surfaces were hemispheres with a radius equal to that of the 
cTo.ss-section of the capillaiy tube. For further details, however, 
the original paper must be consulted.f 

Example .—The tubes used in Sugden’s method for measuring the 
surface tension of a liquid have diameters 0-050 cm. and 0*120 cm. If 
the error in the diameter of the smaller tube is 2 per cent, estimate its 
I'ffect on the calculated value of the surface tension, y. 

^Ve have, cf. above, if /> = gp{k — H), 

p = -k)- 

where r and R are the radii of the tubes, r < R. Assuming the errore 
in the values of p and R to be negligible, we have, by diiforentiation, 

“ = -5) + ’'("70 

t Jour. Chem. Soc., 121, 868, 1922. 


SURFACE TENSION 


4 S 9 


y 


hr rl< 


r* H - r 
_2 12 
Ido ‘ 


(ir 

/• 


U 

l< - r 



12 - T) 

= 3-4 per coiit. 

(c) Ordinary balance method: The siii-face t(*nsi()ii of a 
Nvliich wets glass inay be deteiniinecl as follows. A glass plate. A, 
Fig, 10’20(a), (a microscope slide) is supported by mean.s ol a metal 
®dp, C, from below the })aii of a balaiu-e—the lower edge of the sli<le 
is made horizontal. The vessel, D, con¬ 
taining the liquid i.s placed on a small 
table below the slide. The table may lie 
raised by means of a screw, S. The bal¬ 
ance is equilibrated and left free to swing. 

The adju.stable table is then screwed up 
till the liquid just touches the lower edge 
of the plate. This is shown by a sharp 
jerk of the pointer as the microscope 
slide is pulled down by surface tension. 

Ma.sse.s are then added to the other pan of 
the balance until the slide is withdrawn 
from the liquid. Since the lower etlge of 
the slide had been in the genera! level of 
the liquid surface there i.s no correction 
for buoyancy. If I i.s the length and t the 
thickness of the slide at its lower etlge. llu* 
force due to surface tension acting on it is 
+ l)y. This is equal to nuj. where /// 
rs the mass arlded to the pan to restort? 
equilibrium. Hence y may be <h*tei-mined. 

An alternative method is as follows. 

Having screwed up the adjustabh* table 
till the pointer jerks, observe tin? position 
ol the table (suitable scales may be 

niTunged as on a spheroincter). Instead of re.sloring equilibrium 
as above, the table is screwed up through a distance h until the 
poinU*r is }>ack at zero. Then the buoyancy force just halaius-s 
the force due to surface tensitm, and if the ves.sel containing the 
lifjuid has a largo surface area, so that h will be also the depth o( 
immersion of the slide, then 

2 (/ 4 - t)y =^- Iffiptj, 

where p is the density of the li(|uid. 

It must bo noted that this method only yiehls accurate iH'suIts if 
the liquid completely fills the containing vessel so that the surface 

82 
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Fl>;. 1()-2U. - Surfiico tea- 
si<»ii by nnliiifiry liuhuirt* 
Mit*t boils, 
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of the liquid may be cleaned wdth the aid of waxed pieces of glass, 
as described on p. 464. 

The plate method described above may easily be adapted to 
determine tlie surface tension of a soap solution.f A glass or wire 
frame, as shown in Fig. 10-20(6), is made and is supported from 
below one pan of a balance, and arranged so that when the balance 
is equilibrated, the horizontal portion of the frame is about 0-5 cm. 
above the general surface of the liquid. The frame is then immersed 
completely and extra masses, added to the right-hand balance 
pan until the frame is in the same relative position as before. If I 
is the length of the horizontal portion, the weight of the film being 
negligil)le, 2yl = mg. 

Tills method may be used for liquids such as water, the horizontal 
jiortion of tlic frame then being nearer to the general surface of the 
liquid. 

((/) Thread method: This is a simple but interesting method for 
finding the surface tension of a soap solution. Two pieces of glass 
rod about 1-.5 to 2 mm. in diameter are cleaned and one of them is 
then bent as in Fig. 10-21(a). The bent rod must then be supported 
horizontally in a clamp. To the points A, B, C and D, equal 
lengths of cotton arc attached as shown, AB being about 10 cm., 
u hile AC is about S cm. ^^'e thus have a rectangular frame which 





I’kj- lO'Jl.—T}jr<-iul iiu'tlu'tl for dotenniiiing the surfitcc tension of 

a 8oap solution. 


may now be dipped into the soap solution whose surface tension is 
to be determined. When the whole is removed from the solution 
a film Mill be stretched between the rods and the tlireads, the form 
of the film being as indicated. The length of the loM’cr glass rod is 
then adjusted until the curvature of the threads is distinct and 

t Prof. Hoys rceoininonds tJie following soap solution. To a litre of 
distilk'd water contained in a woll-stoppered bottle add 25 gm. of sodium 
i.leate, and let it stand for 24 hours. Then add about 300 cm.* of glycerol. 
sliaUn well. an«l allow to stand for a week. By moans of a siphon remove the 
clear liquid, leaving the scum behind. Add two or tiiroo drops of liquid 
utoinonia to t)ie solution and store in a dark cupboard. The solution must 
not bo warmed or filtered. 
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measurable, care being taken that CD is horizontal; if necossarv a 
small loop of we, nearly fitting the rod, may be placed on CD and 
its position adjusted until CD is horizontal. 

Now consider the equilibrium of a small portion PQ, Fig. 10-21(6). 
of length ds, of on^of the threads. Lot the normafs at P and Q 

meet at C, where PCQ =; SO, and let r be the radiu.s of curvature at 
P. Suppose that Fj and F 2 arc the forces at P and Q arising from 
the tension in the thi-ead. The other force acting on this eloinent. 
if we neglect its weight [so that the cotton used should be very thinj 
is due to surface tension and amounts to '2y ds; it acts normally to 
PQ at its mid-point. Resolving forces along and normal to the 
tangent at the mid-point of PQ, we have, since the forces on PQ 
are in equilibrium, 

Fj cos I 60 — F._, cos h 60 = 0, 

2 y ds = (Fi + F 2 ) cos(^7T - i 60). 

Hence Fj = F.^ = F (say), 

i.e. the tension in the thread is constant, and 

2y 6s = 2h' sin h 60 = F 60, 

since 60 is small. 

. ds 6s F 

. . = hm — = — = constant, 

dO 60 2y 

i.e. the radius of curvature is constant, or the thread takes the form 
of a circle of radius r, where r = PC. Hence 


F = 2yr. . , . (i) 

To show how the form of the film i.s related to the surface tension 
of the solution and the mass of CD and any wire ring attached to it, 
let us imagine that the film is divided into two equal portions acro.ss 
XY, where XY is parallel to CD—cf. Fig. 10-21 (c). Since this 
portion of the film is in equilibrium, 


2F 4- -iyb = mrj .... (ii) 
where m is the mass of CD [and any wire rings attached to itj. 
^ the intensity of gravity, y the surface tension of the solution, an<l 
26 the width of the film at XY. 

Kliminating F from (i) and (ii) 


4y(r H 6) = nuj . . . . (i.i) 

If 26 is the vertical distance between the rods when the film is 

I)reKent, and 2« the distance between the threads when no film is 
present, 

(a - 6)(2r - a 6) = 6^ 
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Substituting this value for r in (iii), we have 



7ng{a — b) 


2(/i2 4. a2 - 62 ) 



With this very simple apparatus it is possible to obtain a very 
fair value for the surface tension of a soap solution, provided none 
is allowed to spread beyond the confines of the threads or to remain 
on the lower rod; that which does when the apparatus is lifted out 
of the solution sliould be removed with a piece of filter paper. 

'file necessary length measurements maj' be made with a pair of 
dividers and a scale in millimetres, or an image of the film may be 
produced by means of a converging lens on a piece of graph paper, 
due allowance being made for the magnification produced. 


Example .—A uniform wire is bent into the form of a square of side 
'Jo and Olio side is removed and replaced by a flexible and incxtensible 
llu'cad of liMigth (tt l)ri. The arrangement is then dipped into a soap 
solution and removed. If the mass of the thread is negligible find, 
from first prim-ij>le.s, tlie configuration of the thread and the area of one 
side of fln‘ film siqiporiiMl lu'twecn the threat! and the wire frame. 

.As shown on ji. -fhl tlie tiMision F in tlio thread is constant and related 
to the .surface tension y by the equation 



rmlius t>f curvature of thread, 


wliich is constant. Hence, in the problem in liand, the length of thread 
in 4 ()ntaet with tin* film is rra, i.e. 0-5a is the length of thread in contact 
uitli eaeh ‘s'crtical’ side of the frame. 


Area retjuired = {2a x ««) — 2 ^^“ = (3 — 2TT)a2 = l-43a2. 


(») Scar/c's sur/ace tension balance: When the lower edge of 
a (lean, thin rectangular plate is jtist immersed in a liquid it ex- 
peiienccs a pull of ‘2y! downwards, where y is tlie surface tension 
of (he liquid and / the Icngtli of the glass plate. This pull is .small 
and to ?u<*asufc it conveniently Sk.vhle di’signed a torsion balance 
sIkiwii in Fig. I(»-22. A thin wire W, Fig. 10-22{(7), is stretched 
bctuccn two vertical pillars and has a short length of fine copper 
luhing .soldorcd to it at O. The tension in the wire can be adjusted 


lt\' means of the scr(*w H. An as vm metrical lever AOB. Fig. 10*22(6), 


is attached to tin* torsion wire at O bv means of a small screw. A 


massive knob (’, threaded on to OB, serves to adjust the lever to a 
hoi i/.ontal position and since tiie balance is very sensitive to changes 
in the po-sition of C. the mass must be securely fi.ved by means of 
the light screw D. Tlu* end A of the lever moves over a scale S 
(in mm.), and the lever can be adjusted exactly to a horizontal 
position by adding a known ina.ss on to the lever at Xp and by 
t\\ isting tlio sujiporting wire by mean.s of a knob or lever K attached 
to tlic wire. Tliese adjustments are made with the plate in position 
and )n at Xj near to A. 
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The water, which we assume to be the liquid whose surface tension 
is to be determined, is placed in a clean vessel, E. on the top of a 
table which can be raised or lowered. The authorf has suggested 
that the upper rim of the vessel E should be coated with clean 
paraffin wax so that water maj' be added until its surface is above the 
rim of E. Three waxed glass strips, Gj, 0^, G 3 and known as barriers, 
are then used to clean the water surface as described on p. 405. 

The torsion balance having been equilibrated, the vessel E is 



Fio. 10*22.—Soorlo’s surface teni^ion bulanco« 


raised until the water surface ju.st touches the susj)cnded plate. 
At once the plate is drawn down into the water and the ma.ss rn is 
moved along the lever from Xj to Xg until the moment of the forces 
acting on the lever is reduced to such an extent that the gla.s.s j)late 
leaves the water. Under these conditions there Ls no question of 
the effect of any upthrust on the glass plate for this ha.s been made 
zero automatically. Then if r is the distance of the point of sus¬ 
pension of the plate, etc,, from O, 

2ylr = — x.g). 

where x^ and Xg are the distances of Xj and Xg from O. 

• ^ - ^2) 

2lr 

[If 6 is the thickness of the plate, a correction can be aj)plied by 
using 

_ nujix i - xg) 1 

2(1 + b)r J 

(/) Sentis* method for measuring the surface tension of a 
liquid: As originally described by SentisJ this method requires a 

t p/*u. Mag., 33, 77.5. 1042. 

XJ<fur. (U Physique, 6, 571. 1887. 
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clean capillary tube drawn out to a fine jet. This is dipped into the 
liquid under investigation and then withdrawn; some of the liquid 
which has entered the tube exudes and forms a small spherical drop 
at the drawn-out end of the capillary—Fig. 10-23(a). Consideration 

of the pressures at the points 
, , It A. B, C and D shows that 


•>,, o,, 

■'1 J'l 

^2 ff where R and Rq are the radii of 

^ j Jf: curvature of tlie siu-faees at C 

, ‘ [—I—: _j and at A, and the other sjTnbols 

. \^l. : -. have their usual meanings. 

w . This is an exact equation. 

I L, [ Now place below the tube a 

' -^ — vessel containing some of the 

liquid under investigation, the 
vessel being supported on a 
(a) (h) table which may be raised or 

lowered bv a measured amount. 

r lo. 10*23.—Sen t is’ met hod for r\\ xi -a* tai a 

nH.„s„n„g tlu. s„rfaf-<. tension of n Observe the position of the table 

iitluid. when the surfiice of the liquid 

in the vessel just touches the 

j)endent droj). Finally rai.se the vessel until the uijper meniscus is 

lestored to its original position in the vertical capillarv—Fig. 

l()-23(/d. Then 

■ - = 

1 , ./ r - 


(h) 


Vir., 10*23.—Sentis’ method for 
iiH*asuring the stirfuoo tension of a 
U(|uid. 


= f/P^'a- 


sti t hat 


= i/p(/q - //;.) = J/pH, 

1 \ 


w lu-re H is the measured distance throiigli which tlie table is raised. 

It w ill lie noted tliat the above equation is independent of the 
radius of the capUlarv tube and also of the angle of contact wliich 
the liquid makes with glass. This latter point is not always 
appreciated although Sentis Iiimself Avrote, “Voiei une mcHhode 
uTialogue (jui est indepemlante de cette hypothese' (que Tangle de 
racordement cst nul). 

Now if the drop is truly spherical in shape below its maximum 

civA.ss-sertion we mav write R — r. where '2r is the diameter of the 

% 

largest horizontal section of tlie pendent drop, so that 
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A modification of this method is due to the author.f A criticism 
of the original method appears at once when the following question 
is asked;—Wliy is it necessary to ‘draw down the capiliarc at its 
lower end’? One can see at once that a smaller drop will be formed 
when such a tube is used but it must be remembered that when the 
tube is thus constructed tlie formation of tlie drop is hindered if the 
viscosity of the liquid is appreciable, so that measurements may be 
taken before the truly steady conditions have been attained. This 
difficulty is overcome if the tube is constructed as shown in Fig. 
10-24{a). A glass tube about 2 mm. external diameter is scaled on 
to the lower end of the capillary tube (0*5 mm. to 1 mm. in diameter) 
and then cut off so that its length is about 5 mm. Well-defined 
drops, easily measurable, are then formed very rapidly even ^^ hen 
liquids with a high viscosity are u.scd, but it is no longer 
justifiable to assume that R = r. To make a correction we ma\- 
proceed as follows. Let be the j)re.ssure at A; then at B it is 
2y 

^0 ~ If Fig. 10*24(6), is the plane of ma.ximum cros.s- 
sectional area in the droj), the prc.ssure at any point in it is 

Po — ^ -i- (6, - 

•*^0 

w here 6 is the distance of D below MN. 

The force on MN, acting downwards, due to the above pressure is 

(^nsider now the equilibrium of the lower portion of the drop 
which we assume to be half an ellipsoid of revolution. Its weight 
is iTrr^/jffp, and this force acts downwards. The force due to surfiiee 
tension is 27rry acting vertically upwards wliile the air exerts a force 
Trr Pp. Hence, for equilibrium 



lnr%(jp 


since 




— 77*r^I((/q — — h](/p] q- ^nrVffjp. 


p. 4JI4. Calling A, — h., = H and writing 



2a=' = (H-6)r + jrA 
= Hr — , 

t Phil. May.. 33, 775, 1042. 
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It is known however, cf. p. 10, that R = —, so that 6 = 


r 2 H 


X V/« VAACX L* XV , • OVJ VAXO V 1 / —^ f?) 

0 2a^ 

since 2a^ = RH. Substituting this value for b in (i), we get 


2a2 = Hr - 


r^H 


12a^ - 6 Hra- + r^H = 0. 


0'S'‘l0mm. 

mm. 


. JL 
Smm. 


71 . 







( 6 ) 


Vm. 1 0 * 24 ,—Author’n 
innilitir'd form of tube 
for usf* with Sent is’ 
iiiethoil; more com* 
plt*tc tlieory. 


p r «i » r ; - — 


m ^ 

Fio. 10*25.—Determina¬ 
tion of surface tension 
of a licjuid by Sent is’ 
inethoil. 


Solving this (juatlnitic for wc get 

r 4 r1* 
rH rH 1- 

.. <»-H t X :Wr-H- ~ ISr^H “ L il'H 


and only the positive sign is to be retained since when r-^ 0 , we 
must have 'la- ~ rH. E.xpanding the surd and rejecting terms in 
wc get, 

« ... , « 1 r® V 


o ITT I ■» A »* y 

a- = ArH — er"- 
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A convenient set-up for this experiment, apart from the two 
microscopes, is shown in Fig. 10*25, and no further details should be 
required. 

(^) Ferguson*s method for determining surface tension: 
FERGUSONf devised the following modification of the capillary tube 
method for measuring the surface tension of a liquid. The great 
advantage of the method is that only a small volume of liquid is 
required. The capillary tube, arranged horizontally, is attached to 
a suitable pressure gauge. A, and Woulff’s bottle, B. as shown in 
Fig. 10*26(«). A small quantity of the liquid under inve.stigation 



*0-1,0.—FcrgiiKon’K inethud for dotc*rinining the Rurfuee tension of n 
liquid (cspeciuUy when ftvailublo in snuill quantities only) and tlio 
ifiU^rfuoial temiion botwcon two liquids. 


in placed in the capillary tube, T. If the pressures on either side 
of the drop arc ctjual, the drop will appear as in Fig. 10*20(6), 
the radii of curvature of tlie two liquid surfaces being e(|ual hut in 
contrary directions. Suppose now that the pressure in the Woullfs 
bottle is increased by allowing liquid to pass from the dropping 
funnel into the bottle. The smallest increa.se in pres.sure suffices to 
cause the drop to move outwards to the end of the capillary tube; 
when greater increases in pressure occur equilibrium of the drop is 
obtained by the outer surface becoming Ic.ss curved, i.c. the radius 
of curvature is greater. For suppose the pressure excess inside tlie 
apparatus is (jph, whore p is the density of the licjuid in the gauge 
and h is the difference in height of the li(iuid surfaces therein, then 
at B, big. 10*26(c), a point just inside the liquid, the pressure excess 

above that at A is-where y is the surface tension of the liquid 

and 11 is the radius of curvature at B. The pre.ssures at B and C are 
necessarily equal. At D, a point just outside the other surface of 

t Proc. Phya. Soc., 36, 37, 1023; cf. uIho Ap|>eiulix. 
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2y 

the drop, the pressure exceeds that at C by —, where r is the radius 

of curvature at C. Therefore, pressure excess at D over that at A 

, and tills is gph. 

Suppose that the pressure is increased till R —»• oo, i.e. one surface 
of the drop is flat. Then if A = H when R -► co, 




r 


Thus y may be found, and it will be noted that the density of 
the liquid under investigation does not appear in the formula. This 
is an additional advantage to the method. 

To test the degree of flatness of the first surface of the drop, an 
image of a small opal lamp, L, is focused on the end of the capillary 
tube, T, with the aid of a short focus converging lens. A piece of 
thin glas.s, G, placed with its plane at 45° to the axis of the tube, 
permits the operation to be earned out without obstructing the view 
of the end of the tube in a microscope M. When the surface is flat 
it appears to be uniformly illuminated. Otherwise an image of the 
0 ])al lamp is seen and this gradually broadens as the surface becomes 
])lane. The method is very sensitive so that the equilibrium 
jjosition may be ascertained accurately. 

[N.B. In the above argument it has been assumed that the liquid 
completely i\ ets, ef. p. 463, the walls of the capillary tube.] 

This method i.s readily adapted to determine the interfacial 
tension between two liquids. Suppose that a and ^ are two liquids 
in the horizontal capillary tube. Suppose that a pressure excess, 
(jph. inside the a})paratus is sufficient to make plane the surface of 
the li(juid /9 at the open end of the cai)illary tube. Then if zero 
contact angles are assumed, 

Yait +?'<.= 

where is the interfacial tension required, and y, is the surface 
tension of the liquid a. 

{h) Anderson and Botven^s method: This methodf depends on 
the measurement by optical means of the radius of curvature of the 
nu*niscus in a vertical tube immersed in the liquid and the height 
of the centre above (or below) the surface of the liquid outside. It 
i.s thus free from any correction due to the departure of the shape 
of tlic meniscus from that of a true hemisphere; moreover no 
knowicilgc of the angle of contact is required. 

The curve connecting the radius of curvature thus determined 

] Phil. Mag., 31, 143, 1916. 
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with the radius of the tube at the top of the meniscus, for a number 
of tubes of different diameters, enables the angle of contact to be 
determined. 

A glass vessel, A, Fig. 10'27(«), with a i)Iane base, had cemented 
to its base a right-angled glass piLsm, P. Parallel sodium liglit from 
a collimating lens, Lj. wa.s reflected b}' the prism along the axis of 
a vertical glass tube, T, dipping into the liquid in A, and the image 
formed by refraction of the light at the meniscus was observed bv 
means of a low-power microscope, M (scale read to 0-001 cm.)— 
ef. also Fig. 10-27(6). 



Fic.. 10-27.—Aiulcrson unci Bowen's itppamtns for inuiisuriiig the 

surfiico tension of a liquid. 


Let R be the radius of curvature of the meniscus. Then if x., is 
the distance of tlie image X2(= F^), formed by the refraction of the 
parallel beam at the curved surface of the liquid, from the lowest 
point on llie meniscus 


^2 

where n is the refractive index of the liquirl for sodium light. 
•Since R is essentially negative, .r^ is positive. 


M (^ - 1) = |H(. 

To determine x.^ it was necessary to hnow tlie position of O. 
Direct focusing on O was avoided by using light from a j)oint source 
•S^ and collimating this light by means of a converging lens L., and 
then reflecting this on to tlie meniscus by means of a cover glass so 
that an image at a distance | |R| from the meniscus was seen. If 
is the distance between the image formed by refraction and that 
formed by reflexion, then 

|H| 

ifi - 1 )' 


f = h |I<I i- 
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or |R| = 2f.r'^-Jl, 

+ iJ 

If h is the height to which the liquid rises in the tube—this was 
determined by shifting the microscope laterally and focusing on the 
level surface—then 

y = Xgplt\R\ = gphs\>^ . 

For opaque liquids such as mercurj' it is necessary to find R by 
a reflexion method and tlie uppermost point in the surface of the 
mercury must be accurately sighted. 

To apply the method to find angles of contact, experiments must 
be carried out with tubes of different radii (r). Then a plot of r 
(as x) against |R| (as y) will give a curve whose angle of slope at the 
origin is tan“^ (sec <^), where ^ is the angle of contact. The reason 
for this statement is that when the tubes are narrow |R| = r sec 
cf. p. 47C. For water, gljxcrine, olive oil and turpentine, the slope 
of the curves at the origin was unit3% pointing to zero contact angle. 
For mercury on glass ^ was found to be 139°—cf. Fig. 10'27(c). 

(i) Large sessile drops and bubbles: To determine, at room 
temperature, the surface tension of mercur}', y, and its angle of 
contact with glass, <f>, QiTNCKEf made observations on a sessile 



Fi( 3. lU-28.— Surface tension of inercuiy fiom 
observations on a largo sessile drop. 


drop of mercury formed on a glass plate. The experiment may be 
repeated in the following manner. A piece of plate glass, Fig. 10-28, 
rests on a steel cylinder inside a rectangular glass box supported 
on a table provided with levelling screws. The upper surface of 
the glass plate must be cleaned scrupulously and then made level 
w'ith the aid of a drop of mercury at least 2 cm. in diameter and 
which has been formed upon it, the mercur\' being filtered by 

t .-l/m. 105 1. 1S58. 
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allowing it to run through a very fine capillar)* tube. More mercurv 
is then added in the same way until the drop is at least 8 cm. in 
diameter. To determine y and the total height of the bubble. 
H, and the depth of the maximum cross-section below its upper 
surface, h, must be measured. To ascertain the exact point where 
the contour of the bubble is vei-tical the following optical arrange¬ 
ment, due to Cook, may be used. Beside the tclescoj)e or low-j)ower 
microscope used to view the drop is placed a lamp with a horizontal 
slit in front of it. This slit is adjusted to be on the same level as 
the axis of the telescope. When this axis, the horizontal slit and 
the point on the curved surface at which a tangent ])Iane to the drop 
is vertical are all in the same horizontal plane, a bright ‘star’ is 
observed at the centre of the cross-wires of the telescope. 

To determine H and h a spherometer, with a glass pin, drawn out 
to a very fine point and attached to the central leg of the instrument, 
is placed on a glass plate which rests on the glass box. The pin is 
low’ered until it just touches the uj)per surface of tiic mercury, and 
its position noted. The mercurj' drop is removed and the micro¬ 
scope raised and ‘reached’ forward until the tip of the pin is seen. 
The vertical shift of tlic microscope is h. The central lc‘g of the 
spherometer is then lowered until the pin just touches the top of the 
plate; H is obtained from the spherometer readings. Then since 


90 that 




— cos 

yp 


[cf ])p. 4S1-'J]. 


I 


— cos <!> = 



both y and ^ may be determined. 

(j) The drop-weight method: One of the commonest methods 
for measuring the surface tension of a licjuid consi.sts in determiriing 
the mass of a drop which falls slowly from the tip of a vertical tube. 
If it were ju.stifiablc to assume that tlie drop breaks away as soon 
as it has acquired a cylindrical surface near the <>nd of the tube, 
so that the radius of cross-section of the drop near the tube is 
equal to the external radius of the tube from which it falls, then 
tufj, the w'cight of the drop, would be given by 


vuj = Ttyr, 

if account of the excess pre.ssuro within the droji is taken into 
consideration. 

To establish this equation let us assume that r is the radius of the 
cylindrical portion, AB, of the drop—cf. Fig. 1()-2U(«). Just before 
the drop breaks away it is in static equilibrium under the action of 
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(i) its weight mg, directed downwards, 

(ii) an upward force 27ryr, duo to surface tension, 

(iii) a force piirr^), directed upwards and due to the pressure p of 
the atmosphere. 

(iv) a force {^p + acting downwards on its surface AB; the 

term yjr arises since the pressure inside a cylindrical surface 
exceeds the external pressure, cf. p. 459. 

These forces are indicated in Fig. 10-29(6). Since the drop is formed 
slowly we assume that it is in static equilibrium and, by equating 
tile above forces, obtain mg = Tryr. 

[If the term yjr in (iv) is omitted, we get 

vig = •27Tyr, 

an equation wliich, many years ago, was used (incorrecth’^ of course) 
in connexion witli the drop-weight method—cf. p. 505, however.] 

To vessel 
containing liquid 


A 


\p(TTr^) 

(a) (b) 

Fio. 10-211.—The drop-weight method for inetisuring surface tension. 

((») .Shows the drop and it is assumed to break away 
when this stage is reached. 

(6) Shows the forces on tlio drop. 

'Piiis equation cannot be valid since the edge of the drop i.<? rarely 
vertical and also because the whole of the drop does not fall. A 
I'iiiernatographic stud}' of a falling drop by Gaye and Perrotf shows 
wliy no simple formula can be found connecting the variables; 
Fig. 10*30 shows four succes.sive stages in the process after the drop 
ha.s become unstable. Two drops are formed—the smaller is Imown 
as Plateau*s spherule —and some of the liquid remains beliind. 
The ma.-^s of the two drops together is determined in this method 
of Hnding y. 

t Arch. Sci. Phys. *Vat, (Geneva), 15, 178, 1903. 
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The theory of the raetliod has not been worked out in detail ljut 
Harkins and BRO^\'N,■f■ following the pioneer work of Rayleigh, 
have bridged any gap in the theory by carrying out experiments with 
liquids for which y was known accurately. The}* find that one of the 
essential conditions for success in this method is that the drop shall 
be formed, at least in the stages immediately' preceding its detach¬ 
ment, \vith great slownes.s. Four minutes is about the minimum 
time required for the formation of one drop, although this can be 
shortened considerably by allowing the first stages in the formation 



I JO. 10*30,—Tlio kIow fonnation of a drop. 


of the dro]) to occur rapidly and permitting the final stages to proceed 
with the necessary slowness. These invcstigator.s also paid especial 
attention to the production of the glass tij)s. A Jena glass capillary 
tube was clam()ed in a high-s[)ocd precision lathe and rotated; a ver\’ 
fine carborundum disc was also rotated at high speed, the adjacent 
edges of the disc and tube were made to move in opposite directions. 
Ihe ground sides were then polislied with rouge in oil. A thick 
(2 cm.) cylindrical brass block, 10 cm. in diameter, was then per¬ 
forated with a hole i)erpendicular to one of its face.s, and of sucli a 
diameter that the cylindrically ground end of the tube would fit into 
it very exactly. The brass round the tip was then removed and 
filled with molten Wood’s metal whicli was permitted to harden 
lound the tip. The glas.s, Wood’s metal, and brass wore then ground 
away together by ruljbing the plane surface on a plane steel block 
covered with wot carborundum powder. 

When Harkins and Brown had determined c.vperimentallv the 
values of mg for tubes of different <liameters and liquids of dinVreiit 
surface tensions, they wTote 

7mj =/(r, y. p, V). 

ulure p w’as the density of the liquid and V the volume of a drop 
Now each term in the function / will be of the type 

t J<yur. Amer. Chetn. Hoc., 41, (i), 4Ul), 1919. 
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and its dimensions must be those of weight. Hence 

[iMLT-2j = 

Equating powers of like dimensions we obtain 


1 = y 4 2, 1 = a; — 32 -r 3u?, and —2 = —'2y. 
These give 

y=\, 2 = 0, and 1 = ar 4-3ie. 

Eaoli tei m in / will be of the t^'pe 






where the function F is determined experimentally, [d) is a less 
convenient function.] 

values of and 
r* 


The following table gives corresponding 



, y^-3 

. -(r) 




1-3791) 

1-310 

T-4230 

sim» 

T-2874 

1-211 

1-4218 

(5Ut)3 

1 T-3943 

1-124 

T-4203 


' 1-4004 

1-048 

1 T-4177 

4(m3 

1-40.51 

0-9S0 

r-4153 

i :t07.'> 

1-4092 

0-912 

' T-4125 

: 3-44.3 

1 -412S 

0-8Gi5 

1-4099 


1-41.52 

0-810 

1-400.5 

2-1537 . 

1-4 ISO 

0-771 

T-4038 

2.2 U 

1-420S 

0-729 

1-4009 

2-01)3 

1-4224 

0-092 

T-3978 

1-SS4 

1-423.5 

0-0.58 

T-3949 

l^oa 

1-4242 

0-020 

f-3910 

1 -.l.l.f 

T-4243 

0-597 1 

T-3883 i 

1 424 

1-4239 

0-570 ! 

T-3S50 : 


lu capable hands the drop-weight method gives results correct to 
u itliin ()•! per cent, provided that the above correction table is used. 
Tlu“ common j)ractice of comparing the surface tensions of liquids by 
drop|)ing liquids (at speetls greater than those mentioned above) 
from the same tip ami assuming that the ratio of the masses of the 
drojKs is the ratio of the surface tensions is fallacious and exceedingly 
untrustworthy. X. K. Adam says, 'The use of the table is .so simple 
that there is now no excuse for the old plan of simply comparing the 
weights of drops, and hoping the result will not be far wTong.’ 
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Now Quincke was one of the first persons to use the drop-weight 
method and it is interesting to consider why he used the equation 

rmj- = 27rry, 

for as Ferguson says,*!* ‘this physicist was not prone to make 
elementary errors’. 

Now on the statical theory of a drop cylindrical round the line of 
contact with the tip, the above equation is in error because the 
pressure-excess in the interior of the drop, due to curvature, is 
neglected. But if when the drop is about to break away it is 
assumed that its waist is a region of anticlastic curvature such tliat 
the two curvatures are equal and opposite, the pressure-excess is 
zero and we may >\Tite 

m(j = 27rRy, 

where R is the radius of cross-section of the waist. It was such 
conditions which Quincke contemplated and it is probable that this 
investigator’s use of the above formula caused the appearance of 

mg = 2nry, 

and its use in circumstances never considered by Quincke. 

Now let us consider an improved drop-weight method for the 
comparison of surface tensions. In this method, due to R. C. 
Brown, 1948, the flat tip of definite radius employed in the 
drop-weight method of Harkins and Brov^m is replaced by an in¬ 
verted cone. Surface tension determinations may then be carried 
out provided the cone is standardized by means of a liquid of known 
surface tension. The advantage of this new method is that no 
correction factors are needed. 

Let us therefore consider the detachment of a liquid drop from a 
conical tip such as that shown in Fig. 10-31(a). In a way to be 
described later, liquid is caused to trickle down the sides of the 
inverted cone to form a pendent drop. Eventually this droj) 
becomes unstable and falls; the average mass of the detached drop 
is found in the usual way. When the drop is unstable, let Vj bo 
the volume of the solid of revolution below the plane AB, which is 
defined Ijy the line of contact of the liquid sjirface with the cone. 
This volume is determined by 0, the semi-angle of the cone, and the 
parameters y, p and g, which have their usual meanings. Wo may 
therefore write 

Vi = y^p^'g^tpiiO), 

where tpi(0) is an unknown dimensionless function. Dimensional 
analysis gives for the constants x, y and z the values — 5 and — g 
respectively. 


3S 


t Jour. Sd. Intiir., 6 , 103 , 1929 . 
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Furthermore 6, the radius of curvature of the drop at the vertex 
when the drop becomes unstable will be determined by 0, y, p and g. 
Dimensional analysis gives 



Now the theoretical work of Bashforth and Adams shows that 
tliis equation implies that for a fixed value of 0 all drops at the 
unstable stage are similar in shape. For such similar drops the 
volume Vo of the liquid below the cone Ls a constant fraction of the 




A 


tOcfn. 

I 



Fio. 10-31.—An improved drop-weight 
method for measuring surface tensions. 


volume Vj. So far the theorj' is exact; but now we make an 
assumption which appears to be justified by the work of Harkins 
and Brown, viz. that the volume V of the detached drop is a constant 
fraction of Vj and hence of Vj. Hence, if m is the mass of tlie 
detached portion we have 



where ^3(6) is a constant fraction of 
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For two different liquids, 1 and 2, dropping awav from the same 
conical tip, we have 

\7ri2' \pJ 

A simplified version of the apparatus used by Brown is indicated 
in Fig. 10-31(6). The brass cone C is constructed and sliould be 
coated with platinum. The cone is extended by the collar D over 
which a glass tube G, sliaped as shown, fit.s snugly. A rubber band 
holds these two parts of the apparatus togetiier and the liquid does 
not escape via the conical joint. 

T is a piece of fine capillary tube whose length is adjusted so that 
the pendent drops form slowly. F is a small conical flask con¬ 
taining some of the liquid and used to catch a known number of 
the drops. 

Since it is essential to use liquids wliich wet the cone = 0), 
benzene should be used as the standardizing liquid and then tlie 
apparatus may be used to find the surface tonsion.s of .solutions of 
alcohol in water, of water to which a trace of ‘wetting agent’ has 
been added, etc. 

{k) The method of ripples: It has already been shown, cf. j). 473, 
that the velocity, c, of ripples is given by 

= 2 ^ ^ 

2n /.p 

Many experimentalists have made obsorvation.s on the velocity of 
ripi)les on a liquid surface to detonnine a value for y. Only an out¬ 
line of the method as described by R. C. BiiowNj will be given. 
The water, for which y was requirtnl, was contained in a shallow 
brass tank, the edges of whose sides had been previously waxed, so 
that the water surface could be swej>t clean with the aid of waxed 
strips of glass—cf. p. 405. The ripples were produced by means of 
a dipper, D, Fig. 10-32(a), rigidly attached to a reed. R.^, which was 
energized by the alternating current passed through the loud-speaker 
unit Ug, the length of the reed being adjusted so that its riatural 
frequency coincided with that of an alternating current sujiply. To 
measure the wave-length of the rip[)los a stroboscopic arrangement, 
shown in Fig. 10-32(6), w-as used. Light from a pointolite lamj), P, 
was focused by means of a lens, Lj, on a horizontal slit, S,. By 
means of a concave mirror, Mj (1 metre radius of curvature), the 
light from S| was focused at Sg, a point in the first focal plane of a 
lens, In this way a beam of parallel light was directed on to 
a plane mirror, M2, inclined at such an angle to the horizontal that u 

t I'roe. Phya. Soe., 48, 312, 1930. 
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parallel beam of light was incident upon the disturbed surface of 
the water. 

Now the concave mirror Mj was attached to a reed, R^, tuned to 
the frequency of the a.c. supply and energized by the current 
through a second loud-speaker unit TJj, in series ^v^th U2. Hence 



Fig. 10-32.—Surfuee tension by tho method of ripjdes 

(or capillary waves). 

for every ripple produced by D, i.e. during one complete vibration of 
Ho, the beam of light from Mj passed twice across So so that the 
intermittent illumination of the water surface had a frequency twice 
that of the dipper. By means of a telescope, T, the intermittent 
light reflected from the water surface was examined; the image 
ctinsi.sted of a series of straight lines parallel to the edge of the dipper. 
The distance between successive lines was determined by shifting 
the tclescoiie laterally. Owing to the relationship between the 
frequencies of the dipper and the reflected beam the distance was 
half the wave-length required. The value for y was calculated witli 
the aid of the equation given on p. 507. 
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T J * tension of a soap solution can 

t)e obtamed at once from observations on the excess pressure within 

a soap bubble of knowm radius. A special form of manometer is 

necessary smce the excess pressure is seldom more than a few 
milhmetres of water. 

PJ’iocipIe of a suitable manometer is as follows. Let A, Fig. 
10-33(a), be a cylindrical vessel of cross-sectional area A and let B 
be a side tube attached to A and inchned at a small angle to the 
horizontal Let this apparatus contain a liquid of density p and 
suppose that when the pressure in A is atmospheric, p, the liquid in 



Fig. 10*33.—a Kensitive intinoinoUtr for inea^uriog 

email pressure differences. 

A, w at a height z above a datum level through O; let the liquid 
in ^ occupy a length of that tube. When the pressure on the 
liquid surface in A becomes p + zip so that tliis surface falls a 
distance .dz, let the liquid in B move to D so that CD = /g — /^ = X 

(say). Since the volume of manometric liquid is invariable, we have 

A(dz) = ~ 

where a is the cross-sectional area of the tube B. Now a considera¬ 
tion of the pressure at O in the first stage loads to the equation 

p -1- a + <jpl^ sin y = p q- gpz, 

where a is a correction term due to any small pressure difTerenees 
which may exist across the liquid surfaces ami due to surface tension. 
il each of the tubes is uniform in cross-section a will be constant. 
Similarly, in the second stage, wc have 


V H- a 4 - (jpl^ sin \p = {p 4- Ap) 4- gp[z — Az), 

»othat dp^gp}!\^+sm^. 

By making a small and A large the fraction ^ can be made quite 
amall but even with u manometer tube of radius 01 cm. and a ves.scl 
of radius 1 cm., ^isO-OlO, which iseum]>aruble with sin^ when ip is 2 ®. 
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In practice the manometer takes the form shown in Fig. 10-33{6) 
so that it may easily be cleaned. The tube B is normal to the axis 
of A and the required inclination tp is obtained hy tilting the stand 
to which the instrument is fixed. 

A convenient apparatus for forming a soap bubble of suitable size 
is sho^™ in Fig. 10*34. A is a box, each edge about 10 cm., two 
opposite sides of which are made of glass; the remainder are brass. 
One of the vertical metal sides is drilled and then shaped so that a 
circular metal plate P may be fitted to it and held in position with 
screws. P is provided wth an aperture through which passes a 



Airunden 

slight 

pressure 


Fig. 10-34.—Experimental method for detonninirig the surface tension of a 
soap solution from observations on the excess pressure witliiu a bubble. 


small rubber bung carrj'ing a glass tube about 3 mm. in diameter 
and of the shape shown. The tube CD is comiected via the rubber 
tubing and clij) E to a supply of air under slight pressure, w’hile a 
side tube F lead.s to a sensitive manometer. When a soap bubble 
is to be formed at the end of C the stop-cock in F is closed so that 
the gauge liquid shall not be expelled. The solution under investiga¬ 
tion is placed in a small glass container at G which can be raised or 
lowered in the manner indicated. 

To 2 >roduce a bubble the tube CD is rotated about a horizontal 
axis until C points downwards and the liquid in G is then raised so 
that C dips into it. When G is lowered a soap fiJm is formed across 
the end of C and this film, by blowing, is extended to form a bubble 
of the required size. The tube CD is rotated through two right 
angles so that the bubble occupies the position shown in the cUagram. 
If the bubble is used with C pointing downwards a small blob of 
liquid will aImo.st invariably hang from the bubble and destroy its 
sphericity. This want of sphericity is avoided when C is turned 
upwards and the gloss point Q tends to collect any solution draining 
from the bubble; eventually this drop falls into G. 
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Now if D is the diameter of the bubble, we have 


r 


Hence 





D ' 


Hy 


OP 


a 

-A 


4- sin 


1 _ 

D 


so that if a series of observations on bubbles of different sizes is made 

and a graph of - against A plotted, a value for y can be deduced from 
the slope of the graph. 

To measure D the bubble should be illuminated from a distance. 

converging lens of about 25 cm. focal length is then arranged t*) 

form, on a screen, an image of the bubble's profile, in the jdane of 

the diagram. The necessary calculation is too simple to be triveu 
here. ® 


Some remarks on methods for measuring surface tension,— 
All methods for measuring surface tension fall into one or other of 
two classes; consequently they are called static and dynamic 
methods. In the former observation.s are made on a stationarv 
surface, which has existed for some time, and depend on one or 
two principles. The most accurate .static methods require the 
measurement of the pressure difference which exists acro.ss a curved 
surface of a liquid; once this pressure is known a value for the 
surface tension can be obtained provideil that two ])rincipal radii of 
curvature of the surface are also known. Methods involving the 
use of capillary tubes, the sessile drop method and the drop weight 
methodarc all examples of statiemethods. Sometimes thedrop weiglit 
method is regarded as a dynamic methotl but since Harkin.s and 
Brown showed that unless the drops are formed very slowly no 
reliable result can be obtained, this method is effectively a static 
one. The less accurate of the* static methods involve observations 
on the extension or shape of a li(juid film. 

The dynamic methods depend on the fact that certain vibrations 
imparted to a liquid may cause periodic extensions and contractions 
o ita surface; when these arise surface tension supplies the restoring 
tor^ which is essential for the vibrations to take place. 'J'ho 
oscillations of hanging drops, cf. Ex. 1014 p. 530. or of jets issuing 
rom an elliptical orifice and the projiagation of ripples are the 
principal dynamic methods. Such methods may give a value for 
the surface fonsion of a solution which diff ers from that obtained by 
a static method since a new surface is constantly being formed and 
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may not be sufficiently old for adsorptionf to have reached equili¬ 
brium. The work of R. C. Brown, cf. p. 507, who viewed progressive 
ripples stroboscopically, shows, however, that the ripple method 
yields the ‘static’ surface tension. This is usually attributed to 
the fact that there is practically no renewal of the surface and very 
little interchange of material between the surface and the liquid 
itself. All known d3'namic methods suffer from the fact that, in 
their present stage of development, the time which elapses between 
the formation of a surface and the measurement of surface tension 
is practically' unknown. 

Miscellaneous Problems on Surface Tension 

The force between two plates separated by a thin layer of a 
liquid.—Suppose that a drop of liquid rests between two parallel 
glass plates and that the area of each plate in contact with the drop 
is large. It is found experimentally that a large force is required 
to separate them in a direction normal to the plane of the plates, 
but they slide over one another comparatively' easily'. The force 
required to separate them normally’ may be calculated as follows. 

Let 2R be the diameter of the circle which the drop, Fig. 10’35(a), 



Cb) 


Fig. 10-35.—Thiii layers of liquid between parallel plutos. 


makes with the upper plate, t the distance between the plates, y the 
surface tension of the liquid and the angle of contact between the 
liquid and tlie glass. The pressure within the liquid is less than 

atmospheric by' an amount p = J wliere r is the radius 

of curvature at A. Now, if the plates arc very' close together 


r 



sec 


t .Adsorption is the term applied to the concentration of one constituent of 
a Koliition at its surface; the rule for adsorption in the case of a liquiddiquid 
HoJution is that if the solution has a surface tension less than that of the solvent, 
the solute is concentrated at the surface when it U newly formed. 
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.. Resultant force (acting downwards) on upjjer plate, cf. Fig. 
10-35(6), is ^ 

p(7rR=) + 27rRy sin ^ -f ^Tj-Ry sin <f>, 

\t see <6/ 


= 27rR 


vR 


.t sec 

Force required to separate the plates is 27rR 


+ y sin (i 


]■ 


yR 


+ y sin <f> 


]■ 


^ j 

The term y sin <f) is very small compared with that containing t, 
and may be neglected. 

If a drop of mercury is to be maintained between two parallel 
plates close together, then the upper plate must be loaded, tlie lower 
one being at rest on a table. The pressure within the mercury is 

greater than atmospheric by an amount /> = -=— cos (tt — d>) 
cf. Fig. 10-35(c). ^ * 

. . Resultant force on upper jilate due to inereur)’ is 


ttR^P — 27rRy sin (tt ~ </>) = ttR^. — 

L< S' 


2 y 


- 27rKy si 


-, sin <f>, 

sec {tt — <p)J 

and this acts upwards. If M i.s the mass of the load on the upper 

plate required to hold it in position, and (j the intensity of gravity, 
then 

= 27 rR r 


Mg 


— y sin 


U sec {tt ~ <l>) 

Again the term y sin <f> is small and may be neglected. 

On the force required to withdraw a plate from a liquid 
surface.—When a Hat plate is placed on the surface of a liquid at 
rest and then slightly raised, it is found that a layer of liquid 
adheres to the plate. As the force raising the plate is inereused 
so the amount of liquid adhering to the plate continues to increase 
until, when the force reaches a value F (or mg, say), the plate 
suddenly breaks away from the surface. Just before this occurs 
let 2 be the height of the plate above the general level of the liquid 
surface. If is the atmospheric pressure, A the area of the j>late 
(say a circle of radius R), and p the deiLsity of the liquid then tlie 
pressure in it at a point just below the jjlato is {p^ — gpz), i.e. the 
force pulling the jdate downwards is 


;>oA — (Pq — gpz)A = Agpz. 

This is equal and opposite to F, so that m = Apz. 

Now let us assume that R is large, so that if the liquid wets the 
plate, the trace, in a vertical plane, of the meniscus is everywhere 



514 


THE GENERAL PROPERTIES OF AIATTER 


a semi-circle of radius hz. Then at a point in the liquid where the 
horizontal section of the raised liquid is least, the pressure will be 
less than atmospheric by an amount which is very nearly given by 

K-»)- 

This pressure difference must be hgpz, if the meniscus has the 
shape we have assumed, so that 


i.e. 


m = A pz = 2 A 
F = mg = 2A\/ 


yp 

{/ 


ypG 


Thus if m is measured, the plate being suspended from an equili¬ 
brated balance, a value for the surface tension y may be found. 

Example, —A vertical glass capillary tube with a sliglitly conical bore 
just dips with its apex upwards into a liquid of density p, surface tension 
y and angle of contact with glass zero. A very small hole is loft at tho 
apex so that air can escape from the tube. If a is the maximum radius 
of cross-section of the tube and I its length, show that the liquid rises to 
a height h given by 


. ^ 2yl 

h - 2 ±V 4 - 


gpa 

where g is the intensity of gravitj*. 

Discuss tho equilibrium of these two possible positions and also find a 
value for h when I is very large. 

Sui)pO80 that the liquid takes up the position shown in Fig. 10-36{a) 
and that r is the radius of curvature of the meniscus. Then 


and 


which gives 


r = {I - h) 

/t2 _ //i q. ^ = 0, 

, / jW 2yl 

~ 2 ^ 4 gpa- 


nh 

— = gph. 


U'li./'i) - 2 - 'J ^ g^l • 

When / is verv large 

F- - - - * 

^ gpcil 


■^Y 

gpal 


[''1' ■» = ^ - - —J = —■ 

2 2\ gpaU gpa 

The positive sign is rejected since [^k—go is the lieight to which the 
liquid rises in a uniform capillary of radius a. This suggests that it is 
tho lower height /q which is the stable one. 
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• conclusively consider the liquid when its meniscus 

f being the radius of the corresponding eross-secii(;ii 
^ e tube; tho liquid is not neccssiirily in oquiJibriurn. 

Let gph =p; ^ 

r a(l - /i) ' 

For equilibrium> p = p\ If p > p' the meniscus will fall; if p < m' 
the meniscus will rise, i.e. p will increase. 

Now plotand/)' both against It; tho result is sliown in Fig. 10 36(6). 



Fio, 10-36.—Rise of u liquid in a oonicul capillary tube. 

In general there will ho two points of inloi'section, viz. A and R. 
coiTosponding to tho root.s /q and of tho equation 

P = P'- 

Between A and B for any given A. p > p' so that a meniscus placed 
ttt this level wouki fall; tliis means that surface tension elTocts are not 
largo enough to support tho liquid column. 

Below A, /» < p’ and above B, p < p', so that in each of these two 
‘^^nncos tho meniscus would rise. 

Now A corrtmponds to a Btahlt5 position of tlie liquid in tho (uho 
Jocuuso a displacement to either side is followed by a return of the 
meniscus to its undisturbed position. On tho other hand B corresponds 
JO an unstable position us u small disiilacement to eitJier side is followo<l 
oy a greater displacement. 

1 ho existence of two eijuilibrium positions <lopends on whether or not 
^ p cuivo croBses tlio Htruight line (or p. Imaginary roots occur if 

P' is parallel to the /t-uxis and there is onlv 

one position of equilibrium. 

The variation of surface tension with temperature.— In inir., 
I’KitousoNf propo.sed that for non-associated* liquids, such as 

tRAd. Mag. 31, 37 , | 010 ; Trarm. Far. Soc.. 19. 407. 1923. 
tCH liquids, such as water, foniuc acid (H.t.’OOH). acetic a<id 

<^thyl alcohol (C^H^.OH), etc. have strong dipole inoinoiitB. 
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benzene and carbon tetrachloride, the variation of surface tension 
with temperature B, as measured on a centigrade scale could be 
represented by the equation 

y = yo(l - 

^^•he^e 6 and n are constants for a given liquid, y^ is the surface 
tension at 0° C., and since the surface tension becomes zero at the 
critical temijcrature 6^, one maj’ reasonably cxiject to find that 
b = B~^. To determine the constants h and n, Ferguson proceeded 
as follows. By differentiation, we have 





dO 


If, therefore, we plot 0 = x, y = y - we should obtain a straight 

/ 1 \ 1 
line whose slope is I- I and whose intercei)t on the y-axis is — 

The following arc some of the results obtained. 


\ n 

1 

6 X 10> 

6 -‘ = 0, 

Oe'C. (observed) | 

Ether .... 

1-248 

o-lo5 

194 

193-8 

Eenzene 

1-218 

3-472 

288 

288-5 

C'lirbon totrachlorido CCI 4 

1 

1-206 

3-553 

281 5 

283-1 

f 


For fourteen different liquids examined the variations in n were 
small; the mean value of n for them was 1*210. 

In 1893 van der Waals proposed that 



where A and m are constants for a given liquid, T the temperature 
on the absolute scale, and the critical tem2)eratiire. This was 
an em])irical formula but van der Waals predicted tliat m would be 
a constant. Now following Verschaffelt (1925) it may be shown 
that Ferguson’s and van der Waals equations are equivalent. For 





T,™ I oj 


lO \ 

But AI 1 is, like y^. a constant, so that the identity is established 
provided m = 7i. 
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Now according to thermodynamical reasoning, cf. Vol. II, the 
relation between surface energy density €, surface tension y and 
absolute temperature T, is 


€ = y~ T.^ = y 

^ dT ^ 


T. 


dd 


Using Ferguson’s equation we have 


At 0 = 0^, since « > 1, 


Oc 

^ = 0. 
de 


i.e. the y, T curve is tangential to the T-axis at T = T^. 

ax ~ 


Now 


^ (dy_dy\ 

vax do/ 




a02 


-yi 


At this becomes oo, since n ^ 1’2, i.e. 

1 


(■-in 


00 


O^Oe 


Thus the €, T curve Ls normal to the X-axis at X = X^. 

Also = 0-0 = 0. 

The graphs shown in Fig. 10*37 indicate how y and € may be 
expected to vary with temperature. 



Molecular volume and the parachor. —The molecular volume 
o a uquid is obtained by dividing the molecular wciglit in grams 
y the density of the substance. As early as 1842 Kopp noted 
a in general the molecular volumes of organic compounds, 
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evaluated at their normal boiling point, were additive functions 
of the atomic volumes of the constituent elements. This was the 
first instance of a physical property to show marked additivity. 

In 1923 SIacleod discovered that for non-associated liquids the 
relation 



P 


is valid over a wide range of temperature, where y is the surface 
tension of the liquid, p the difference between the density of 
the liquid and that of its saturated vapour at the temperature of 
the experiment and C is a constant. In 1924 Sugden pointed out 
that if both sides of the above equation are multiplied by M, the 
molecular weight in grams, then 

= MC = [P], 

P 

where [P] is a constant, termed by Sugden the parachor. The 
name implies that [P] is a comparative volume, ircLpa. — next to, 
Xibpoc. = space. At temperatures which are not too high, p may 

M 

be taken as the density of the liquid so that — is the molecular 
volume, D. Thus ^ 

[P] = QyK 

and it appears at once that the parachor represents the molecular 
volume of a liquid at such a temperature that its surface tension 
is 1 dyne.cin.“^. Hence, instead of following Kopp and comparing 
molecular volumes at their normal boiling points, we may compare 
them under such conditions that their surface tensions arc the same. 
Since the attractions between neighboiuing molecules in a liquid 
determine its surface energy density and hence its surface tension 
and also the so-called internal pressure of a liquid, it follo^vs that 
if the surface tensions of two liquids are the same then their internal 
pressures arc at least approximately equal. Thus a comparison of 
the parachors of two liquids at such temperatures that their free 
surface energies are equal may be expected to provide a better basis 
for the comparison of molecular volumes than did Kopp’s method. 
In this connexion it is essential to remind ourselves that since volume 
is a function of temperature, the main difficultj’ in applying the 
principle that molecular volumes are additive, is to discover the 
correct temperature at which to compare molecular volumes. By 
using Macleod’st relation W'e are able, as Sugden first show’ed, to 
compare these volumes under such conditions that the effect of 

t Trans. Far. Soc., 19, 38, 1923. 
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temperature is neutralized since — is very nearly indejjendent of 

temperature. Sugden found, however, that the value of the fraction 
increased slowly ^vith rise of temperature for liquids which are 
considered to be associated, e.g. methyl alcohol, ethyl alcohol, 
acetic acid, amines, etc. For mercury the fraction increases bv 
about 2 per cent as the temperature changes from room temperature 
to that of boiling mercury; for tin over a similar range of tempera¬ 
ture the change is 5 per cent. 

By comparing the parachors of different compounds in the liquid 
state Sugden showed tliat the parachor is pre-eminently an additive* 
property. Thus (a) i5omcric+ compounds have jiaracliors of the 
same value and (6) the differences between the jiaracbors of successive 
members of an homologous series are the same in different series. 
Moreover, when the parachors of individual atoms and of certain 


groups of atoms are determined, the agreement between experi¬ 
mental and calculated values is most striking. 

It was soon found that the parachor depemls not only on the 
constituent elements in a compound but also on their mode of 
linking together. Thus the formation of a ring structure increases 
the parachor by an amount determined by the number of atoms in 
the ring; likewise the effect of a double bomi on the parachor 
depends on whether or not the bond is non-polar as in ethvlene 
[C 2 HJ or scmi-polar as in trimethylamine-o.xide [(CHjlaNOJ. The 
parachor of a compound may be expressed ns tlie sum of a number 
of atomic and structural constants which are independent of the 
nature of the compounds. Thus, although the real meaning of the 
parachor is unknown, it has been used in determining the structure 
of compounds and in deciding between alternative structures M’hich 
may have been suggested. Structures determined in this way are 
not always in agreement with chemical evidence or with the con¬ 
clusions from reliable physical methods, e.g. by the use of X-rays 
or absorption spectra. 


The surface tension of molten metals.—The accurate deter¬ 
mination of the surface ten.sion of a molten metal offers exceptional 
difficulties, for the surfaces are very ca.sily contaminated, yome 
of the be.st work on this subject Is by Bircumshaw [I926J. He 
Used the method of maximum bubble pressure as modified by 
bugden—cf. p, 488. The fact that two tubes, dipped to the same 
depth in the molten metal, are used is now a distinct advantage 
since no term containing the dcptli of immersion or the density 
of the molten metal appear in the final equation from which the 
surface tension is calculated. In the actual research Bircumshaw 


t Tlioir inoluc-uloti huvo strong dipolu inoinents. 
$ i.o. of thu Buiiio molecular weight. 


520 


THE GENERAL PROPERTIES OF MATTER 


applied corrections, as worked out by Sugden, to allow for the fact 
that just before the bubbles break away they are not truly hemi¬ 
spherical in shape. 

For all molten metals the surface tensions are found to be reason¬ 
ably high and for copper and cadmium it is probable that the 
surface tension increases with temperature. 

Surface films of insoluble substances on water.—^^Tien a 
small quantity of a practically insoluble and non-volatile substance 
is placed upon a liquid surface and that liquid, like water, has a 
high surface tension, then one of two things may be observed. The 
substance may either spread over the water surface or remain as 
a compact mass. It is now known that the necessary and sufficient 
condition for the substance to spread is that its molecules must 
attract the water more than they attract one another. If the 
extent of the sui-face is great enough the spreading substance forms 
a film one moleculetliick and is known as a monomolecularsurface 
film. If the surface is not large enough for the whole substance 
to e.xist as such a film, then it is found that the major part e.xists 
as a monomolecular surface film interspaced \nth minute but visible 
droplets of much greater thickness. 

These monomolecular films are found, in general, to have a very 
simple structure so that a stud}’ of their behaviour reveals to us 
facts concerning the size, shape and other properties of individual 
molecules. 

Mainly historical.—Surface films on water were known in 
ancient times, for the peoples of those days comprehended that 
ships in a tempestuous sea could be protected % calming the 
surface waves by adding a small quantity of oil. Mineral oUs, as 
distinct from vegetable oils, are not very efficient in this respect. 
When the conception of surface tension had become understood, 
it was found that an oil film on water reduced the surface tension 
considerably. Rayleigh, in 1890, was the first to measure the 
minimum quantity of an oil necessary to reduce the surface tension 
of water by a definite amount. It was well kno^^'n that fragments 
of camphor introduced on to a water surface move rapidly over 
the surface; the concentration in the surface layer of the dissolved 
camphor is not uniform and since the surface tension of a solution 
varies with concentration, a differential surface thrust is experienced 
by each camphor particle until the surface is completely satur¬ 
ated w’ith that substance. The surface tension is then about 
62 djme.cm."^. Rayleigh found that 0-81 X 10“^ gm. of olive oil, 
spread over a water surface 5*5 x 10^ cm.“ in area, is sufficient to 
stop the movements of camphor particles on the water surface; by 
adding this amount of oil to the water its surface tension had been 
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reduced by about 16 dyne.cm.and this had been caused by a 
layer of oil 16 x 10“® cm. thick. 

A year later this work was followed by a most important discovery 
by Fraiilein Pockels, She discovered that the extent of a surface 
film could be adequately controlled by means of a ‘barrier’, which 
IS a piece of glass-strip coated with paraffin wax. The barrier 
must rest on and touch the water at all points along its side and 
extend along the whole width of the surface. On p. 405 it is 
emphasized how necessary such barriers are in making clean a 
water surface; such barriers are the ‘corner-stones’ of all accurate 
methods of experimenting with tliin films of water. In 1899 
Rayleigh repeated and considerably extended the work of Fraiilein 
Pockels. His work confirms the fact that by bringing the barriers 
closer together and so diminishing the area occupied bj* a kno\^•n 
mass of olive oil on a water surface, the surface tension remains 
almost invariable until a certain critical area is readied; then 
the value of the surface tension suddenly drops by ajiproximately 
half the value for clean water. From the known volume of the oil 
placed on the surface and the critical value of the area when the 
reduction in surface tension occurs, tlie thickness of the film at 
this stage ma}'be calculated. It is found to be about 10 X 10 ® cm. 
and from the similarity between the magnitude of this thickness 
and the kno\vn diameters of molecules <Ierivo«l from the sinqile 
kinetic theory, Rayleigli deduced that under tliesc circumstances 
the film is one molecule thick. 

The monomolecular nature of surface films. Differential 
surface tension or ‘surface pressure’.—Let A, Fig. 10-3S, lie 
a light floating strip of lengtli /, resting on the surface of a liijuid 
contained in a trough with rigid bouiKiaries. The strip is normal 


Clean 




2 y F 




% 






Fio. 10-38.—Difforciitiul Burfuco tension or ‘siirfiK-o pressuiu'. 


to the piano of the diagram. Let tlie surface to tlie right of A 
be clean, while on the left of A the surface is covered by a film 
whoso area may be altered by moving the barrier 132- All three 
barriers must be used to prepare and maintain the clean surface. 
Ret F be the outward force experienced by A and let and y be 
the surface tensions of the clean liquid and of the lilm-covered 
aurface. If A is displaced by the force F a distance dx to the right, 

84 
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the work done by the force must equal the decrease in the total 
free-energy of the system, if thermal energy sufficient to keep the 
temperature constant is supplied. Thus 

F dx = decrease in total free-energy 

= decrease in free-energy of the ‘clean surface’ -{- the 
decrease in free-energy of the ‘unclean surface’ 

= YqI dx — yl 6x, 

the negative sign indicating an increase in the total free-energj' of 
this portion of the s^'stem. Hence 

F 

y = yo-y. 

F 

Let -j — y; we shall call tp the differential surface tension 

although it is often called the surface pressure. 

Adam has called attention to the close analog}' which exists 
between ip, the force per unit length exerted by a .surface film on a 
floating barrier, and the osmotic pressure of a solution: the float 
simulates a semi-permeable membrane and it is through the float 
that the differential surface tension makes itself manifest. 

Langmuir’s work on monomolecular or unimolecular 
films.—LANGMuiRf made a great step forward in the study of 
surface films when he used, instead of ‘oils', j)ure substances of 
known composition. The .substances, liquids as well as solids, were 
spread by dissolving tliem in benzene; a ‘drop’ was allowed to 



fall on the water surface when the solution spread rapidly and in a 
few seconds the solvent (benzene) evaporated. The apparatus used 
by Langmuir to measure tp is sho\m in Fig. 10-39(a). It consists 
of a long narrow shallow trough partly filled with water. A is a 
waxed cardboard strip which rests on the water surface near to 
one end of the trough. At tlie other end of the trough and floating 


39, 1S48, lun. 
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on the water is a waxed cardboard strip, B, whose length is nearly 
equal to the width of the trough. By moving the barrier A the 
extent of the surface covered by the ‘oil’ can be varied and the 
film is prevented from spreading between B and the sides of the 
trough by two suitably directed air-blasts, as indicated by the arrows. 

The strip B is suspended by means of a light glass framework 
from two knife-edges resting on a rigid platform, R, Fig. 10-39{6). 
The top of the frame\vork carries a lever with a scale-pan, P, at 
one end and a counterpoise, Q, at the other. 

To carry out the experiment, a small load of known mass Ls 

placed in P so that the float is displaced from its position of rest. 

The barrier A is then moved towards B until the floating barrier 

B is restored to its zero position. In this way the areas of the 

film for a given set of values of ip is determined, the value of ip 

being deduced from the mass in P and the dimensions of the 
apparatus. 


With saturated fatty acids and alcohols Langmuir established 
quite definitely the existence of a critical area at which ip becomes 
finite; this corresponds to the stage in Rayleigh’s experiments at 
which the surface tension is di¬ 
minished. Langmuir expresses 
his results graphically by plot¬ 
ting the area of the surface 
occupied by one molecule of the 
film material and the corre¬ 
sponding value of the differential 
surface tension ip. The area 
occupied by a single molecule is 
calculated from a knowledge of 
the mass of ‘oil’ spread over a 
known area, its molecular weight 
and Avogadro’s constant. Fig. 

10-40 is a typical curve. When 
the area occupied by one mol¬ 
ecule is greater than the amount 
represented by the point Q on 
the diagram, i.e. 21 x 10“*® 
cm.^, the value of y is too small 

to be detected, i.e. there is no measurable change in the surface 
tension of water. As the area occupied is diminished, the value 
ot ip increases slowly at first and then more rapidly until a stage 
represented by the point H is reached. As the area is further 
Uiminished the value of ip remains almo.st constant, but it is in tliis 
stage that the film can be detected visually for it begins to crumple 
Up HO that Htrain lines appear on the surface. 



tio. 10*40.— Sorno of Luiigmuir’.s 
results with thin films. 
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In the region between Q and a not-too-well defined point S, the 
film is considered to be in the ‘liquid state’, for particles of dust 
on the surface can be seen to move about quite freely. At S the 
film becomes ‘solid’ for, from then on, as the area is reduced, the 
dust particles are stationary. 

The condensed film.—Langmuir found that for the series of 
fatty acids fi:om palmitic acid (C 15 H 31 .COOH) to cerotic acid 
(C 25 H 51 .COOH) the surface area occupied by one molecule at the 
stage represented by Q in Fig. 10*40 is always approximately 
(21 X 10”^®) cm.2. The fact that the critical area does not change 
as the length of the hj'drocarbon chain is varied in the above series 
of normal, saturated fatt}^ acids proves that the molecules arc 
orientated steeply to the surface and it is possible that the orienta¬ 
tion of the chain is vertical. 

Now palmitic acid, ^\^th a total number of 16 carbon atoms, has 
a molecular volume of 300 cm.® mole.“^, so that each molecule of 
tliis acid has a volume 

300 ^ G-02 X 10-^ = (498 X lO'®-*) cm.®. 

According to Langmuir its cro.ss-section is 20*5 x 10~^® cm.®, so that 
its length in a direction normal to the surface is 24 x 10~® cm., if 
the density of the substance is independent of whether it exists 
as a film or in bulk. A molecule of palmitic acid therefore ai)pears 
to be about five times as long as it is thick. Such results are in 
accord with those found by X-ray studies and thus tlie view that 
the long chains in these molecules are cither normal or very steeply 
orientated to the surface on which they rest is confirmed. 

The work of N. K. Adam and his collaborators.—About 1020 
Adam began a series of investigations on surface films whereby' the 
work of Langmuir was not only confirmed but also greatly extended. 
At first Adam used an aj>paratus similar to Langmuir’s except that 
waxed glass strips were used for the barriers. By 1926 Adam and 
Jessop had designed an apparatus of greater sensitivity and 
reliability. The trough is made of brass, although one of silica 
would be preferable, and both it and the barriers are coated with a 
hard paraffin wax, whose jjurposc is to provide a non-wetting laj'er 
across which the water cannot spread. It is most important that 
the barriers and tops of the trough shall not become wet, for under 
such conditions the pa.ssage of the film be 3 'ond the area to wliich it 
is supposed to be confined cannot be prevented. 

To prevent the passage of the film bej'ond the float, the clearance 
between this and the sides of the trough—about 1 cm. on each 
side—is blocked with very light platinum ribbons. To measure the 
force acting on the float the arrangement shown in Fig. 10*41 is 
used. A rigid vertical framework carries two horizontal torsion 
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wires, and Wg. The lower wire carries a mirror, M, and is 
connected to the float and upper wire bj' means of silver wire PQR 
bent to take the form indicated. AB i.s the float and the platinum 
ribbons attached to it are shown—the rest of the trough and many 
details of the refinements used by Adam are omitted. 

When a force F acts on the float the mirror is rotate<I about 
a horizontal axis and by apjiljing a twist to the uj)iier wire by 
means of a torsion head tlie turning effect of the force F is counter¬ 
balanced and the float and mirror M are restored to their zero 



Fio. 10'41.—Tho float euui torsion wiros of a surfueo fllm trough 

ns designed by Athun. 


positions. The amount of rotation given to the wire W^ is indicateti 

by a pointer S moving over a circular scale in degrees—not shou ii 
in the diagram. 

To calibrate the in-strument a known mass /i is placed in tlie 
hook H at a distance a from the axis of W^. If 2 is the distance 

I*Q and PQR = then the force, X, on the float is given by 

^ Thu.s X—or better is known, uhere I is equal to 

the length of AB plus the clearance on one side. If S is moved 
ttirough an angle tf> to restore the system to its zero position, then 

a rotation of S through P corresponds to a force ^ on unit length 

of the float AB A force per unit length as small as 0 01 dyne.cm 
can be detected in tliis way. 

“ tyiMcal *force-area’ curve for a film of a fatty 
id on distilled water at room temperature. It is similar to those 
blamed by Langmuir except that the lioint Q, Fig. 10*40. is not 
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SO definite as Langmuir thought it to be. The line BC is slightly 
inclined to the vertical axis and represents the compression of the 
condensed film. By extrapolating CB to cut the horizontal axis 
in E, the area per molecule for zero compression is obtained. At 
C the film collapses. 



pen molecule pen molecule 

FiCi. 10'42.—Typical 'force-area* curves for iiionoinolecular films 
of a fatty acid (<f) on water, (6) on dilute HCL. 

Films on dilute hydrochloric acid.—Langmuir had already 
discovered the following remarkable property- of unimolecular films 
on dilute hydrochloric acid and Adam made a more complete study 
of the phenomenon. The force-area curve for a film of fatty acid 
on 0-lN. to O-OlN.hydrocliloric acid is shown in Fig. 10-42(6). 
Tlie uj)per ])ortion CD represents the film in its state of closest 
j)ncking and the area per molecule, as indicated by Ej, where DCEj 
is a straight line, is still 20*5 x 10“*® cm.^ and all the fatty acids 
give this value as for films on pure water. The portion BC docs 
not apparently occur with films on water and on extrapolating to 
E,> the value 25-1 x 10“*®cni.2 is found to be independent of the 
length of the hydrocarbon chain in the fatty acid used. 

To exjdain these results Adam puts forward the following theory. 
Since the liquid on which the film rests is acid there will be a 
teiulencv for the COOH or carboxyl groups to be repelled from the 
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surface so that until the stage represented by the first kink in the 
curve at C is reached, the carboxyl groui)s or heads’ of the mole¬ 
cules are packed together as closely as possible: sucli packin<^ is 
s own in Fig. 10‘43(a). When the degree of compression on the 
nl^m is raised the molecules rearrange themselves by pushing some 
of the heads into the solution. When this interlocking takes place, 
c • ig. 10*43(6), the hydrocarbon chains become eloselv packed and 



(a.) Di^rammatSc representation of (h) A unimolecular film under 
the structure of Q unimolecular greater compression: the 

film, when the chains are not chains are now in contact 

quite m contact with one another. 

Fio. 10-43.—.Aclutn’s theory of tlio structure of riionoinolecular 


under these conditions the area occui)ied per molccide of the fattN- 
acid has its normal value. 

A modern use for monomolecular films.—In recent years use 
has been made of cetyl alcohol, CHalCHgji.CHaOH or 
as a monomolecular film ou large surfaces of water. It is found 
that the presence of sucli a film greatly impedes the rate of evapora¬ 
tion of the water. The economical value of such operations in 
tropical climates is very great. 


The calming of waves by oil.—In a storm at sea, the waves niav 

be calmed to a large cxUuit by pouring a vegetable oil on the surface 

of the water; such a fact was known in classical times. Plinv, 

who was suffocated in the eruption of Vesuvius in 79 A.D.. wrote! 

All sea is calmed by oil, and that is why divers sprinkle it on their 

aces . PLUTAiiCH, later in the same century or early in the sc'cond 

century A.D., asked, ‘Why, when the .sea is sprinkled with oil. 

ccarness and calm result?’ He attributes the.se effects to the 

slipping of the wind over the surface of the wakT and tcll.s how a 

aiver takes olive oil into his mouth and blows it out when be is below 
the surface of the water. 


'"odern explanation of the calming effect is that an oil film 
es no reduce the height of large gravity waves hut damps (Hit 
e sma ripples which otherwise appear on the larger wave. If 
i ^ ripples, caused by the wind, lead to a condition 

tr of the waves becomes dangerous to shipping, 

e effect of the wind on the ripples is cumulative. Aitken 
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(1883) showed that much of the action of the oil is due to its 
regularizing the motion imparted a high and gusty wind to the 
water surface. A clean surface, with no surfoce skin, is blown in 
different directions and with varying force if the wind is gusty; the 
excitation of the irregular, interfering, ripples is almost entirely 
attributable to this cause. On the other hand, an oil film, which is 
not rcadil^^ compre.ssed, distributes the motion more uniformly over 
large areas, thus greatly diminisliing the excitation of the ripples. 
According to Hardv (1026), who expresses the above conclusions 
somewhat diffcrentl}’, the oil makes the sea so very smooth that the 
wind ‘cannot catch upon if. When there is no oil film a great 
wave carries countless ripples and wavelets each of which enables a 
wind to exert a direct thrust on the surface. It is to the suppression 
of these rij)i)les and wavelets that the characteristic smoothnes.s is 
due. and when they are not present the chief ‘catch’ of the wind 
upon the sea is lost. 

Oil films also act to some extent by damping ri[)ples already 
formed. Pockels .showed that a coherent film, insufficient to cover 
more than a small fraction of an available surface, damps ripples 
produced mechanically in a trough; the extent of the damping 
increases witli an increasing proportion of the surface covered until 
the covering is complete. Further compres.sion of the film, once the 
whole surface is covered, does not appear to produce any furthei- 
damping efi'ect; this shows that the diminution of surface tension 
alone, w’hich tloes not commence untU the film covers the whole 
surface, is not the cause of the damping. 

In connexion with this phenomenon N. K. AD/^m writes:—‘It is 
scarcely necessary to say that good .s{)reading power is essential for 
eflieient damping of waves. Fisli oils arc su[)plied to ships, and to 
their lifc-l)oats. for this j)urpose. Mineral oils are not good; but in 
an einergcney tliey might be improved l)y melting a few stearine 
candles, and mixing with the oil; the carboxyl groups, (COOH), in 
tlie stearine provide the nece.ssary adhesion to the water.’ 


EXAMPLES Xf 

10 01. Distinguish between intrinsic surface energy and surface 
tension. 

t«ivo the theory of tiro ac-curnto methods of determining the siufaco 
tension of water at rinun temp<‘ratnrc. 

10 02. Sliow that the exce.ss pressure within a soap bubble of radius 
/• is wlu'i'o y is the surface tension of the soap solution. 

C'aleulute the tlifference in the levels in the two limbs of an open 
U-tubo manometer containing t)il of density 0-75 gm.cm.”*, when one 

f In the questions taken fi-o>n papers set at London University the 
symbol T for surface tension has been altered to y. 
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end is attached to a tube at the other end of which is a small spherical 
soap bubble of diameter 2 mm. Assume y = 25 d\Tic.cm.“^. 

[1-36 cm.J 

10-03. A capillary tube is placed in a vertical position with one end 
below the surface of a liquid. Show that when the liquid has risen in 
the tube and equilibrium is established, the height of the meniscus in the 
tube above the level surface is independent of the .shaj)e of the tube below 
the meniscus. 

Two plane glass plates in contact along a vertical edge and inclined to 
one anotlier at a small angle 0 are j)laced with their lower entls in water. 
Find an expression for the height to which the water rises at a distance 
X from the edge. 

10'04. A soap bubble (y = 26 d\Tie.om."^) is slowly enlarged from 
a radius of 1 cm. to a radius of 10 cm. Calculate, by two methods, the 
work done in the above operation. If the operation were performed 
more quickly, discuss whether or not more work woidd have to be done. 

[0-46 X 10* erg.] 

10 05. Show that if the pressures inside and outsitle a litiuid surfa<-e 
are p and n respectively, then (p — tt) = y(l/r, + 1/r.,) where y is the 
surface tension and and r.^ the principal radii of curvature. Appl>' 
this to the case of a spherical 8oa]> bubble. 

A soup bubble of raditjs r is blown on a tube with a solutitin whose 
surface tension is y. The ulniosphcric ])rc.ssuro is P. The tube on 
which the bubble is blown is then connected to a ve.ssel of volume; V 
filled w'ith air at atmospheric pre.ssuro. Show that the bubble will 
shrink until its radius is if 

27rr2y + ^TTr^P = 4yVr->. 

1O-O0. Two soap bubbles of radii a and b ct)alesco to form a single 
bubble of radius r. If the exti'rnal pres.sure is P, prove that the surface 
tension of the solution from which the bubbles are forinetl is 

^l»(r3 - - 63 ) {«2 4 - h- - r2). 

10-07. A vertical U-tubo contains liquid. One limb of this tube is 
of)en to the atmo.s|)hero while a soap film is formetl across the end of the 
other limb. A side tube is attached to the U-tubo so that, by blowing, 
the souj) film may bo clistendetl. Show that for diflerenl buldjles the 
product of the radius of the bubble an<l the differenee in height of the 
liquid levels in the U-fubo is constant. If the liquid in the U-tul^e is 
water uiul the above constant is 0-123 cm.®, calculate a value for the 
surface tension of the soap H«)lution. [30-2 dyne.em.“*.J 

10-08. Define nurface enenjtj («), surface tension (y). 

Theoretical considerations enable us to cstablisli the relation 


= V - T-^ 
^ dl” 


whore 'I' is the teinporuturo on the absolute scale. Describe and explain 
the experiments which would have to bo carried out to determine llie 
value of € for water at 40^ C. 

lO'Oy, A thin circular rubber band» when iiuHtretclunl, has a ru<tius 
of 3*8 cm. It is placed on a soap film and the film within the ring is tlu'ii 
broken. Tlie now radius of the ring is fuund to bo 3*9 <'m. Thu ring is 
then cut ut one place, and it is found that a force of 0*28 gin.-wt. is 
required to increase its natural length by 1 cm. (’alculate a value for 
the surface tension of the soap solution from which the film was fonnotl. 

[22-7 dyne.cm."h] 
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1010. Water, surface tension 72 dyne.cm."^, rises to a height of 
20 cm. in a vert ical capillary tube of uniform bore. The above tube is 
removed from the water, dried and its upper end sealed. The tube, of 
total length 40 cm., is then held vertically with its lower end just 
touching a water surface. If the atmospheric pressure is equal to that 
of a vertical column of water 10 metres high, to what height will the 
water rise in the tube? [0-75 cm.] 

10-11. Give the essential theory of the capillary’ rise method for 
measuring the surface tension of a liquid. 

Discuss the relative merits of this method and its various modifica¬ 
tions. 

Describe in detail a method that can be used for a small quantity of a 
hvgroscopic and volatile liquid. 

10-12. Discuss the relation between surface energy and surface 
tension. 

A soap solution t»f surface tension y is used to form a film between a 
horizontal rod of length I and a length of weightless ine.\tcnsible thread 
attached to each end of the rod. A weight W is attached at the mid¬ 
point of the thread. Prove that {a) the shape of each half of the thread 
is circular, (&) the tension in the thread is equal to 

- 

cos ©2 ~ 

where Oj is the angle which the tangent to the thread at each end makes 
with the horizontal, and 2 O 2 ‘s the angle between the tangents to the 
ihreutl at the point where W is attached. (L. Sch. adapted.) 

10-13. A hollow glass cylinder of internal radius 1 cm. and wall 
Ihickne.ss 0-5 mm. is open at both ends and is suspended vertically from 
one arm of a balance which is then equilibrated. A vessel containing 
liquid is brought up so that the surface of the liquid just touches the 
edge of the suspended glass cylinder. Explain what happens. 

The vessel of li(|uiil is then raised until the balance is again in equi¬ 
librium. Gi\’en that the surface tension of the liquid is 30 dyne.cm. 
its angle of contact with glass zero, and its density 1-02 gni.cm. 
calculate the <lepth of immersion of the cylinder. [1-22 cm.] 

10-14. The time of oscillation, T, of a drop of liquid hanging from 
the end of a \ ertical lube is proportional only to the radius of the drop, 
i\ its density, p, and the surface tension, y. Prove that the relation 
between these variables must be 



where k is a constant. 


[ 


X.B. K 



10-15. A spherical bubble of radius 0-10 cm. is blown in an atmo¬ 
sphere whose pressure is 10* dj'ne.cm."*. If the surface tension of the 
liquid comprising the film is 50 djmc.cm.”^ to what pressure must the 
surrounding atmosphere be brought in order that the radius of the 
bubble may be doubled? As.suine isothermal conditions and that th^re 
is no diffusion through the bubble. [1-24 x 10* d>Tio.cm. *.] 

10-16. Two gi'ams of mercury are placed between two horizontal 
plane sheets of glass anti the.se are pressed together until the mercury 
forms a circular disc of 7 cm. radius. Assuming that the disc i8j>f 
uniform thickness, the surface tension of mercury is 435 d>Tie.cm.“^, 
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Its angle of contact with glass is 140 and its density 13-6 gm.cm 
calculate a value for the thrust, duo to the mercury, on the upper plate, 
r three methods of measuring the surface tension of a 

l^uid, mdicating in each case the quantities which have to be measure<l. 
Describe in detail one of these methods which you consider to be specially 

suitable for investigating the variation of surface tension with tempera¬ 
ture. 

10-18. Describe and explain how the surface tension of a liquid may 
be measured by forcing bubbles of air through it. Di.scuss whether the 
result obtained in this way should be the same as that given bv the 

capillary tube method. 

Assuming that for mercury, y = 435 d>Tie.cm.“* and p = 13-6 
gm.cm. , calculat6 the maximum l^ngtli of a mercury pellet which cun 
remain at rest in a vertical glass capillary tube of radius 0 015 cm., if the 
advancing and ‘receding’ angles of contact for mercury on glass are 
150 and llO'’ respectively. ‘ [2-28 cm.] 

10-20. Explain why verj' small drops of liquid are siiherical while 
largo drops are usually not so. 

How may large spherical drops be obtained? 

A sphere of water of radius R cm. is sprayed into 1000 small drop.s of 
equal volume. Derive an expression for the minimum amount of work 
required to do this. (aGrrRSy orgs.) 

10*21. Cstttblish an expression for the difference of pressure across 
an element of the curved surface of a liquid in terms of surface tension 
principal radii of curvature of the element. Apply the re.sult 
to determine the capillary displacement, h. in a narrow vertical tube of 
circular section. What happens if the liquitl rises and the uniminersed 
length of the tube is less than hi pj) 

10-22. Describe (a) a method suitable for the comparison of the 
Burf^e tensions of a solution ut different concentrations, and (6) a 
method for the determination of the surface tension of a liquid when 
only a few drops are available. (G) 

10-23. A conical glass tube 12 cm. long, 012 cm. in diameter at 
one end and 0-04 cm. at the other is fixed vertically with its wider end 
^°“^hing the surface of water, for which the surface tension is 
72 dyno.om. *. To what height will the water rise in the tube? 

In 04 [2-82 cm.] 

lU-24. Describe and explain on experiment to determine the 

surface tension of a liquid by measuring the pull necessary to detach a 

nonzontal circular plate wliich makes contact with the surface of the 
liquid. 

Two circular glass plates, 4 cm. diameter, arc separated by a film of 
water 0-1 mm. thick. Assuming that the surface tension of water i.s 
M ayno.cm. , find the normal pull in gm.-wt. which must bo exerted in 
order to separate the plates. Explain the method of calculation. 

iftOK A • j n- .. [374 gin.-wt.] 

*• jet of liquid emerges from a cylindrical tube, the transverse 

w slightly elliptical. Owing to the action of surface 
^nsion the jot oscillates about the circular cylindrical form. Find tlie 

between the period of oscillation T, the diameter of 
tno jot a, and the density p and surface tension y of the liijuid. 

10-20. What is meant by the surfuco tension at the interface bofweon 
two media, e.g. between water and air? Give somo account of its 
oxporunental moaaurement. 
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The velocity of gravity waves on deep water is given by 



Investigate the correction to be applied to this formula when the 
influence of surface tension on the velocity of the waves is taken into 
account. (G) 


10-27. A vertical glass capillary tube with a slightly conical bore just 
dips witli its apex upwards into a liquid of density p, surface tension y, 
and angle of contact with glass zero. A very small hole is left at the 
apex so that air can escape from the tube. If « is the maximum radius 
of cross-section of the tube and I its length show that the liquid rises to a 
height 




± 


1^1 _ =y!: 

^ 4 gpa' 


where g is the intensity of gravity. 

10-28. A largo drop of a liquid lies on a horizontal surface in air. 
Take the origin at the centre of the upper surface and sl»ow that at 
any point P in a vertical plane section the ordinate g and the slope yf of 
the tangent to the intersection of the plane and surface are related by 
the equation 

OpU^ = 2y(i - cos v). 


where p is the density of the liquid and y its surface tension. Assume 
that the curvature in the horizontal section through P is very small. 

Describe aiul oxjdain how this formula can be applied to tletermino the 
surface tension and angle of contact in certain cases. Discuss briefly 
the measurement of angles of contact. (^1 

10-29. Explain the method of dimensional analysis for solving 
physical problems. CJi\ e an accoimt of its uses and limitations. Fiiul 
how the time of oscillation of a liquid drop depends upon the relevant 

variables. . 

lO llO. For a certain largo sossilo drop of mercury on glass it was 
found that the depth of the longest diameter below the highest point 

in the ilmp is times the maximum height of the drop. Show that 

the angle of contact for mercury on glass is w — cos~^ (^). 

10-31. Show lliat the equation of the surface of contact of two 
liquitls cun bo written in the form: 



_ p(jy constant, 


where y is measured vertically from some convenient level, Rj and Ko 
are the principal radii of curvature of the surface, y is the surface 
tension and p the difToronce of density of the two liquids, ^^'hen the 
surface is a cylinder with u horizontal axis, show that a plane peiqjon- 
diculur to the axis cuts it in the curve 


2 j'(l - cosv’) = pgy’, 

the origin being suitably chosen, and rp being the inclination of the 
tangent at y to the horizontal. A bubble of air is blo^m beneath a 
horizontal glass plate in u transparent liquid. Explain, giving a 


SURFACE TENSION 


r>33 

criticism of the method, how the surface tension of the liquid and the 
angle of contact with glass can be determined from observations on the 
bvibble. 

10-32. A drop of water of radius r is formed at the lower end of a 
vortical capillary tube. The height of the water in the tube above the 
lowest point of the drop is /q. When the drop and lower end of the tul)o 
are immersed in a beaker of water at such a depth that the level in the 
capillary tube is unaltered this level is at a height above the level in 
the beaker. 

Show that 

2y}gp = r(/q - /i^) - r^/S, 

where y is the surface tension of water and p its density. 

Describe a method suitable for the detennination of the surface 
tension of a liquid when only a few drops are available. (S) 

10’33. \\ hat is the experimental evidence for saying that substances 

like stearic acid can fonn solid films on liquid surfaces? 

How' do these experiments lead to an estimate of the area of cross- 
section of a molecule in the film? 

10-34. A small quantity of mercury rests between two horizontal 
glass plates. \\'hat load must bo placed on the upjjcr plate so that the 
plates may bo everj^vhere 01 rnm. apart if the urea of ouch plate in 
contact with tlio mercury is 40 cm.'^? The surface tension of mercury 
may be taken ns 430 dyne.cm.“^ and its angle of contact with glass a*s 

• (2-4S kgm.] 

Calculate the work done under isothermal contlitions in blowing a soap 
bubble of 500 cm.® capacity, the surface tension of the soai) solution 
being 30 dyno.cm.“* and the barometric licight 76 cm. of mercury. 

[1-83 X Iti^ erg.j 

10-3.5. A glass vessel with a flat toj) wa.s filled witli water, except 
that a largo flat air bubble remained under the central part of the top. 
lliis bubble was found to bo 0-,542 cm. deep over its central portion. 
'rh(! widest part of the bubble was 0-152 <-m. below the uialer surface 
of the glass top. Calculate valuc.s for the siirfaco tension of water «ind 
il.s angle of contact with glass. {74-5 d>mo.cm.~*, 51') 

10-36. A uniform capillary tube of internal diameter 2r is held 
vort icully while a wide dish containing liquid of density p is slowly raisial 
until the surface of the liquid just touche.s the lower end of the lube. 

I ho elevated column of litpiid reaches ecpiilibriurn when its height i.s h. 
Ignoring small corrections, derive expressions in terms of the quantities 
given and (j for (a) the work tlone by the capillary forces tluring the 
capillary ascent and (6) the increase in gravitational potential energy 
which occurs as a result of the ascent. Explain wliy these expressions 

“'"irn f, ■. . M h-rVAjp.] 

t 'VU ^ ‘ liquid rests on a horizontal plate which it docs not 

wet. J ho ratio (p) of any two given linear ilimensions of the drop, e.g. 
the diameter of its largest horizontal section and t he ileidh of t his sect icin 
je ow the highest point of the drop, depends on four quantities, viz. the 
volume ( y) of the drop, the density (p) and the surface tension (y) of the 
uquid unu tho ucoeloratidn duo to gravity {(/), Lot 

p = aVVyV". 

whore a, w, x. y and n are constant numbers. Use dimensional analysis 
to lind w, X and y in terms of n. 

Two drops are formocl of different liquids A and B, an<l their volumes 
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are adjusted until each has the same value of p. Use the following 
data {which are all expressed in consistent units) to calculate a value for 
the surface tension of B. 


Liquid 

1 Volume of drop I 

Density 

Surface tension 

1 

A 

• 

6*75 

0-99 ' 

! 72 

B 

>_ ■ __ 

1-55 

0-88 

— 


The equality of the values of p might be tested w'ith the help of optical 
projection. Suggest a possible procedure. [Precise details of the 
optical system are not required.] (L. Sch.) [n, n, —n. 24 0] 

10-38. A piece of wire is bent into the form of a square ABCD whose 
sides are of length 4 0 cm. The side AD of the square is removed and 
the two free ends of the wire are joined by a light flexible inextensiblo 
thread of length 2{n + 1) cm. A soap film is then formed between the 
wire framework and the thread. Describe the configuration of the 
thread. 

The thread is now pulled at its midpoint througli a distance of 2-0 cm. 
towards the centre of the line AD. Assuming the expansion of the film 
takes place under isothermal conditions and the surface tension of the 
soap solution is 40 d^Tie.cm."*, calculate values for (a) the increase in 
surface area of the film, (6) the work done in stretching the film and 
(c) the force required to maintain the film in its new position. 

[(a) 6-3 cm.^ (6) 251 erg., (c) 160 dyne.] 



Chapter XI 

VISCOSITY AND THE NEWTONIAN 

FLOW OF FLUIDS 


Qualitative tests for viscosity.—From ol)servations on the 
magnitude of the surge of an oil in a container when the latter is 
rocked, a skilled craftsman is able to differentiate between oils 
which are light or heavy, thin or thick. Such terms are not u.sed 
to denote the relative density of the oils under examination but 
to indicate, at least in part, their usefulnes.s for oiling inaehinorv 
or for other purjioses. Sometimes a skilled worker judges the 
suitability of an oil from the manner in which it ’run-s’ when 
l)oured on to a glass plate or from the resistance offered to the 
motion of a stirrer. Such arbitrary methods arc unsatisfaetorv. 
scientifically, since, in general, more than one physical prop«-rty 
of the oil is involved in the test applied, o.g. surface tension ami 
density will undoubtedly be contributory factors. Before any 
absolute method could be elucidated it was cs.sential that there 
should be some hypothesis concerning the behaviour of licjuids when 
there is relative motion between adjacent layers. Such an hypo¬ 
thesis was first formulated by Newton. 

Newton’s hypothesis of viscous flow.—The whole theory and 
practice of viscometry is based on this hypothesis, which is as 



Fio. 11-01.—Ntnvton’s luw of viscous flow. 


follows. Suppose that a fluid is moving without turbulence over 
a piano OX, big. ll-OI(a), the fluid in contact with the plane being 
at rest. In iflancs AB and CD, at distances z and z 4 - dz from 

OX, let u and u -i- du bo the velocities of flow. Tlien is called 

(iz 

the velocity gradient at points in the i)lane AB. [If u is also a 

C36 
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function of other variables, then ^ must be used to denote the 
velocity gradient.] 

Now consider a plane area at a height z above a fixed plane, 
cf. Fig. 11*01(5). The fluid above the plane exerts a tangential 
force F on the plane tending to urge it forward; the fluid below 
exerts a force F in the opposite dii’ection. According to Newton’s 
hypothesis the tangential stress across the plane is proportional to 
the velocity gradient in a direction normal to the plane, i.e. 


F du 
— oc — 
A dz 


f 



where 7] is a constant known as the viscosity of the fluid. The 
dimensions of rj are [ML“^T“*], so that in the e.g.s. s^’stem the unit 
is the gm.cm.“^sec.”*, and this is sometimes called the poise in 
honour of Poiseuille. A derived unit, the centipoise, is also widely 


used. 

Mathematicians and engineers call 


5 

P 


the kinematic viscosity, v, 


of a fluid, where p is its density. The dimensions of v are [L^T"^J. 
a fact which is easil}’’ remembered for it is possible to express the 
kinematic viscosity of a fluid in acre.year."^! The unit of kinematic 
viscosity is the stokes. 

It must be emphasized that Newton’s hj'pothesis is only valid 
for relatively small values of u, the velocity of flow; also, there is 
no direct exjicrimental proof of the validit 3 ’' of this h\-pothesis, but 
equations deduced from it are confirmed experimentally in the case 
of many fluids so that for them the validitj^ of Ne^\'ton’s hypothesis 
cannot be doul)ted. The criterion which determines the upper limit 
for tile velocity' of flow of a liquid through a tube will be discussed 
later. 


On the forces, due to viscosity, acting on a small rect¬ 
angular element of volume in a fluid for which the stream lines 
are all parallel to the plane containing one face of the given 
element.—Let dx, by, bz, Fig. 11‘02, be a rectangular element, tlie 
flow of fluid being parallel to the a:-direction. At the ends of the 
element defined bj* the planes x, x + bx, let the pressures be p and 
p -f bp, respectively. If ii is the velocity of flow at points in the 
lower face of the element, then the tangential force on this face 
and due to viscosity acts in the direction of x decreasing and is 

given by 5.- by. On the upper bx by face the viscous force is 

d ' d it \ 

5c j 5 .1' by and this is directed along the positive direction 
of X. The forces due to pressure on the ‘by bz’ ends of the element 
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are p by bz and {p + bp) by bz, the direction of these forces being in 
the positive and negative directions of x respectively. Since the 
fluid element moves without acceleration in the x direction the 
force in this direction must be zero, so that 


d I \ du 

^jzy ^ ~ VP <52 


i.e. 


n 


d^u dp 


/ ^p \ 

— I /i -f- ^ bx ^ by bz = 0, 


- ^ = 0 . 


dz^ dx 

This equation has been derived to indicate the method of attack 
frequently used in investigating problems on viscous flow anti also 




11*02.—Th<3 uquution 


dz* 


dx 


0 . 


to show that in fluids, where the motion is due entirely to the 
existence of a pressure gradient, it is impossible for u to be a linear 

function of z. For then ^ would be zero and no motion would 

dx 


be jKjssible under the conditions postulated. 

On the steady flow of an Incompressible liquid through a 
horizontal capillary tube.—Consider a right C3'lindrical horizontal 
tube of radius a and length I, through which an incoinpressiljle 
liquid is driven, without turbulence, by the application of a steady 

Jircssure difference P between the end.s of the tube. It will be 
assumed i— 

(a) that the flow is everywhere parallel to the axis of the tube, 
{h) that the flow is steady, initial disturbance.s due to acceleration 
from rest having been damped out, 

(c) that the liquid in contact with the wall of the tube is at re.st, 

(d) that the liquid flow's when it is subject to a very small 

shearing force. 


86 
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These assumptions require that the pressure gradient shall be 
constant along the tube. Let the axis of the tube be taken as 
the ar-axis, so that the ends of the tube are defined by x = 0 and 
X = I, the pressures there being and where pj > p^. Then 
Pj — = P. Since the pressure gradient is constant, we have 

dp 

^ = a, say. 
ox 

p = Cf.X + /?, 

where ^ is a constant of integration. Xow at x = 0, p = Pj, so 
that (i = Pj, and at x = I, p = p^, so that p.> = xl -r Pi- Hence 

~ ^2 = 

dx I I 

Let us now evaluate the forces acting on a small portion of tlie 
licjuid confined between two cylindrical surfaces, coaxial with the 


V'\\\ ■ 

\ llj- 

‘ '' / f/ow oP 

’ ; ; hquid 

Fn;. 11 (>:i.— Flow of uii incoinpressihle liijuid throiigli a horizontal 

capillary tuln', 



axis of the tube, having radii r and /• dr, cf. Fig. H-U3, and 
terminated by planes at distance dr apart and at right angles to 
the axis of the tube. ^lorcover, the tube must be horizontal so 
tliat gravitv does not influence the How of the liquid. 

The licjuid nearer to the axis than is the cylindrical element. 

d\t 

exerts on the inner annular surface of the element a force '1-nr ox )) 

dirc'cted in the negative direction of the x-axis. The liquid outside 
the annular element exerts on its outer surface a force 


. . dll d (\ . dll \ c 

27 Tr ox i] -r I -Trr dr iq — I dr, 

dr dr\ 9r/ 


in the opposite direction. Moreover, the forces on the element 
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due to pressure within the liquid are dr, in the direction of 

^-increasing, and 

[2^ ^-{p + fj-)]. 

and this is in the direction of ar-decreasing. Since the liquid moves 
without acceleration the total force acting on it is zero, i.e. 


a. 


dp 


— 'Itrr br bx — = 0 , 

dx 



or 

After two 


^ _ V du 
dx r dr\ dr 

_ Pr _ 

I r) dr\ dr)' 

integrations this becomes 


p^2 

u =-4- A In r + B, 

4r]l 

where A and B are integration constants. Since tlie velocity is not 
infinite at r = 0, A = 0. Tlie condition that u = 0, wlicn r = a, 
gives 



Now Q, the volume of liquid flowing through the tube in unit 
time, is given by 


Q = lu.2nrdr = ~ ('\a^ - r^)r dr = ™— = 

Jo 8/y/ 8/;/ 

If V is the volume flowing through the tube in time I, we liavc 


V = 

H7]1 

This is known as PoiseuiUe*s equation. 

Note on the calibration of a tube for use in a viscometer.— 
Let us assume that a capillary tube with squared ends and of 
length ; 18 divided into n sections, cf. Fig. 1104(a). the length of 
* . **cction being (Jl)*- Let be the mean radius of cross- 
section for this portion of the tube which is shown in Fig. 11 04(6). 
Let Pi and be the pressures at the entrance and exit ends of the 
eapi ary tu jo, while p , p", . . . are the pre.ssures at the exit ends of 



540 


THE GENERAL PROPERTIES OF MATTER 


the first, second, . . . sections. Then if V is the volume of liquid 
flo^^ing through the tube in time t, we have, if a is the effective 
radius of the tube, 



Fia. 11-04.—Calibration of a capillarj' tube for use in a viscometer. 


^ p')t ^ 7ra /(p' — p‘')t ^ 

87;{d/)* 

• —V’ ^ ^ P' — P" ^ 

Hrj (JZ)i 87? (/|/)2 


— - = to n terms 


a 


ttZ (p 


_ p^) 




= .. .to n terms 


«fc 


_ 7Tt Pi — p' p' — p” + ■ ■ ■ + y* ^ + . . • tu 7t terms 


2 


t = 1 fli. 


8// 

^ ^ (Pi - yjg) 

8;?' |(^/)/ 
fc =1 fljt* 

Tliis explains why it is necessary to consider the expression 

(dZ) 

V -L,. h ^vhen the tube is not uniform in section. 

To proceed with the actual calibration, the capillary tube is first 
cleaned by drawing chromic acid and then water through it with 
the aid of a filter pump. To prevent the pump from ceasing to 
worlc it is advisable to dip one end of the capillary tube in the 
cleaning solution and withdraw it almost immediately. This is 
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repeated rapidly so that every j)ellet of liquid passing througli the 
tube is followed by a bubble of air. A glass tube, tightly packed 
with cotton wool, is then attached to the capillary tube and warm 
dry air is drawn through. The tube is then fastened in a horizontal 
position to a metre scale. Let the length I be divided into n equal 

parts. A pellet of mercury whose length is slightly less than ^ 

is then introduced into the capillary tube and caused to move along 
the tube so that it occupies eacli of the ii divisions in turn. The 
distence between the curved ends of the pellet is measured for each 
position. Let X,. be this distance when the pellet is in tiie /r-th 
section of the tube. Then, if the tube is fairly uniform, we may 
take the radius as being constant over any one of the n sections; 
let it be for the i-th section. Tiien if p is the density of mercurv 
at the temperature at which the calibration is carried out. 

= c, 

where C is a constant for the whole tube; it is nearly e<iuai to the 
mass of the mercury pellet. Thus 



If M is the mass of mercury required to fill the lengtii / of the tube 


M = irpl a‘^, 

where is the mean value of tlic squares of the radii corresi)onding 
to the different sections. [It is usually more convenient to dctei^ 
mine M^, .say, the mass of mercury filling a length wheie = /, 
and to calculate M by simple i)roportion.] But 





7Tpl.(a^fl = C^ ^ ( 1 ). 


^ = —L (1). 
c nU \xj 


(^Il'ective value for the radius of the capillary tube. 
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Experimental determination of the viscosity of tap water at 
room-temperature.—To determine the viscosity of tap water at 
room-temperature the apparatus shown in Fig. ll-05(a) may be 



used, it consists of a tall metal cylinder furnished with an overiiow 
pipe ('[). .A capillary tube which has been freed from traces of 
grease in th(' usual \>ay. of known length / and mean radius of 
cross-seetuui a. is placed in a horizontal position and connected to 
the cylinder. Water enters this cylinder through the inlet tube 
shown and an\' excess is carried away along CD. Attached to the 
exit cjul of the ea])illary tube is a glass tube bent in the manner 
indicat(*d. The pre.ssure dilTerence between the ends of tlie capillary 
tube is jut)portional to the vertical distance between the water- 
levels at H and C’. 'Fhis ilistance ma,\’ be determined witii the aitl 
of a scale in mm. and a U-tube. filled with water and placed as shown. 
s(* tiuit the levels at .A and C are the same. When water Hows 
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along the capillary tube, as each drop breaks away from E. the 
water-level at E changes, an effect due to the elianges in pressure* 
at E as the drops of water alter in shape. This disturbing factor 
may be avoided if a clean gla.ss rotl is placed in contact with the end 
E of the outlet-tube. The water then leave.s the tube in a trickle 
and the level at B is constant. 

An alternative form of apparatus is shown in Fig. ll-Ool^), C is 
the capillary tube, about 0*1 cm. in diameter and one metre long. 
It is cleaned in the usual way and then fitted with a rubber bung 
at each end. F and G are two wide brass tubes one of which permits 
the capillary to be connected to the water tank while the other is 
fitted with a very narrow capillary tube E as shown. Tlie end of 
E is chamfered so that tlie liquid escapes from it in definite drops. 
F and G are carried by two clamps and these are adjusted so that 
C is horizontal. To measure the drop in pressure along the tube 
C, when water is escaping steadily from the system, glass tubes 
B and D are attached as indicated. Unless the tube K is used no 
water will collect in B. The water-tank A. connected to tlu* watc'r 
^^PP*y. is fitted with an overflow tube so that a constant liead of 


water may be maintained in tlic system; by raising or lowering 
the tank the magnitude of this head may be adju.sted. 

In order to test for the j)resence of air bubbles in the connecting 
tubes, which, if allowed to remain, would vitiate the steadiness of 
the flow, the tube E is closed and the water allowed to rise in B. 
A siphon tube, HJ, filled with water, has one end in the tank .A. 
so that the level of the water in the tank is reproduced in the tube 
J and may be compared with the levels in B and D. Anv difference 
in level shows that air bubbles arc present and these must be 
removed by tilting the tubes before proceeding with the e.xperiment. 

To ensure that .steady conditions e.xist in the vi.scometer the 
prcs.sure difference between the ends of the capillary tube .should 
be first adju.sted to be at least 20 cm. of water and a determination 
of the mass of water escaping per unit time made by collecting and 
then weighing the water which e.xudes in ten minutes; this should 
be repeated aiul if the observations are consistent the vi.scometer 
will prolialily bo free from air bubbles. To make quite sure of 
this the pressure head should be reduced to about o cm. tif water 
and the mass of liquid escaping per unit time found. 'I’he two 
values of the rate of flow arc then plotted against the pressure head 
and, provided that the flow of watei- through the capillarv tube 
IS so slow that the energy imparted to the water is negligibh^ if 
they lie on a straight line pa.ssing through the origin the system 
must be free from air bubbles. Then a.scertain several more rates 
of flow for different pressure heads; represent the.se reailings on 
the graph and from it deduce a mean value for the rate of flow 
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per unit head of pressure; hence obtain a value for the viscosity 
of tap water at the temperature of the viscometer. 

If, in cither method, the capillary tube has not been calibrated 
as on p. 539, it is necessary to determine the mean radius of the 
tube with as great an accuracy as possible as the fourth power of 
the radius is involved in the calculation. The tube should be cbied 
and cleane<l and sufficient clean mercury introduced almost to fill 
it. Tlic length of the mercury thread is measured and then it is 
expelled into a weighing bottle of known mass. This is repeated 
several times and from the total leiigtli and total mass of all the 
incrcurv tlireads the mean radius of the tube is deduced. 

Osborne Reynolds’ method for investigating how the 
viscosity of a liquid varies with temperature or that of a 
solution with concentration.—The original apparatus was 



tiiriisiii'v'iiu-nt of viM'osity. 


designed in Isso and concerning it Reynolds writes‘Since tlie 
\alue (>t ij fur water is known for all moderate temperatures, in 
or<l«‘r to ol)taiii tlie value lor oil it is (mlN’ necessary to ascertain the 
relative times taken by tlie .same volumes of oil and water to flow 


througli the same chaniH'l, care being taken to make the channel 
sucli that there are no cildies ami that tlie energy of the motion 
is small compareil with the lo.ss of head. Kor this purpose, or to 
make an absolute tletermination of the viscosity of a liquid, the 
apparatus usually consists of a glass sijihon conneete<l bv means 
of a short lengtli of rubber tubing to a length of capillary tube, 
BC, Fig. ll-OI5(a). The capillary tube is completely immersed in 
the liquid under investigation and container! in a suitable vessel; 


the tube BC is vertical and the gla.ss-rubbcr joints must be ‘water¬ 


tight’ . [If only comparative measurements are to be made the 
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glass tubes may be fused together; if tliis is done it is more difficult 
to determine the effective length of the capillary tube as \\ ould be 
required in an absolute determination of viscosity, but eddies are 
less likely to be formed.] P is a glass j)in, bent as shown, and the 
level, A, of the liquid in the beaker is adjusted so that the point of 
the pin coincides with it. The advantage of using the pin in this 
way is that the point of the pin can readily be adjusted to coincide 
with its image formed by refle.xion in the liquid surface. The siphon 
is filled with the liquid under investigation and the mass of liquid 
exuding in a given time ascertained. From this data and the 
dimensions of the apparatus, the value of rj, the coefficient of 
viscosity of the liquid at the temperature of the e.xperitnent. may 
be calculated by means of the formula which we proceed to establish. 

lAJt Py be the atmospheric pressure. Then the pressure at B is 
Pq + UP^v "’here hi = AB, g is the intensity of gravity and p the 
density of the liquid at the temperature of the experiment. The 
l)res.sure at E = P^; that at I) = that at C = P„ — tjph.,. where 
= DE. 

— 1\- = ypO‘i i ^^ 2 )- 

Let z be the distance of a point in the capillar^' tube from B. the 
positive direction of 2 being upwards. The pressure gradient along 
the tube is constant if the usual conditions of viscous How are 
fulfilled. Hence 

~ = ct, or = 02 + (i, 

oz 

where a and ^ are con.stants to be determined from the end con- 
dition.s. Ix't I be the length of the capillary tube, 'riien at c = D. 
V ~ Po -I- fjphiy so that 

and at 2 = /, p = Pp — ijph.^, so that 


o 



Ijp{hy h.^) 

I 



{hi t ^2) 

I 




fhis equation fixes the sign and magnitude of the ]»ressure giadicni. 
lo determine the rate of How of liquid through the tube, consider 
a small cylindrical element with internal and external radii r ami 
(r + dr) respectively, and length Fig. Il-0(>(6). lA>t p Ik‘ 

the pressure on the lower end of the elemfuit. Then the force dm* 
to the pressure of the liquid on the lower jdanc face of the element is 


'iirr dr .p. 
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and acts upwards. On the upper plane face the force is 

'Inr dr\p +— dz , 

L dz j 

and this acts downwards. The resultant force in the direction of z 
increasing and due to pressure is therefore 

-277r ^ dr 6z. 
dz 

The \veight of the cylindrical element is ^Trrpg dr dz, and this acts 
vertically downwards. 

If u and (a -f- du) are the velocities of flow at points at distance 
r and (r + 6r) from the axis of the element, then from Newton’s 
ilefinition of viscosity we have 


•> S .“k c dll 

Ittv dzr]~ = 'l-nii dz r — , 
dr dr 

as the force due to viscosity acting on the inner curved surface 
and this force acts downwards. [The important point to emphasize 

licie is that since is negative the force on the inner curved surface 

will actually be directed upwards but no minus sign must be intro- 
<lucccl into the above expression for the force if the recognized 
]u.K'tice and inethotls of the calculus are not to be violated.] On 
the outer curved surface of the element the force due to viscosit}' is 




an.l this acts upwards. Since the liquid is moving without accelera 
turn 



Since 


dp . 

is indej)endent of r. 


integrating we have 




where A is an integration constant. 





r 
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Integrating again we have 


= + ^) + Ain/- + B, 


where B is another integration constant. Now A = 0, since u is 
finite when r = 0, and at r = a, m = 0. 


• B 


and 


-■;( 


T^l dp 


f)' 




Let Q be the volume of liquid flowing per second. Tlien 




) - --I" - f,( 


l')( 


-?l 



where H is the depth of E below A. 



where P = ffpH. 


As the liquid runs out from the siphon tlie 
capillary tube must be lowered so that the 
point of the ]>in is always in contact with 
the liquid surface. At best, this methorl 
only maintains P appro.ximiitely constant. 

If the apparatus is used to investigate 
how the viscosity of a liquid varies with 
temperature, then the temperature of the 
liquid in the siphon is not equal to that of 
the liquid as it flows through the capillary 
tube and it is diflicult to estimate the 
correction with any degree of accuracy. 
When investigating how the viscosity at 
room-ternperature of a solution varies with 
the concentration of the solute this tlifliculty 
does not arise. 





I* in. 11‘07.—A nuHlerii 
form of O^bonio l<oy» 
nolils’ viHcoinelor. 


A form of Osborne Reynolds’ apparatus, as modified by the author. 
IS shown in hig. 11-07. It is true that the first difficulty just men¬ 
tioned is not overcome but the pressure hea<l can be maintaineil 
constant when ex]>eriments at room-teinpcrature are performed. 
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A large tube A is fitted with a rubber bung through which pass four 
tubes. The tube B is a capillary tube about 1 mm. in diamet-er, 
its lower end reacliing half-way dow'n the tube A. C is a short tube 
wliich may be opened or closed wdth respect to the atmosphere by 
using the solid glass rod which is attached by means of rubber 
tubing to C. D is a wider tube attached to a small reservoir so that 
liquid may be introduced into the viscometer; by passing air 
through this tube the liquid in A can be well stirred before beginning 
the experiment. This is very necessary since the viscosities of most 
liquids cliange very rapidly with temperature and hence the tem¬ 
perature throughout A must be kept constant and uniform. E is 
a siphon to the end of which is attached, either by means of rubber 
tubing or by fusing the glass tubes together, the capillary tube F, 
tlirough which the liquid flows. The capillarj^ tube is about 10 cm. 
long and has an internal diameter of about 0*02 cm. The tube K 
attached to the siphon, enables the latter to be filled before com¬ 
mencing work; it is then closed and serv'es to collect anj' small 
bubbles that ma^’ aj)pear in the viscometer during the progress of 
an experiment. If these bubbles are allowed to collect in the siphon 
the steadiness of the flow of liquid may be seriously affected. 

When the temperature in A has become steady (the thermometer 
is not shown) the plug is inserted at C and the stop-cock in D closed. 
When the plug G at the lower end of the siphon is withdrawn, 
the liquid begins to exude from the apparatus; it will be replaced 
by air which enters tlirough B and the head of liquid remains 
constant provided tl)c level of the liquid in A never falls below the 
lower end of B. The coefficient of viscosity is then obtained from 
the formula alreadv established. 

It would of course l)e possible to arrange for the siphon to be 
almost entirely witliin A b^' providing this tube with a cork at its 
lower end, but the difficulties of maintaining a long column of liquid 
at a constant temperature are so well known that it is difficult to 
believe that tliis modification would be beneficial. 


On the flow of an incompressible liquid downwards through 
a vertical capillary tube.—Let AB, Fig. 1108(a), be the tube 
througli which the liquid is flowing steadily’. Consider the forces 
on the small cvlindrical element who.se ends arc at distances z and 
{z H- fk) from A, wliile the radii of its curved surfaces arc r and 

l^et u be the velocjt 3 ' in the liquid at a point on the 
inner curved surface of the above element. At a point on the 

outer curved .surface the velocity will be |^h + (5r^. The forces 

acting on the element are shown in Fig. 11*08(6), where it must be 
remembered that the forces due to the viscosity’ of the liquid are 
actually' distributed over the curv’ed surfaces. Likewise the forces 
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arising from the pressure in the liquid are distributed over the flat 
ends of the element. In the steady state the resultant force down¬ 
wards Ls zero since the liquid is moving without acceleration. 



P^P, 


Sz 
dz 



2Trr.Sr(p^^.6z) 


2rr,j.6z[T^^+l_(r^)ar] 


^ ---P=P 2 of element - 2TTn67:gp.dz] 

(Cl) (b) 

Fro. 11*08.—Theory of the ateady flow of a liquid thiougli a vertical 

capillary tube. 


Hence 


or L dr dr\ dr / J 

t- 2Tjr.dr.tjp.dz + 2Trr.pdr — 2 nr.dr( 2 i 4 - --dz\~ 0, 

dz 

where g and p have their usual meanings. 




dz 


Now 


3; 

~dz 




BO that 


In j_ ~ ^ I 

[0P+ 3 - (rg-} 


■I 


9P 4 


. Pi — Vz\ r 


I 


/2 = 


dr 


[A = inlcg. const. 1 


(^gp + + A In r ^ B = 


r/u. [B = integ. const.} 
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But A = 0, since u ^ co when r ^ 0, and at r = a, m = 0. 



If Q is the volume of liquid flowing per second through the tube, 
we have 

Q = f u.'lnr.dr = ^ _j_ 

Jo Sij L I J 

after the integration has been performed. 



Fig. 11*09—Flow of an iiironiprt'ssibio liquid through tubes which are 

inclined to the vortical. 


To a])preciate the full significance of this equation let us consider 
the ‘ideal’ vertical viscometer shown in Fig. ll-09(«). If H is the 
height of the liquid surface in the container C above the exit B and 
h its lieight above the entrance, A, to the capillary* tube, we have 

n = 

8 // / 8 /;/ 
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When the capillary tube is inclined at an angle a to the vertical, 
as in Fig. 11-09(6), the component of the intensity of gravity along 
the axis of the tube is <7 cos a, so that the formula on p. ooO becomes 



ttq 


- P i 


St} L I 
^ r^p/i -i 


r- (J cos X. 


cos xj 


ttu 


Hyjl 


.H, 



so that it is the height of licjuid H which is effective in cletermining 
the rate of flow of a given liquid through a given capillary tube. 

If tile tube through which tlie liquid flows consists of two 
capillaries in series, with constants as indicated in Fig. ll-U!)(r). 
we have, if p is the pressure at the junction of the capillaries, 


and 


87;/, , 

Q.-j = Pi ~ p + upli cos X,. 

TtOi 

Cl _f i 

Q---. = P — Pi + {/pl-i cos x^. 

Wl., 


since Q Ls the volume of liquid flowing jier second througli each tube 




-) i, cos x^l 


= tfp//- 

The viscosity of tap-water: flow through an inclined 
capillary tube.—An apparatus designed by the autlior for deter¬ 
mining the viscosity of tap-water at room temperature is show n in 
I'ig. 1 l-()J)(d). The capillary tube AB is fitted to the base of a metal 
container C which serves as a constant-head device of the usual 
type. In order to keep the pre.ssurc p.^ at the lower end «)f AB 
constant, a small brass tube D with a flne cajiillary tube F is 
attached to B. Manometer tubes airangi-d as shown enalile a value 
for H to be determined tlirectly without making any aissumption 
regarding the values of />, and p.^; c.g. p^ is not ccjuail to atmospheric 
pre.ssure; w'hen 1 ) is not used p.^ varies quite c-onsi<lerably as the 
drops break awa^L By using a fine tube for 1C the changes in pressure 
at the exit end of D arc not 'reflected’ to afleet the water level in 
the r.h.H. tube of the manometer. The viscosity is cjileulated by 
using the formula established in the previous paragraph. 



552 


THE GENERAL PROPERTIES OF MATTER 


A vertical viscometer for liquids.—A viscometer Txith its 
capillary tube in a vertical position is shown in Fig. IFIO. It is 
designed for students’ use primarily and the minor changes necessary' 
to make it a precision instrument will be apparent. A wide glass 



Fkj. llld.—-V vorlical viseo- 
iiifter for licjuicls. 


tube G contains the liquid under 
investigation and the capillary tube 
AB is carried in a vertical position 
by a rubber bung fitted to the lower 
part of G. A second i-ubber bung 
fitted into the upper end of the tube 
G carries the glass tubes C, D and 
E, together with the thermometer 
Tj. Liquid is introduced, when 
necessary, through E, the rubber 
cap on D being removed so that the 
displaced air may escape from the 
apparatus. The tube E also per¬ 
mits air to be blown through tiie 
liquid in order that it shall be 
thoroughly stirred before obser¬ 
vations are made. With D closed, 
as liquid flows through thecapillary 
tube AB air enters the apparatus 
through C so that the pressure at 
the low'er end of C is almost con¬ 
stant and the effect of this slight 
variation may be eliminated by the 
method adopted below. 

Now’ if drops of liquid are allowed 
to fall from B directly into the air 
the pressure at B within the liquid 
is not constant. To overcome tliis 
difficultv the lower end of the 
capillary tube AB is fitted into a 
glass tube of the shape indicated; 
this is connected to a tube M w hich 
serves as a manometer while the 


inverted U-tube BNZ to which it is connected provides a means of 
escape for the liquid. The tube Q attached to the top of the U-tube 
pormits air bubbles to escape during the process of filling the Wsco- 
meter; when this is in use Q is closed with a rubber cap. 

In order to ensure steady conditions at the end of the tube Z, 
a short glass rod R is held rigidly against Z and the drops falling 
from K are collected in a weighed flask. 

Let P be the atmospheric pressure. Then in the liquid at the 
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lower end 0 of the tube C the pressure is (P — a), where a represents 
the reduction in pressure due to surface tension and a correction 
due to the fact that the surface of the bubble is not fixed in position. 
Thus a is variable, strictl 3 ^ but probably' assumes a constant mean 
value over the time required for a convenientlj* measurable cpiantity 
of liquid to escape. Hence the pressure p^, at the upper end A of 
the capillary tube, is given by 


Pi = P — a + j/p/ij. 

where is the depth of A below O, and g and p have tlieir usual 
meanings. Now at B the pressure is p^, where 


i>2 = P + gph.^ + 

w'here ^ is a constant correction term due to the fact that the zero 
from which Ag is measured is not at B—it is convenient to have a 
scale in cm., etc., S, resting on the lower portion of the tube HK— 
and also necessary in part because tlie pre.ssure in the licpiid at V 
is not quite atmospheric. 

The formula established on p. 550, tliereforc, may be written 
Q = [(7ra'*)/(8i/Z)][P — a + gph^ — P — gph.^ — /i + 0 pl\ 

= [(^a^)/(8/?;)J[C - gph^l 

where C is a constant for a given apj)aratus. If we make a serio.s 
of observations using different lengths of the tube NZ, we may 
construct the straight-line graph x = y = Q. The slope of thi.s 
line is —[(7ra^)/(8i;/)]yp, so that i) may be found. If the tube Ali 
is not quite uniform, it must be calibrated as on p. 539; then the 
slope of the graph will be 


Since the apparatus cannot conveniently be sot up in a thermostat 

It is essential to work in a room where the temperature i.s faiilv 

constant. It is also necessary to surround the cajiillar^' tube by 

a wide gloss tube F containing water. This is stirred by forcing 

air through the glass tube U\V, the bulb at U preventing water 

from entering the apparatus in which air under pressure i.s produeed. 

A mercury thermometer T 2 gives the temperature of the capillary 
tube. 


In collecting the drops it is advisable to place the flask in po.sition 
immediately after a drop has fallen from the end of K and to remove 
It after a time interval when another drop has just fallen. The 
time between the fallings of these tw’o drops must be measured 
with an accurate stop-watch. 

The following result was obtained for distilled (air-free) water 
at 23*0 C. It will be seen that was varied from 18-55 cm. to 
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52-70 cm., i.e. the position of Y varied from one near H to one 
near A. The temperature changed from 22-9° C. to 23'1° C. during 
the experiment. 


Mas.s of water ^ 

Time of flow 

Rata of flow 


(g*n-} 

1 

(sec.) 

(gm.sec.“') 

(cm.) 

1 13-723 

004-1 

0-0227 

18-55 

13-6r>l 

004-0 

0-0226 

18-55 

3-GUO 

610-5 

0-0059 

52-70 

3-475 

003-0 

0-0058 

1 52-70 

12-240 

005-0 

0-0202 

! 23-80 

1U-G82 

007-0 

0-0170 

1 

29-20 


002-1 

0-0142 

' 34-95 

t5-73U 

603-0 

0 0112 

41-00 


These rIvo = {l)-43 ± 0 07) X lO"® gm.em.'* sec.'* ot 23-0'C. 


Viscometers for relative measurements.—In the apparatus 


useil for tlie determination of 



the viscosity of tap-water at room 
temperature the head of liquid 
remains constant during the deter¬ 
mination of any one particular 
rate of flow, and so the pressure 
excess at one end of the capillary 
tube over that at the other end 
remains invariable. When other 
liquids are under investigation 
the supply of liquid is restricted 
and the head of liquid may not 
remain constant, as in Osborne 
Reynolds’ viscometer as generall 3 '^ 
used. The elimination of this 
variable pressure head is attained 
almo.st perfectly when relative 
viscosities are determined. One 
of the earliest types of visco¬ 
meter for the comparison of 
viscosities is due to Ostwald, 
and this viscometer is in general 
use today. Many slight changes 
in tlie design of the instrument 
have been introduced bv sub- 
sequent workers. Some workers 


Fio. 1111.—Dstvvnld viscometers. 


in this branch of physics maintain 
that the errors in relative deter¬ 


minations of viscosity are much less than in an absolute deter¬ 
mination of this coeflicient. This is undoubtedly true, and the 
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greater precision obtained when relative measurements are made 

is due to the avoidance of determinations of errors where linear 

# 

measurements are made and also to the fact that the apparatus is less 
complicated so that the control of temperature becomes more easy. 

Elementary forms of this viscometer are shown in Fig. 11*11(a) 
and (6), A constant volume of liquid is introduced by means of 
a pipette into the right-hand limb of the apparatus and then caused 
to fill that part of the viscometer from just above A to just above 
the mark D. The liquid is then permitted to flow back and the 
time taken for it to fall from A to B is determined. To discover 
how, if this time of flow is observed for two liquids in the vi.scometer, 
it becomes possible to obtain a value for their relative viscosity the 
following analysis is necessary. 

Theory of an Ostwald viscometer.—Fig. ll-12(n) is a diagram 
of an Ostwald viscometer in which, for the sake of generality, it is 



(b) 

Fio. —Theory of two typos of Ostwuld viscomotor. 


assumed that the upper and lower bulbs are not identical; the cross- 
section A of the upper bulb A is a function of x only, i.e. A = 
while for B we may similarly write B = ipiy), where x is the vertical 
distance through which the meniscus in A falls in time t. and y is 
the distance through which the meniscus in B moves upward in the 
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same time. The volume of liquid which passes per unit time 
through a vertical capillary tube is given by 

d\7 = dt, [cf. p. 550]. 

Sr)l 

where c is tlie vertical distance between the liquid levels in A and B 
at the in.stant considered and the other symbols have their usual 
significance. 

But if (lx is the fall in A in time dt, and dy the corresponding rise 
in B, A dx = dV = B dy. If Zq is the vertical distance between the 
liquid levels at time / = 0, 



v here f(x) may be written for (Cq — a* — y), which is a function of.r 
only since 



Thus y is a function of x only. 


Hence 



If T is the time rccjuired for the level of the liquid in A to fall 
from its initial position to a level x = Xq. say [shown by a mark X 
«jn the stem of the instrument], 


i 


^0 f(x) h]/ 

Now for a given viscometer at constant temperature 

Jo 


A dx 

W) 


is constant and therefore under such conditions pTi) ^ is invariable, 
.so that if two liquids are used in turn in the viscometer 


Another viscometer of this type was used by Ostwald and Auer- 
bacht in their work on colloidal solutions. The required formula 
may be derived as follows. Fig. \l'l2{b) shows in section an 
Ostwald and Auerbach viscometer. It will be a.ssumed that the 
f Ostwald and .-Vuerbach, KoU. Zeitsch., 41, 56, 1927. 



NEWTONIAN FLOW OF FLUIDS OoT 

wide tube A is uniform in cross-section: let x be tlie distance 
through which the liquid meniscus in it falls in time i. Then if all 
corrections for surface tension effects are neglected. 



-na^gpz dt 

Srjl 


and since dV = dx. if Aq is the constant cross-sectional area of 
the tube A, we have 


A^, dx = 


WiV/j(2o — _X) 



where Zq is the vertical distance OC. Hence if t is the time required 
for the liquid level in A to fall a distance Xq, 


A f'® fix 

Ao - 

•^0 Zq — X 


Tia* C' 
— yp dt 

Hrjl 



so that a value for r] may be obtained. 

Example. —(i) An ciliptioally sIiujhmI vessel is formed by (he rev«)hi- 
tion of an ollipso about its minor semi-axis, which is vert ioul. There i.s a 
amall aporturo at tbo topmost point of the vessel and a liori/.onlal 
capillary tube, length I and radius r, is atluched to the lowest point of 
the vessel. If this is filled initially with a liquid, density p and x iseosity 
»/. calculate the time which elapses before the vessel is empty. l-Assunio 
that a and h are the major and minor aoini-a.xos of the ellipse.] 

Lot O bo the centre of the ellipse, so that if if> is the ooeentric angle, 
then (a cos b sin </>) is a point P on its circumference. If -f »Vhdines 
a point Q close to P, the volume of liquid contuine<l between tlio two 
horizontal planes through P and Q will be given by 

AV = 

whore x = « cos ^ and z and z -j- Az are the heights of P un<l Q abo\ i‘ 
the horizontal plane through the lowest j)oint on tlie ellipse. 7'h\is 

2 = 6 -f fc sin dz = b cos ^ 

.’. dV = (TTfi* cos* ^)b cos . d<f>. 

But —dV is the volume of liquid flowing through the coj)illary tube in 
time dt, say. 

Htfl 

—Tra*6 cos® ^ = A-6(l -f sin 

whore k « Trr^gp St}1. 


['•■ P ■= yp^] 
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Since cos® ^ = (1 — sin^ 4>) cos 4>t "’C have 

, 7rrt^(l — sin^ 0) rf(8in 

k , ot — ——. • 

1 4- sin <f> 

Hence t, the time required for tlie vessel to empty, is given by 
kt = —710“ I (1 — sin </(8in =2770-. 

U = i 


t = - 


1 

r^9P 


and this is indei^endent of the length of the minor semi-axis. 

Example. —(ii) From first principles obtain an expression for the rate 
at whicli an incompre.ssible fluid flows with stream-line motion through 
a long horizontal capillary tube of <liametcr 26, when a straight wire of 
diameter 2a{a < 6) is placed co-axially along the length of the tube. 

If in the formula deduced, o is made zero, does the new formula give 
I’oiscuille’s equation for the flow of an incompressible fluid through a 
tube? 

We have, cf. 539, 

u = r2 -L A In r •- B ^ r® H- \lnr + B, say. 

4/// 4»;< 

Xow u ss 0 wlicn r — (I and when r = 6, so tliat 
A = 


P(62 _ «8) 

r ^ ~ 

P«2 P(62 _ u2) 

■ In « ■ 

■ ■ 

[>■> (^)j 

4j// 4»g 

[-©J 


P 

■ ■ “ “ 4;// 


(a- — r“) 'f 


62 






N’oluiue of liquid escaping 2 >er second 

r a , 27rrdr = 7 ^ 2 ) 

8// I 


(62 - « 2 ) 2 - 

'"0 J 


6^ — «■* — 


For an answer to the last part of this question cf. Andhade, Tram. 
Far. Foe.. 27, 201, 1931. 

Corrections to Poiseuilles’ formula.—Poiseuilles’ equation 
Q _ (Pi P‘i) gtpady flow of a liquid through a 

long capillary tube must be considered as an approximation since 
two iini)ortant factors have been omitted. In the first place the 
pre.'^sure difference Pi — P 2 = />. utilized partly in giving 

kinetic energy to the liquid, and in the second place it is not correct 
to assume that there are no acceleration.s along tlie axis of the tube 
for near the inlet the accelerations do not become zero until a short 
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length of the capUlary tube has been traversed. To correct for tliis 
It ^ usual to add a length a to that of the tube, where a = l-()4// 
lo evaluate the so-called kinetic energy correction, Wilberforce+ 
proceeded as follows. The work expended in driving into tlie 
capillary tube a volume Q dt from the reservoir and near to the 
entrance of the tube, is pQ dt, where p is the pre.-^sure excess at the 
entrance to the capUlary. Now the kinetic energv imparted to tlie 
liquid per second on entering the capillary tube from a very lariie 
reservoir and retained by the liquid until it leaves tlie tul)e, is the 
bum ot the kmetic energies calculated for the elements of the liuuid 
which pass any cross-section of the tube per second. .Since thioindi 
any small annulus of radius r and width dr, at a given cross-section 
here flows a volume u.27Tr.dr per second, the kinetic energy of this 
liquid is 

, ^ hpu.'Znr dr.u^, 

where, cf. p. 539, 

“ = («^ - r2), 

P being the effective pres.surc difference producing the forces uhich 
overcome the viscous re.sistance of the liquid. 

The kinetic energy of the liquid flowing through the whole of the 
cross-section jier second is therefore 

npu^rdr = np(-^ ) ( («2 _ dr 
*'o \4/jl/ Jo 

8 

R t n 

^ ^ kinetic energy of the liquid emerging 

l>er second from the tube is p . 

TT^a^ 

Now the total work expended per second must be equal to the 
work done against the viscous forces, which is the effective pressurt* 
tunes the volume emerging per .second, j>lu.s the kinetic eneruy 
retained by the liquid when it leaves the caiiillary tube. Thus 

pQ = pQ -p 

7T^a* 


or 


P = P — 




foiseuille’s equation therefore becomes 

Q= 

«//(/ a) TT^aV 

t Phil May.. 31, 407. 1891. 
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Couette’s method for determining the viscosity of a liquid; 
the elimination of some ‘corrections’.—An examination of the 
formula for the effective pressure difference along a capillary tube 
through which liquid is flowing steadily, viz., 

PQ“ 

shows that t!ie correction is independent of the length of the tube. 
Thus P — p — fi, where is a constant for tubes of radius a. To 
eliminate the two corrections discussed in the previous paragraph 



I’lO. ll lS.- C'ouotto'.s method for deteniiining tho viscosity of o liquid. 


C'ol’KTTE devised tile following experiment. Aj and A .2 are two 
capillary tubes of the same diameter but different lengths, 4 

respectively, arranged as indicated in Fig. 1T13. The pressure 
difforences between the ends of the tubes are obtained by observing 
the heiglits /q and h.^ respectively. If these pressure differences are 
P, and l^. then since the same volume of liquid passes through each 
tube ]ier second, we have 

Q (P, -/>■)= r' 

-T- a) 4- a) 


Bnl 




and 


Q(/. - a) = -- (P, - fi). 

S,/ 




Ql/i ~ /.) - " (Pi - P.) - - h.,). 

bij Sf) 

The main tlifliculty in this experiment is to obtain tubes with equal 
and constant cross-sectional areas. 




NEWTONIAN FLOW OF FLUIDS 



The comparison of viscosities by an Ostwald type vis¬ 
cometer.—The elementary theory of an Ostwald viscometer given 
on p. 555, is slightly in error since no correction has been made for 
the kinetic energy of the liquid or the effective lengtli of the tube. 
Now by using the corrected form of Poisouille’s equation given on 
p. 559 it is easily .shown that if V is the volume of liquid emerging 
in time t. then 

_ TTrtV py 

8V(/ + a) 87r(/ -f a)/ 

Since ■p is of the form (jph, the above equation may be written 


where A and B are constants. 

To determine values for these constant.s the viscometer is filled in 
turn with two liquids whose kinematic viscosities j-j ami r„ are 
known. If and t., are the times required for a volume \’ of eac h 
liquid to be discharged from the capillary, we have 



= *'2^2 ~ ’’I'l 

h 2 - 


and 







The viscometer may then be used to determine the viscosity of 
another liquid provided its density Is known. 


THE TRANSPIRATION OE GASES AND VAPOriiS 

THROUGH CAPILLARY TUBES 

On the steady flow of a compressible fluid at ordinary 
pressures through a capillary tube -Meyer’s formula.—Jii 
the investigations above concerning the flow of a licjuid through 
a capillary tube it is assumed that the liquid is incompressible 
and its density constant. This is clearly inadmi.ssihle when the 
transpiring substance is a gas. In the case of liquids it is found 
that the velocity u is constant at all points etpndistant from the 
axis of the tube; in dealing with gases the starting point in our 
tUscussion is the fact that equal masses of gas pass each cro.s.s-section 
in a given time. This requires pu to be con-stant at all points at 
a fixed distance from the axis of the tube, where p is the density of 
the gas at the point considered. Hence since p decreases with 
decrease in prcs.sure the velocity of flow will increu.sc as the exit 
end of the tube is approached. Since p oc />, where p is the pressure 
pu must be independent of x, where x is the distance of the j>oint 
from the entrance of the tube. In addition we shall assume that p 
is independent of r. 
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(a) Proof from First Principles: The equation to the motion is, 
as for a liquid, cf. p. 539, 


dp d I 

dx r 5rl dr) 


dp np d i du\ 7] dr 


d{pu) 


Integrating with respect to x, 


ar M 

2 r drl dr r ^ 

Pi~ ~ Pz ^ _n d[pu) 1 

2/ r'drl ' dr 1 


where I = {x^ — a:j). 

Calling the left-hand side of the above equation A and integrating 
with respect to r, we have 




• - + ,c 

• « ♦ f • . K\ • 

-'v ^ A 


71 2 


w here Kj is an integration constant. 


.r dr = —d(pu) +--.dr 


~.r^ = —pu -r K-j In r + k^, 

4;; 

where K.y is an integration constant. 

Now, from the ‘end’ conditions, «•, = 0, and «•, = — or. 

'^rj 


. . pu = - - {a- — r) = 
4/; 


_ P1-P2 .2 


^7)1 


.{a^-r^). 


If Q.y is the volume emerging per second at jjressure p^, then 

p^^ = pQ, 
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where O is the volume, measured at pressure p, which passes ])er 
second across that section where the pressure is p. But 


Q 


^0 


ru dr. 


^Pi ~ Vt) = pA = 


16 n/ 


where is the mass flowing per second, ^ universal 

iVl 

gas constant, M is tlie molecular weight], and T is the absolute 
temperature. 

(&) Proof of Meyer^s formula for a gas assuming the 
formula for a liquid: It has already been stated that the assump¬ 
tion made in establishing theoretically Poiseuiile s equation for a 
liquid cannot hold for gases. Since gases are easil}' compressible 
It would be expected that the velocity would increase as the gas 
passed through the tube, i.e. from the region of high to that of low 
pressure. Actually, the parabolic formula for the distribution of 
velocities over any cross-section of the tube, must be modified to 
some extent by the presence of a radial component but, with Meyer, 
it may be assumed as a first approximation, that if p and p + dp 
are the pressures at cross-sections of the tube defined by x and 
x + dx, then O, the volume of gas, mea.sured at pressure p, which 
passes per second through the element of tube considered, is given by 

rra* dp 


L> = - 


dx 


dp p 

i-L*.-j- IS written for . . 

ax I 

If p is tile mass of gas flowing per second, p = pQ, where p is 
the density of the gas at pressure p (and absolute temperature T). 

na* dp 
• 0 • 

Hrj 


u. = 


_ dp __ TTtt^ p dp 


P — = — ' 


dx 


8// .^T dx 


f . va^ I fp* 

. . p dx= ~ - p_ap 


as before. 


If in general V is the volume of gas flowing through the capillary 
tube in time t, we have * 
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Correction for slip.—In the above proofs for Meyer’s formula it 
has been assumed that the fluid in contact with the walls of the 
tube remains at rest when the fluid flows through the tube. Experi¬ 
ments on liquids support this assumption but for gases there is 
evidence to show that slipping occurs, i.e. the gas flows as if the 
radius of the tube were increased by X, where A is the mean-free-path. 
This means that on account of ‘slip’ the flow of a gas through a tube 
of radius a is the same as that through a tube of radius a -f A, in 
which the slip were zero. Hence Meyer’s equation for the trans¬ 
piration of a gas through a capillary tube becomes 

Experimental determination of the viscosity of hydrogen 
(oxygen) at room temperature.—The apparatus, designed by 
Lehfeldt, and shown in Fig. 11*14, consists of a water voltameter VV 



Fia, 11*14.—Lehfeldt’s apparatus for detenruinnig tho viscosity of hydrogen. 

through which a steady current is passed. Hydrogen is liberated at 
the cathode C and leaves the voltameter through the stop-cock Tj. 
It then passes through the drying tube D, contaim'ng calcium 
chloride, and finally escapes through the gi'aduated capillary tube T. 
The pressure of the hydrogen in excess of that of the atmosphere 
when it arrives at the entrance to T is measured by the xylol manom¬ 
eter M. The hydrogen escapes from T at atmospheric pressure. 

The air within the apparatus is first removed by passing hydrogen 
from a cjiinder of that gas through it; the side tube S permits 
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a connexion to be made to the cylinder. During this part of the 
experiment the acidulated water above C should reach Tj whicli 
should be closed; the xylol should also be made to fill the left-hand 
side of the manometer limb completely and T should be removed 
so that the stream of hj^drogen may be rapid. The apparatus must 
then be tested for lealcs. To do this, close the open end of the 
capillary tube by means of rubber tubing and a glass rod and generate 
hydrogen until the pressure of the gas is about 10 cm. of xylol above 
atmospheric. Then read the positions of the liquid surfaces in the 
manometer and repeat these readings at interval.s for about ten 
minutes. If no significant variations in level are observe<l, the 
apparatus is leak tight for the pressures required. 

The steady current through the voltameter is adjusted to lie in 
the range 0'2-0'25 amp. [for a capillary tube for which I = 50 cm. 
and its mean radius = 0-014 cm.]. In a fairl 3 ’- short time the 
manometer readings should become constant, showing that the rate 
at which hydrogen is being generated in the voltameter is eijual to 
the rate at which it is escaping through the capillary tube. An 
ammeter, G, may be used to measure the current appro.ximatelv but 
the current should finally be measured by means of a potentiometer. 

The mean room-temperature and the mean barometric height at 
the time of the experiment should bo recorded. 

If the steady current used is I amp., the mas.s of hydrogen 
generated per second is I 2 , where 2 is the electrochemical equivalent 
of hydrogen. Thi.s is equal to //, the mass of hydrogen escaping 
through the tube per second, which is also given by tlie equation 






where 3^ is the gas constant for one gramme of hydrogen, 

T is the absolute temperature of the gas (the room), 
a is the effective radius and I the length of the capillary tube. 
t) is the viscosity of hydrogen at temperature T, 

and and are the pressures of the gas on entering and leavin-^ 
the capillary tube respectively. Hence, 


I2 ^ -_Zi)^Vx+^2) ^ 

' I ' 

ThuH a value for the viscosity of hydrogen, at room temneratur.-, 
may be found. * 

The viscosity of oxygen, at room temperature, may be .letermined 

by ^nneetmg D and T to T,. During the course of each experi.nent 
both Btop-cocks Ti and Tj, must be kept open. 

® method for determining the viscosity of air at 
m temperature.—The following simple method for determining 
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the viscosity of air is due to Anderson,! theory is as follows. 

S, Fig. 1 l’15(a), is a glass or metal container of volume V to which 
is attached a capillar^' tube AB, of length I, and mean radius a. 
Let Pq be the constant pressure outside the apparatus. Suppose 



Fio. 11*15.—Andorson'ij method, as modified by the author, 
for finding exporimentAlJy the viscosity of air, 

tlmt in seconds the pressure of the air in S falls from p^ to ^2- 
Let p be tlu‘ pressure in S at time t. Then where ^ 

is the gas constant for 1 gm. of air, T is the absolute temperature 
and /// the mass of the air in S. At time t dt let the pressure in S 
be p ; dp, and m r dm the mass of gas. Then V dp = ^^.dm. 
Mass of gas escaping per second 

dm _ V' rfp 

^ ^ ~ ~~di~ ~ ^'~dt 


16 /// 




+C, 

~Po P ~ Po 

uhere C is an integration constant determined by the fact that 
p = p^, when t = 0. Also, since wlien t = p = p^, we have 

t Phil Mag., 92, 1022, 1921. 
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where k 


(P-i + P o) (Pl - Pii) 
(/^2 - Po) iPl + Po) 

m 





In carrying out this experiment it is difficult to keep V constant 
on account of the changes in effective volume caused by the displa< e- 
ment of the manometric liquid, used in a tube attached to S to 
measure changes in pressure, but if V is large and the liinb> of tlie 
manometer not too wide, then the error on this account is negligible. 
A convenient set-up. designed by the author, is shown in Fig. 1 l-lo 
(^). S is a hollow brass cylinder of about .3 to lb litres volume. 
A brass lid A is soft-soldered over its mouth and tube.s fiom A 
lead to a manometer M, a e 3 ’cle-tyre valve R ami the necessary 
connecting tubes. A similar lid, but with no apertures, forms the 
base of the viscometer. To keep the temjjerature reasonably con¬ 
stant the cylinder S is surrounded 1)3' a wi«ler brass container B 
and this is filled with water. To overcome the efi'ects of the tluid 
thrust on S, this is screwed to the base of B as shown. 

The air which is forced into the apparatus is passed through 
a drying tube and, after leaving the valve R, the air j)asscs through 
a long copper-tube spiral C so that it enter.s S at a temperature 
equal to that of the water in B. 

Well-greased rubber conne.\ions enable the aj>paratu.s to be 

assembled. 

To determine the volume of a glass bulb D, of known volume, 
and stop-cocks Tj and T^ are fixed to the apparatus. W'ith T^ open 
and T 2 closed, the bull) D is exhausted; when Tj is closed and T., 
IS opened the changes of the levels of the manometer lluid permit 
the volume of S to be found if it is justifiable to assume Bovle’s law 
to be valid for air. 

A calibrated capillar 3 ' tube, 0, passes through a hole in the lid of 
A and is held in position with wax or Chattei ton’s eomijound. The 
end of G open to the atmosphere is clo.setl with ruhljor tubing and 
a glass rod while the volume of S is found. 

When the glass rod is removed air escapes from the viscometer 
and by mea.suring the changes in pressure which occur during a 
known time interval, tlic viscosit 3 ' of air at the temj)eratuie of the 
experiment can he found from the formula alread 3 ' establislieil. 

Now the kinetic theory shows that tl)c viscosity of a gas varies 
with temperature (T° K) according to the formula 
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where k and S are constants, the latter being termed Sutherland’s 
constant, cf. p. 605. 

With the viscometer just described, it is possible to carry out 
determinations of the viscosity of air (or coal gas) at 0° C. and at 
50° C. and hence to determine Sutherland’s constant for the gas 
under examination; for 

»)«. _ / S + 273 \ 

Vn V273/ Is + 323/’ 


so that vS may be calculated when 7]q and are known. 

Rankine’s method for determining 



Ch) 


l'i<^. Ill a.—R a n k i no ’ 3 

N'isoonietcT for go.sos iivail- 
«l)lo in small quantities. 


the viscosity of a gas (available in 
small quantities).—This apparatus was 
devised by RAXKiNEf for the purpose of 
measuring the viscosity at room tempera¬ 
ture of each of the rare gases, neon, argon, 
krypton and xenon. 

Consider a closed glass vessel consisting 
of two connected limbs, one a fine capil¬ 
lary tube and the other of much greater 
cross-sectional area, yet sufficiently 
narrow’ for a pellet of mercury to remain 
intact in it, cf. Fig. ll*16(a). Let V be 
the volume unoccupied by mercury (the 
volume of the capillary being considered 
negUgible). Let P be the steady pressure 
of the gas in the apparatus when the 
latter is held horizontally, and let p be 
the difference in pressure caused by the 
mercury pellet when the apparatus is 
vertical. Tlieii if Pi is the pressure and 
Z j the volume at any time below the 
mercury, and the corresponding 
quantities above the mercury, 

V = i>i -r v.y and P 2 = Pi “ P- 


Further, if we assume that the temperature remains constant, 

PV = Pii\ + Poi’a- 

always. 

Let ni be the mass of gas in the apparatus above the mercury 
pellet at any instant. Then m^T = p^^'^y ^'here ^ is the 
gas constant per unit mass of gas. The mass of gas, dm, 

I Proc. Roy. Soc., A, 83* 265, 1910. 
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which transpires in time bt is given by 


l07;i 

- i;- '-'('-f") *■ 

= ^ dt. where k 

But dm = ^(pgUg)- 


TTfl^ 


P2 ^^2 + *•’2 *^^2 = 

Now from the isothermal condition, we have, 

PV = pjVj + = {p., 4 - p){\ — e,) + P-p'i 

= Pi^' + pV — pv.^. 

.*. P2 = l'-P +"*'2- 

V 

Hence p^ is a linear function of v.^, and also p^ is a linear function 
of Vj. 


(^ - P + = '^P 


oP 


2P — 2p -h ~ y 4 P 


dt 


^P H- — J^dv.^ — Kp 


'IV -p 


'Ip 

- . V., 


2 


dt 


Let 2P — p (- Then c/^ = -,y .(/aa* 


or 



2p 


- P)rff = 



37 
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In the interval of time from 0 to t, let ^ change from to and 
i ’2 from to (i’ 2 ),, then 




— («2)o} — PliM 




Suppose now that the mercury describes a s^Tnmetrical displace¬ 
ment. Such a displacement is indicated by the two marks on the 
fall tube: let r be the vohmie between them. Then 


V = (rglo -r {Vo), and (rg), - (rglo = f’- 
{2r2), = X V, and (2i-2)o = V — v. 
The left-hand side of the above equation then becomes 


PV 

2v - — An{ 
V 


1 -f 


'pv 

2PV 


I _ 

2PV 


.EL ig less than unity, we may expand the logarithmic term, 
-f * p 

Calling p^, = a, and retaining only terms to the tliird power, the 

expression under consideration reduce.s to 

, 2 far f, 

2v -- +-= y 1 - \ = V, 

aL2 24 J L 12 J 


•> *> 


since -. —> 0, for all mercury pellets likel)' to be used in practice. 
1 ^ 


na'^pf 
Htjl 


■ = t\ 


Rankine’s viscometer as modified for use at room and at 
steam temperatures. — This viscometer was designed in 1910 hy 
Hankine to investigate how the viscosities of the inert gases varied 
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with temperature. The viscometer is shown in Fig. 11 - 17 , and 
consists of a complete circuit formed two glass tubes, one a 
capillary and the other a wider tube containing a pellet of mercury 
which forces the gas in the apparatus tlirough the capillary when 
the viscometer is in a vertical 


position. The capillary tube, A, 
about a metre long, is bent twice 
as shown to reduce the overall 
length of the apparatus without 
seriously altering the time oecu- 
pied by the mercury pellet, P, in 
descending. Two small bulbs, 
Bj and B^, each about 1 cm.® in 
volume, serve to contain the 
mercury pellet during the pro¬ 
cess of exhausting or of filling 
the apparatus with gas. 

The apparatus is surrounded 
by a steam jacket, D; a ther¬ 
mometer is inserted to measure 
room temperature only, the 
steam temperature being calcu¬ 
lated from the barometric height 
and the thermometer never 
being allowed to remain in 
position while the steam is 
passing. 

Apart from some small correc- 
tioiw the ratio of the viscosities 
of a gas at two different tempera- 
tures is ai>proximately equal to 
the ratio of the times of fall at 
those temperatures of the mer¬ 
cury pellet between the fiducial 
rrmrkH K and F on the ‘fall- 
lube’. 



Flo. 1117.—Itaiikino's viscotnolor 
for investhow tlm viscosity 
of rt gas varies witli teinpcrntiire. 


In 1021 work by Hankine and the author showed that an important 
modification in the method of making observations is necessary. 
Quite noticeable changes in the curvatures of the ends of the mercury 
pellets are observed, not only when the gas within the viscometer 
is changed but also when the temperature of the same gas alters. 
Originally it had been a.ssuined that the effect of eapillarity in 
reducing the full hydrostatic pre.ssure due to the w eiglit of the pellet 
was constant. The variations in driving pressuro are probably duo 
to changes in the angle of contact between mercury and glass rather 
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than to a variation in the surface tension of mercury. The effect is 
eliminated by making observations in every instance both with the 
pellet intact and broken into two segments approximately equal in 
length. 

If it is assumed that the capillary efiFect is doubled when the pellet 
is divided into two segments and trebled when the segments are 
three in number [as indeed proves to be so experimentally], we may 
denote it as a certain fraction a of the full hydrostatic pressure due 
to the weight of the mercur 3 ^ pellet. If and <3 are the observed 
times of descent of the pellet, when in one, two or three segments, 
respectively, it drives equal volumes of gas through the capillary 
tube, we have 

(1 - a)f-i - {1 - 2a)f2 = (1 - 3a)(3, 


so that 





y 


and it is the equality of these two fractions which indicates, in 
j>ractice, that the capillary effect is additive. Iff is the time of fall 
which we maj^ expect in the absence of all capillary effects, i.e. when 
the full hydrostatic pressure of the mercury is operative, then 


t = /j(l — a). 

This time / is then strictly proportional to the viscosity of the gas 
in the apparatus [except for a small correction for ‘slip’, which can 
be np])lic(l independently]. 

Either bulb, or Bo, may be used to divide the pellet into the 
required number of segments. 

Rankine’s method for determining the viscosity of a vapour 
and for investigating its variation with temperature.—This 
method was devised by RANKiNEf to measure the viscosity of the 
vapour of a volatile liquid {e.g. bromine); in it the superheated 
vapour transpii-ed through a capillary tube. The special features 
of the method lay in the devices which were adopted for measuring 
the pressures on the two sides of the capillar}^ tube and in estimating 
the mass of vapour which transpired in a given time. In its simplest 
form Ranliine’s viscometer would consist of a capillar^^ tube con¬ 
necting two bulbs, A and B, Fig. 11-18, which contain only the 
liquid and its vapour. These two bulbs are immersed in baths 
maintained at different temperatures, and the capillary has a tem¬ 
perature wiuch is greater than that of either bulb. In this waj’ 
a suitable difference of pressure is established between the two ends 
of the capillary tube, and hence the vapour \\'ill pass through the 
capillary from the hotter to the cooler side—bj" evaporation in the 

f Proc. Roy* Soc.y A, 88, 575, 1913. 
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former and condensation in the latter. Wfien the steady state has 
become established the mass of vapour whicli has transpired in 
a given time can be determined by observing the volume of liquid 
which disappears from the hotter side A, provided we know the 
density of the liquid at the temperature of A. 

It is obvious that if we wish to determine the mass of liquid whicli 
has disappeared from A with any degree of precision, A should be 


[ 


A. 


\ 


Flo. —Princifilo of Rankinc'.s vi.scometer for suporlieated vapours. 

in the form of a uniform tube of narrow bore. In such an arrange¬ 
ment, on account of the loss of lieat by cvajioratioii, and the failure 
of conduction and convection in so narrow a tube to establish 
equality of temperature, the temperature of the licjiiid surface 
becomes lower than that of the surrounding bath. If, however, this 
decrement can be measured, the actual driving pressure forcing the 
vapour through the capillary tube can be found, the saturation 
pressure itself being known. 

In practice, however, the c.vperiment is scarcely so simj)le as thi.s, 
for on account of the smallness of the volume of liquid corresponding 
to a large volume of vapour, it is desirable that A and B should take 
the form of tubes, narrow in bore, although not comparable in this 
respect with the capillary itself. In this case the pressure at the 
tw'o ends of the capillary are no longer equal to the saturation vapour 
pressures of the liqui<l at temperatures respectively equal to those 
of the baths in which A and 13 are immersed. This mu.st be attribu¬ 
ted to the faet that when the rate of distillation througli the 
capillary is large, heat can neither enter A nor leave 13 rapidly 
enough to secure equilibrium between the liquid and its vajjour 
'I’lie conscciuence is that the pressure in A is less than, and that in 13 
greater than the corresponding saturation i>re.ssures, and in order to 
find the true pressures means have to be adopted for estimating the 
above differences. A consideration of the diagram of the apparatus 
actually used, cf. Fig. IJ IO, will show'how this was achieved. It will 
be seen, that the vessels A and B are U-tubes, sealed at the ends 
remote from the capillary. They are enclosed in water baths, the 
temperatures of which differ by several degrees. Ix't us suppose 
that that containing A is at the higher teinperatun*. The tempera¬ 
ture of the bath containing A must be low er than that of any other 
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part of the apparatus except B, and, with this restriction, the tem¬ 
perature of the bath C containing the capillary tube may be main¬ 
tained at the value at which it is desired to determine the viscositj^ of 
the vapour. The vapour which evaporates from A passes through 
the glass spiral Sj in order that it may be raised to the desired 
temperature before entering the capillary. After emerging from the 
other end it is eventually condensed to liquid in B. 



Pio. 11*19.—Rjinkine’a viscometer for use with t!i© vapours of volatile liquids. 
[The largo bulbs Gt and Gj facilitate condenwition on the cooler side of 
the viscometer; the stirrers and thermometers are not shown]. 

Now let us consider what happens in the closed limbs of the 
ve.ssels A and B. The variations in level to which tlie liquid is 
subject in these limbs is not such as to involve appreciable evapora¬ 
tion or condensation there; consequently the saturation pressures 
are maintained. In the limbs adjacent to the capillary, ho^^e\e^, 
owing to rapid evaporation and condensation the pressures differ 
from the saturation values, but by amounts which can be easily 
estimated by observing the differences of level in the two limbs of 
the U-tuhes. Thus suppose dj and Og- ^^e temperatures 

of the baths containing A and B respectively, and p.. the densities 
of the liquid at these temperatures, and pg* the jiressures at the 
two ends of the capillary, and and h.y, the differences of levels of 
the liquid in the respective U-tubes. then, if P, and Pg are the 
saturation vapour pressures of the liquid at temperatures 0^ and dg 
respectively, 

Ti “ OPi^i- 

and Pa = ^2 + 

Thus, provided that the saturation vapour pressures and the 
liquid densities over a small temperature range are kno\ni, the 
pressures controlling tlic transpiration can be found without using 
anything in the nature of an ordinary pressure gauge. Further, 
a knowledge of the specific volumes of vapour and liquid provides 
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means of determining the rate of flow through the capillary, from 
observations of the volume evaporation and condensation of tlie 
liquid. 

Meyer’s transpiration formula, which is the basis of this method 
for measuring the viscosity of a vapour, is 

_ ^ ipi^ — P2)i 
'' IW ■ Pi^\ ' 

where t is the time in wliich a volume of vapour, (at pros.sure pj). 
transpires. This formula is developed on the assumption that the 
substance is an ideal gas. In these experiments the vapour was 
superheated and under a low pres.sure so that the deviation.s will 
almost certainly be small. In 1924t the author used this method, 
with some slight modifications, to study the viscous properties of 
water vapour over the range 100° C.-260° C., and carried out sonu' 
experiments in w'hich the difference in i^ressure between the ends of 
the capillary were halved; the value for r) was not affected beyond 
the limits of error inherent to the method. 

As the above formula stands, it is not best suited for the purposes 
of calculation; it requires to be put in terms of ?«, tlie mass of 

substance transpiring in time t. Since 

where R is the universal gas constant, 3? the gas constant for the 
liquid per gm., M its molecular weight and Tj the temperature, on 
the absolute scale, of the vapour, a.s it passed through tlie capillary 
tube, we have 

_ (pi^ — p^)t 1 _ 7^ {pi^ — ^1 

m m'~~ m rt/ 

Several small correction.s have to be applied, but for an account 
of these, the original papers must be consulted. 

Experimental determination of the viscosity of steam at 
atmospheric pressure.—The principle of this method of measuring 
the viscosity of steam at about 100° C. is due to Guegorv, but 
the apparatus described below was designed by the author and 
possesses several marked advantages over the original apparatus in 
which an inverted Dewar flask was used. Fig. ll-20(a) shows tlie 
principle of the method. Water is boiled in a metal container, A, 
from which all air has been expelled. The steam escapes through 
a calibrated capillary tube, C, and may then be condensed in a 
U-tube, partially immersed in cold water. A sensitive mercury-in- 
glass thermometer, T, gives the temperature of the vapour, but in 


t Proc. Hoy. Soc., A, 106, 83, 1024. 
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order that the bulb of the thermometer shall not be deformed 
mechanically by the pressure of the steam, the thermometer is 
Ijlaced in a tube closed at its lower end and containing an oil 
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Fi«. 11-20.—Visconiotor for [Author’s design], 


[b.p. > 100® C.] to give good thermal contact between the bulb and 
the hcatcfl tube. When this temperature is known the pressure of 
th<‘ vapour can be deduced from tables; the viscosity of the vapour 
i.s then calculated with the aid of Meyer’s formula as given on p. 563. 
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Details of the actual viscometer are shown in Fig. 11-20(6). A i.s 
a brass vessel, flanged at the top so that a brass lid, with an inter¬ 
vening rubber gasket, may be fixed in position with screws. This 
Hd carries the tube B, in which the thermometer, T, is placed. 
The lid also carries the insulated leads to the heating coil, H, and 
a safety-valve, V, which will be de.scribed later. Into the base of 
the tube A there is soldered a brass tube D. A rubber bung, E, fit.s 
into D and supports the capillary tube, C. F is a loosely fitting cork 
which prevents C from wobbling about. By means of a short length 
of rubber tubing a U-tube may be attached to the exit end of C and 
this, when partly immersed in cold water, serves to catch the steam 
which escapes in a measured time interval. 

Fig. 11-20(0) gives details of the safety-valve and of one of tlie 
insulated leads to the heating coil, H. A brass terminal is passed 
through a piece of thick-walled rubber tubing, R, which ju.st fits into 
a hole in the lid of the viscometer. Brass washers are j)laccd as 
shouTi and when the nut, N, is screwed into position the rubber i.s 
expanded and the joint is ‘gas-tight’. The valve, V. consists of a 
short piece of brass tubing, K, at the base of which is a steel 
sphere resting on a small hole. A light spring holds the sphere 
down and tlic tlirust on it is controlled by means of the 
screw, M. 

Details of the electric heater arc shown in Fig. ll-20(c/). The 
coil consists of a few turns of constantan wire, hard soldered to thick 
copper leads. The coil is wound on a silica tube of such size that 
it slips easily over the brass tube D. The silica tube is held in 
position by copper bands fixed to the tube B. Thus the apparatus 
is readily assembled and may be dismantled to clean the capillary, 
etc. 

To commence the experiment the water is boiled vigorously, the 
valve V being open so that air may be expelled from the apparatus. 
I'he thrust on the spring is then increased slightly so that the pres¬ 
sure of the saturated water vapour in the viscometer increases. This 
pressure is deduced from the steady reading of the thermometer. 
Steam is then escaping through the valve and also through the 
capillary tube. The viscosity of steam is then found as indicated 
earlier. The experiment is then repeated with temperatures not 
exceeding about 102-5® C. [p = 90 cm. of mercury). 

ROTATIONAL AND OSCILLATION VISCOMETKRS 

Introductory.—The viscosity of such a substance as Lyle's 
Golden Syrup , or glycerol, is so great at room temperatures that 
the capillary tube viscometer becomes a very inconvenient instru¬ 
ment to use. In such cases a rotational viscometer may be used. 
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Such an instrument consists of a vertical cylinder, of known dimen¬ 
sions, which is caused to rotate uniformly, within a coaxial cylinder 
of knovTi radius, the annular space between the cylinders containing 
the liquid under investigation. The depth to which the inner 
cylinder is immersed must be known and the experiment consists 
in determining the constant angular velocity of the inner cylinder 
when a steady couple is applied to it. In the elementary theory of 
the action of such a viscometer it is assumed that the motion of the 
liquid is the same as if the depth of immersion were infinite; a so- 
called ‘end-correction’ occurs in practice and the experiment is 
usually carried out so that this end-correction ma}' be eliminated. 
In theorj'^ it is immaterial whether the outer cylinder is rotated and 


. * 




z 


u + 


fTn ^ 7> — 0. 


7 ^. 




P Q 


o 

Fig. 11-21.—Newton’s hypothesis—nnother point of view 


the inner one kept stationary or vice-versa, for the problem is one 
of relative rotation. In the case of liquids having a high viscosity 
the simplest construction is obtained by applying a known couple 
to the inner cylinder by means of a system of weights and pulleys 
and measuring the rate of rotation after a steady state has been 
reached. When the torque necessary to provide a suitable speed 
becomes so Ioav that the friction of the pulleys becomes a disturbing 
factor, the apparatus is made so that the outer cylinder may be 
rotated at constant speed, the inner cylinder being suspended by 
a torsion wire. The deflexion is a measure of the couple on this 
cylinder. 

Before attempting to show how this couple maj’ be related to the 
visco.sit^’ of the fluid between the cylinders it is necessary to re¬ 
consider Newton's hypothesis of viscous flow. This hypothesis is 

du 

V-r- . It is sometimes 
' dz 

more instructive to write this equation in a different form. Thus, if 
two layers at a distance dz apart in a liquid are considered, where 
the velocities are u and u -f du, respectively, then in time dt a 
particle in the faster moving layer will advance a dLstance du dt 
further than a particle in the other laj'er cf. Fig. 11*21. If d<f> is 


X' 

epitomized by the equation, cL p. 536, ^ = 
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the angle through which the straight line connecting the positions of 
the particles rotates in time dt, i.e. PPj rotates to the position QQj. 
then 

, , bu bt d<i> du 

b<f> = -, or — = —. 

bz dt dz 

Thus 

F _ d4 

or the stress is directly proportional to the rate of sl»ear if tlie 
viscosity, 7 ^, is constant. 

On the torque acting on a cylinder placed in a rotating 
fluid.—Let the space betmeen two coaxial cylinders be tilled witli 
a viscous fluid. If the outer cylinder is made to rotate with coji- 
stant angular velocity the couple exerted on the inner cylinder may 
be calculated; hence, if this couple is measured we have a means of 
finding the visco.sity of the fluid. Let a and b. Fig. 11 •22(a), be the 



('«') (b) (c) 

Fio. 11-22.—Oil the torquo on ii cylinder placed in a steadily 

rututiiig fluid. 


radii of the inner and outer cylinders and consider a length I of the 
cylinders; end eflfects are neglected for the moment. The inner 
cylinder is at rest, the couple exerted on it being balanced against 
the couple due to the torsion in its suspension. U*t o>o be the 
angular velocity of the outer cylinder; this velocity is taken to be 
clockwise and the innermost layer of liquid will be at rest. 

Let r be the radius of a cylindrical surface within the fluid. If 
oj is the angular velocity of a point on this surface, let co 4 - boj be 
the velocity at points distance r + br from the axis. Let PQIl and 
P^iS, Fig. 11 *21(6), be arcs of circles of radii r and r + br. Let 

POQ = OJ. bt. Then the particles which were at P and P, at time t 
will be at Q and S at time t + bt. 
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(r -f- 5r)(a) + da))dt. 
if dco dr is neglected 


Now PQ = r.oj.St, and P^S = 

QiS = r.doy.dt, 

(^QS = r^d< 

or 

Rate of shearing = r 

dr 

Tangential stress at the surface of the cylinder, of radius r, is 

do) 


7;r 


dr 


[cf. p. 579J 


force 


where r] is the viscosity of the fluid. 

Hence the fluid outside the cylinder of radius r and length I exerts 

on a strip of this cylinder of width ds, where (p = 27rr, a 

do) ^ 

Irj.r X— <55, and the moment of this force about the axis of the 
‘ or 

cj’linder is - 

' dr 

Hence the total torque on the cjdinder considered is 

^ 1^- 

Let r be the anticlockwise couple which must be applied ex¬ 
ternally to prevent the iimer cylinder from rotating. When condi¬ 
tions are steady there is no angular acceleration of the liquid, i.e. 
the total couple on the liquid between the cylindrical surfaces defined 
by r = r and r — o is zero. 

■ 27 m/r® — Z’ = 0, or 27r7jl dco = P 

" dr r^ 

r i 

27njUo = — —+ A, 

2 

where A is an integration constant whose value, given by the bound- 

1 r 

ary condition that when r = a, co = 0, is A = o*"?’ 


Since when r = b, (o = coq, 

■2.nio>0 = - y ■ 


n = 


AttUoq La^ 
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When the inner cylinder rotates, cf. Fig. ll-22{c), the liquid outside 

the cylindrical surface of radius r again exerts a torque 

on that surface and in a clockwise direction. If is the clockwise 

couple causing the rotation of the inner cylinder, then since the fluid 

between the surfaces r — a and r = r has zero angular acceleration, 
we have 

r + — = 0 . 

dr 

Integrating this equation and using the boundary conditions 
»■ = a, a» = Oj,; r = 6, co = 0, we find 


V = 






Alternative proof: It has just been shown that the rotating fluid 
outside a cylinder of radius r and length I exerts on it a torque 

2TTr)lr^ Now con.sider the fluid within two cylindrical surfaces 

r and r -f dr. The torque on the inner surface must be equal and 
opposite to the torque on the outer surface since the liquid is in 
equilibrium, i.e. 


Ki'],., - 


^ 1-2 


= l dr 


.. dot d^ot 

a f- r- 

dr dr^ 


= 0 


I'o solve this equation we have 

d'^ot 

^ = 
dot 


3 

r 


dr 


Integrating we get 


dot 


I V 

m ~ = couHt — 3 In r, 

dr 


i.o. 


do) 


dr 


• = Ar 


-3 



682 


THE GENERAL PROPERTIES OF MATTER 


where A is a constant. Hence to = ~\Ar-^ + B, where B is a con. 
stant. The boundary conditions are r = a, co = 0, and r = 6, co — coq, 


so that 



Now the inner cylinder of the apparatus is in equilibrium under 
the action of the anticlockwise couple P and the clockwise torque 
exerted by the liquid, viz. 



or, as before, 


r=27rr)l.A, 

47tIojq La® 6®J 


A cylindrical viscometer in practice.—In the theoretical 
analysis of the torque exerted by a moving viscous fluid on a cylinder 
the torques exerted on the ends of the cylinder have been neglected; 
by using in turn two cylinders of lengths and I 2 ^^is unknown 
torque may be eliminated, provided no other change is made, for we 
have 

A = + nS), 

(6® — a®) 


and = ‘int](Oo.— - -h + r(B). 

(6- — a®) 

where /’(B) denotes the torque on the ends. Hence 



In 1890 CouETTEf designed the first reallj'^ successful cylindrical 
viscometer so that such instruments are known by his name. Here 
we shall only discuss one or two modifications of his original 
instrument. 

Millikan’s method for an absolute determination of the 
viscosity of a gas at room temperature.—These experiments 
were made by GilchristJ and later the apparatus was improved 
by HaiTington,§ both of whom worked under the direction of 
Millilian, who had found that at that time the accuracy ^nth which 

t -•!««. Chim. Phys., 21, 433, 1890. 

tPhy3. Rev., 1, 124, 1913. 

\Phya. Rev., 8. 738, 1910. 
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the elementary charge could be determined was limited mainly by 
possible inaccuracies in the value adopted for the coefficient of 
viscosity of air. It was decided to work with a constant deflexion 
method since such a method was exceedingU’ simple and direct, 
and appeared to be more suitable for absolute determinations of // 
than are either the capillary tube or oscillating body methods. 
[Zemplenf used this method for a direct determination of // for 
air but he used concentric spheres and his results were liigh.J 

Gilchrist decided to use coaxial cylinders for two reasons:— 

(а) it appeared to be the simplest method and the oiie in which 
the errors could be readily detected and their etfect minimized. 

(б) the theory is simple and the formula derived is exact. It has 
already been shown that P, the couple acting on the inner cyliiuler. 
provided the ‘end effect’ can be eliminated, is given by 


and this is equal to where <f> is the steady angular deflexion of 
the inner cylinder and 6^ is the couple per unit twist in the suspension. 
If T is the period of oscillation of the inner cylinder about its axis 
of suspension, I being the corresponding moment of inertia [the outer 
cylinder being removed], then 





The inner cylinder was made of brass, the walls being as thin as 
possible to reduce the mass. Tlie wall was supported by sheets of 
aluminium perpendicular to the axis. The wall of tlie cylinder was 
made parallel to the line of suspension. 

The princij>le of the guard rings, used to eliminate 'end ellects', is 
indicated in the diagram, Fig. 11 •23(a), which also shows the principal 
dimensions. 

To find I the inner cylinder was suspended by a .steel juano wire 
0-36 mm. in diameter and the period found. An annular ring of 
aluminium, with a cross bar. was placed symmetrically on the 
cylinder and the period again determined. Then, 




and T.^ = 



t Ann. (Ur Vhya., 29, 809. 1009; 38. 71, 1912. 
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M (C) 


Fig. U-23.—Millikan’s viscometer for gases. 


Tlie following observations are typical:— 


Ti = 19-7183 sec., = 28-239 sec. 

T . r0-376“ + 9-22G5-1 ^ 

I 2 = M'.|^— 3 ~J ^ ^2-157.1^- - -Jgin.cm.% 

c being the half-width and d the half-length of the bar. 

r9*20752 + 8-1G08-1 

L" = M". j = 97-3771. -■■ - - --Jgm.cm.", 

u here e and / are respectively the outer and inner radii of the ring. 

\ I, = I 2 ' + I 2 " = 8002-4 gm.cm." and hence = 7615-8 gm.cm.^. 

The method of driving the outer cylinder and the actual manner 
of suspending the inner cylinder are shown in Fig. 11-23(6) and (c). 
Harrington found for air, 

n = 1-8226 X 10“^ gm.cm.“^sec."^. 


gin.cm. , 


A precision determination of the viscosity of air at 20® C.— 
The major part of the discrepancy between Millikan’s oil-drop 
method value for the electronic charge and that obtained by X-rays, 
cf. Vol. VI, is attributable to an error in the measured viscosity of 
air. The only methods available for making accurate measurements 
of the viscosity of a gas depend upon the rotation of a cylinder or 
the flow of the gas through a capillar 3 ' tube. This latter method is 
experimentally the more eas\’ to carry out but the numerous 
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corrections which raust be made render the mctliod unsuitable for 
precision measurements. The rotating cylinder method possesses 
the distinct advantages of precision in the mechanical construction 
of the apparatus and the freedom from theoretical objections. 

In 1939 Bearden made a precLsion 
determination of the viscosity of air at 
20’00® C.; he used a rotating cj’linder 
method which differed mainly in one 
respect from that used by Millikan. The 
rotating cylinder A, Fig. 11-24, was the 
inner one because the external diameter 
of a long cylinder may be made and 
measured more accurately than its inner 
diameter. The deflexion cylinder B was 
short so that its inner surface could be 
machined accurately; it was protected 
bj’’ guard rings G and its internal radiu.s 
was found by determining the mass of 
water required to fill the cylinder com¬ 
pletely when it rested on a flat base. A 
was rotated by means of an electro¬ 
magnetic drive; thi.s enabled it to be 
rotated in a vacuum and the apparatus 
could then be filled with dry air without 
upsetting the driving mechanism. All 
measurements were made at 20 00"’ C\ 
and a Beckmann thermometer inside 
the apparatus showed that the tempera¬ 
ture therein did not vary by more than 

O’Ol deg. C. in a day. The steel base of the apparatus was made 
horizontal and the suspended cylinder arranged coa.xially ^^itll the 
guard rings and the rotating cylinder. 

The optical sy.stcm for measuring tleflexions of the outer cylinder 
was a telescope and comparator. This was set parallel to the minoi- 
m its zero position and the .screw.s of the cross-hairs and comparator 
were calibrated for errors. The di.stance from the vertical wire in 
front of the light source to the mirror M was measured witli the 
aid of a standard bar. The di.stance was corrocted for the 
refractive index of the glas.s of the window in front of the mirror. 

Because the cylinder A could not easily he hrought to rest com¬ 
pletely, either in its rest po.sition or when deflected, observations 
were made by setting the cylinder oscillating enough to displace the 
image by about 0*005 cm. The extreme positions of several os<‘illa- 
tions were measured w'ith the vernier cross-hairs and the mean 

\ Phye. lUv.. 56, 1023, 1039. 
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added to the comparator reading, the comparator being set on almost 
the steady position of the image. The drive for the cylinder B was 
very con.stant, the motor (i H.P.) being synchronized with a precision 
electric tuning fork, made of elinvar, using a thyraton circuit. The 
torsion constant of the suspension wire was found by measuring 
the period of oscillation of suspended objects whose moments of 
inertia could be calculated. These measurements were made in a 
separate bell-jar, which was evacuated to about 10 mm. of mercury 
so that damping could be neglected. The torsion wire was specially 
made of tungsten treated at high temperature in dry hydrogen and 
always kept slightly under tension. This was found to prevent 
‘zero drift*. It was shown by experiment that there was no 
difference between the ‘static’ and ‘dynamic’ torsion constant. 
Now it is possible that an error may be made in determining the 
torsional constant of the suspension, for whereas the vire is used 
statically in the viscosity measurements it is used dynamically in 
finding the period of oscillation. If the two constants are not the 
same one might expect the torsional constant to be a function of the 
j)criod of oscillation. Six inertia objects with different moments of 
inertia about the axis of rotation were used but the wire finally used 
showed no variation. 

It was also verified by experiment that the effective length of the 
deflected cylinder wa.s the mean of the actual length and the distance 
between the guard rings. In a ty^jical determination, the pressure 
inside tlie aj)paratus wa.s reduced to 10 mm. of mercury and a check 
for leaks made. Dry air was admitted to a pressure of 74'5 mm. 
of mercury. The apparatus was left for several hours to become 
steady. The zero position was measured, then deflexions with the 
cylinder rotating in one and then the other direction were measured. 

The mean value for the viscosity of air, calculated by the formula 
j)roved on page 583, was found to be 

(1819-20 i 0-06) X 10"^ gm.cm."^ sec.“^ at 20'00‘’C. 

If Millikan’s oil-drop data are used with the above value for the 
viscosity of air, one finds 

e = —4-815 X 10“^°e.s.u., 

whereas the X-ray value, as calculated hy Dunnington, is 

c = —4*8025 X 10”^*^ c.s.u. 

Searle’s viscometer for liquids.—A sectional diagram of this 
viscometer is shown in Fig. 11*25. The inner cylinder, A, is carried 
by an axle working in fixed bearings, the lower bearing being at the 
top of the pillar, C, which supports the outer cylinder, B. The 
cylinder, B, may be raised or lowered and clamped in any desired 
position by means of the screw, S. The axle supporting the inner 


NEWTONIAN FLOW OF FLUIDS 


587 


cylinder carries a drum, D, so that A may be caused to rotate by 
means of two equal masses, M, supported in pans, of known mass, 
attached to a string wound round tlio drum D and passing over two 
pulleys, Pj and Pg. The top of the pillar to which the outer 
cylinder is clamped carries a perforated baffle ])late. Q. loosely 
fitting the outer cylinder. The liquid under investigation fills the 
space below the baffle plate and also part of the space between the 
two cylinders. By moving the 
outer cylinder ui)wards the 
length of the inner cylinder [ 

surrounded by the liquid may 
be varied. To facilitate vary- 
ing the depth of immersion of 
the inner cylinder the outer 
cylinder is clamped to the 
pillar C by means of a screw- 
clamp, S, acting on a tube pro¬ 
jecting from the base of the 
cylinder. This projecting tube 
is partially slotted parallel to 
its axis so that by means of the 
screw S a liquid-tight joint is 
made with the pillar. The 
baffle plate Q prevents the ro¬ 
tation of the inner cylinder 
from cau-sing any appreciable 

motion of the liquid in the 11.25.-S<.arl.‘s rotational vUco- 

region under the plate; thus meter for very viscous lii]uicLs. 

for a given value of Wg, the 

angular velocity of the inner cylinder, there is a definite end-effect’, 
a, i.e. the distribution of velocity near the lower end of A is 
practically independent of the position of B on its support. 

A scale in millimetres is engraved upon the inner c^'lindcr and this 
may be observed through a vertical slot in the wall of the outer 
cylinder. This slot is covered with a thin glass plate cemented to B 
and secured in position by a bras.s frame. In this way the depth of 
immersion of the inner cylinder in the liquid may be determined. 
Above the drum the axle carries a bra.ss plate with a fiducial mark 
F on its edge; when the locking pin G is in position tlio inner 
cylinder is fixed and F coincides with a fixed mark, I, on tlie instru¬ 
ment. These two marks are used in determining the time of 
revolution of the inner cylinder. 

The internal diameter, 2b, of the cylinder B, and the external 
diameter, 2a, of A must bo measured at several places with the aid 
of calipers and mean values found. 
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The liquid is then placed in the viscometer, and after all air 
bubbles have disappeared the outer cylinder is adjusted so that only 
a short length of the inner cylinder is immersed—if the inner cylinder 
were raised out of the liquid it would be necessary to wait some 
considerable time for the liquid to drain away from it. Observations 
should then be made of the period of rotation, T, for different loads 
and a constant depth of immersion of the inner cylinder. If friction 
at the bearings and pulleys is constant and small, the product wzT 
where m is the mass of each pan and its load, should be proportional 
to the effective depth of immersion {I + a). The intercept of the 
graph formed by plotting mT = x,l — gives the ‘end-correction’ a. 

It remains to measure the diameter of the drum and of the string; 
the effective diameter so far as the couple applied is concerned is 
equal to the sum of these two diameters, say 5, i.e. F = gmd, where 
(j is the intensit 3 ' g^avit 3 ^ Since 

_ gd{b + fl )(6 — a) mT 
^ Sn^a-b- (I -fa)’ 

the viscosity’, ?^, ma^' be deduced from the slope of the linear graph 
by plotting .r = /, y = mT. The observations must be made an 
quickly as possible in order that large variations in temperature 
shall not occur. 

To determine T accuratel^^ the pin G should be removed and the 
inner cylinder rotated l^v hand through about one quarter of a revolu¬ 
tion in a direction opjjosite to that which it will travel when the 
masses M are allowed to fall. A stop-watch is started as the fiducial 
mark F passes the index I and the time of each subsequent ‘transit’ 
noted. A mean value for the period of rotation is then found in the 
usual wa^' l»y subtracting (saj’) the fourth reading from the first, the 
fifth from the second, etc. 

The viscosity of gases at low temperatures.—The viscometer 
to be described is t^'pical of a t 3 ’pe known as oscillation viscometers; 
in each such viscometer a suspended body oscillates about a vertical 
axis of .s^’mmotry. 

In certain circumstances the simple design of an oscillation 
viscometer is an advantage which outweighs the theoretical dis¬ 
advantages inherent thereto. This is particularly so when the 
viscosity has to be determined at low (or high) temperatures. It 
was for reasons such as these that Vogel| avoided transpnation 
methods. In general, only comparative measurements can be made; 
in the experiments by \^ogel the viscosity of air at 0® C. was taken as 
1-724 X 10“^ gm.em.“*scc.“h This is a mean value, which happens 
to be identical with that found by Rankine. 

t Ann. der Phya., 43, 1235, 1914. 
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The principal parts of the apparatus used by Vogel arc shown in 
Fig. 11-26. Two glass plates, A, A, were held in position inside tin- 
bulb portion of a glass apparatus. G, by nieans of two springs, S, S. 
Metal blocks, B, B, kept these plates at a fixed and uniform distance 
apart. D was a disc, made of glass or silver, which was suspended 
so that it could oscillate in a horizontal plane between A, A. H 
was a torsion head which carried a fine platinum wire P ((►•05 mm. 
diameter and 20 cm. long), to wliieh was 
attached at its lower end a nickel wire N 
(1 mm. thick and 22 cm. long). A plane 
mirror was rigidly attached to N; an 
astatic pair of magnets enabled the 
system to be set in motion by bringing 
up a magnet which was afterwards re¬ 
moved. 

The glass vessel G carried the whole 
of the above system and it could be 
evacuated or filled with the gas under 
investigation. Only the lower portion of 
the apparatus was placed in the cryostat, 

80 that the oscillation could always be 
observed through the window’ W. The 
w'ire P was sufficiently far removed from 
the colder portion of the apparatus for its 
rigidity to remain practically unaffected 
by temperature variations. 

According to Maxwellt the viscosity, i], 
of the gas is related to X, the logarithmic 
decrement j)er half-cycle, by the equation 

^ ^ Fio. J 1-2(3.— Vogol's vi.-jco- 

r) = ■■ - , iiieitT for gusos (at low 

tC(1 + x) teinpi-raturcs). 

where C is a constant, t the period of swing, x a small correction 
term which was jtractically zero in this work, and a is a correction 
for accessory frictional effects. Since only relative measurements 
are made it is not necessary to know the value of C. The quantity 
a is the most important correction and earlier workers have often 
taken it to be zero. In Vogel’s experiments where the dimensions 
of the apparatus were smaller than usual and especially at low’ 
temperatures when rj itself is small, it was very ncces.sary to deter¬ 
mine a. lo do this Vogel used two viscometers which were identical 
except that in one the suspended disc was made of glass, in the other 
of silver, yet both discs had the same moment of inertia, about the 

^ Phil. Trans., 156, 249, 1800. 
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axis of rotation, i.e. the surface areas of the discs alone were diflferent. 
Experiments were made with each instrument in a particular gas 
at two different temperatures. Experiments were also made with 
the apparatus exhausted; a was then calculated. In general 


a = aj + a.2. 


where aj is due to extraneous frictional effects due to the motion 
of the mirror etc. in the gas, and ct^ is due to ‘elastic hysteresis’ in 
the suspension wire. It was found that aj was proportional to 
approximatel 3 \ 

Temperatures were measured b}' means of a platinum resistance 
thermometer. 

The following method was used to find A. Let Qj be the first swing 


to t)ie riglit, and the first to the left. Tlicn A = In 
{say). Hence, with a notation that is self-explanatory, 



In k 


a 


= k^ and 


a 


«i+15 



n+15 



• • 




^n-i-15 “h 



SO that bj' taking logarithms, A can be found. This manner of 
taking the readings is most convenient, since it is not necessary’’ to 
know the zero ])Osition. 

Finally, the viscosit^’^ of anj' gas, or of air at any temperature 
other than at 0° C., was found from the equation 


11. — J: 

^ulr 3lnlr 

where the viscosity of air is taken to be that at the appropriate 
temperature. 


OTHER METHODS FOR DETERMINING VISCOSITY 

Determination of the viscosity of a fluid by the revolving 
disc method.—In this method, which is applicable both to liquids 
and gases, a thin circular disc of large diameter is mounted so that 
it ma,y be rotated with constant angular velocity' about a vertical 
axis through its centre and normal to its plane—of. Fig. 11*27. 
At a little di.stancc above there is supported bv means of a torsion 
wire another disc, the planes of the discs being horizontal. The 
torsion wire coincides with the axis of rotation of the lower disc. 
\\ hen the lower disc is in motion a couple is exerted on the upper 
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disc so that this moves through a certain angle, 6, until the couple 
due to the viscous drag is equal to tl»e restoring couple due to tlie 
resulting twist in the torsion mre. 

In obtaining an expression for this couple it will be assumed that 
the angular velocity of any layer of the liquid is a linear function 
of the distance of that layer from the upper disc. For this to be 
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Fig. 11*27.—Revolving disc* apiniriitan for d<*(<*r]nini]ig tlio visco.^iiy 

of u fluid. 


fulfilled the disc would have to bo infinite in diameter and the 
rotation infinitely slow. If z is the distance between the discs. <o 
the angular velocity of the rotating disc, the vertical velocity 
gradient at a distance r from the axi.s of rotation will be, under 

the above conditions, constant and equal to Hence the 

elementary torque on that portion of the upper disc defined by 
adjacent rings of radii r and r + is, cf. p. 580, given by 



2nrdr.y):^.r = 2rrr\^-l^ 



'Fotal couple on disc 



where a is the radius of the disc [Maxwellj]. 

In deriving the exi>ression for the couple on the stationary disc- 
in a revolving disc viscometer, it has been tacitly assumed that 
the velocity gradient is always given by r(oz~^, i.c. even uj) to tlic 
edge of the disc and that there is no drag arising from viscous 
forces on the upper surface of the stationary disc. To fulfil these 
requirements an apparatus is assembled as in Fig. 11-27. XV is 
the rotating disc; it is about 40 cm. in diameter and, for use with 


t Collected Papers or Phil. Trans., 156, 24‘J, I80G. 
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gases, makes one or two complete revolutions per second. About 
3 mm. above this is the upper disc AB on which the torque, due to 
viscosity, is exerted. This disc nearly fills a circular aperture in a 
larger disc CD and thus the flow of fluid is practically the same 
as if AB and CD were one disc. In this way edge-effects are 
eliminated and the theory developed above applies. A shallow cap 
PQ rests on CD and protects the upper surface of AB from viscous 
drag. The upper disc is suspended, in the usual way from a torsion 
head H, by means of a fine wire W, and a mirror M, rigidly attached 
to the upper disc, permits an accurate evaluation of the angular 
deflexion of the disc to be made. 

If 6 is the couple per unit twist in the suspension, then when the 
disc is in equilibrium. 

r = hd, 


or 


22b0 

TTCOa^ 


Brillouin showed that the radius of the upper disc should be 
taken as 


Cl + 



where y, the clearance between the ring and suspended disc, is 
small compared with 

Stokes’ law.—NEWTONf established the fact that when a body 
is acted upon by a constant force and also experiences a resistance 
to its motion proportional to any power of its velocitj', a stage is 
ultimately reached when that body attains a constant or terminal 
velocity; the force resisting the motion is then equal and opposite 
to the constant force applied to the body. Stokes first showed 
that when a sphere is moving slowly with uniform velocity’' through 
an infinite extent of viscous fluid, the resistance to the motion is 
Grmiu, where r is the radius of the sphere and u its terminal velocit 3 ^ 
'Jiie equation is established mathematically in Lamb’s Hj’dro- 
dynamics; here we can only use the method of dimensional anal^'sis 
to find the t^^pe of expression which will represent the force acting 
on the falling sphere. Thus, we wTite 

F = 

where A, a, /? and y are constants; it is only a, ^ and y which are 
determinable by the method now used. Since 

[F] = [r] = [L], 

[,] = [M][L-*][T->], and [n] = [LJIT-'J. 

t Principia^ Lib. II, Prop, viii. Cor. 2. 
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we have 


MLT-2 = L*.M^L’'’T-^L'T-'. 


Comparing indices, we and, 


1 =^. 

\ = 7, ~ f} -\- y. 
-2 = - y. 


a = 1 and y = 1. 

Hence F = ArifU, 

and Stokes showed that wlien the extent of the fluid is limitless, 

A = Ctt. 


F = ^nriju. 

The falling sphere.—When a sphere, falling througli a viscous 
medium of unlimited extent, has reached its terminal velocity, n. 
the resistance to its motion has just been shown to be Gnrtju. and 
this force must be equal and opposite to the effective weight of the 
sphere, i.e. 

anr^ip — cr)g = (iTrrrjU, 


or , = 

9 u 

where g is the intensity of gravity, p the density of the material of 
the sphere, and a that of the fluid. 

Perhaj)8 the most important use to which this equation has been 
put was by Millikan who applied it to find the size of the oil 
drops in his experimental determination of the electronic charge; 
a value for the viscosity of air at room temperature had therefore 
to be determined [cf. p. 582], Our purpose at present, however, 
is to show how this equation may be used to determine the viscositv 
of a highly viscous fluid. 

Experimental determination of the viscosity of very viscous 
oils at room temperature.—The expression 



ip - g)g ,2 

• ' t 

u 


shows that if the terminal velocity acquired by a sphere falling 
through a viscous medium can be measured, we have a means of 
determining the coefficient of viscosity of the medium, for all other 
quantities, except r), are easily ascertained. 

LiCt us suppose that castor oil is the liquid whoso viscosity is to be 
determined. This is placed in a glass cylinder. A, Fig. 11-28, about 
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/O cm. long and 10 cm. wide. Spheres of known diameter are 
dropi)ed into the liquid. The terminal velocity is deduced from 
observations on the time required for the sphere to travel between 
two fiducial marks. Now the liquid is limited by the walls of the 
ve.ssel and has a finite depth. The conditions stipulated by the 
above theory are therefore not fulfilled. It may be shown, however, 
that if the sphere falls between two fiducial marks Bj and Bg (10 cm. 
from the top and bottom of the liquid respectivelj’^), then the motion 
is uniform. Further, if the diameter of the spheres does not exceed 
0*2 cm. and a vessel 10 cm. wide is ii.sed, no correction is necessary 
for the effect of the walls of the vessel. If ^ is the di.stanee between 
the fiducial marks, and t the time of transit, 



so that rH is constant for a given liquid at a constant temperature. 
If tlierefore is ])lotted against - a straight line should be obtained 

if tile conditions of the theory have been satisfactorily fulfilled. 
From the slope of the line may be deduced. 

For the experiment use steel spheresf of diameters 2, 3, 4, 5 
thirty-seconds of an inch. Note the value of the diameter of each 
sphere in centimetres, using a micrometer screw gauge. Place three 
or four .spheres of each size in a little oil in a watch-glass and roll them 
about until their surfaces are thoroughly wetted by the oil, and 
then transfer one on the point of a penknife to the top of a short 
glass tube, about 0*5 cm. in diameter, placed just above the oil, the 
axis of this tube coinciding with that of the vessel, B. In this way 
the sphere is caused to fall axially through the oil in the \vidc vessel. 
Set the chronometer going when the sphere reaches the first fiducial 
mark (a piece of black cotton wound once round the vessel), and observe 
the time of transit between B^ and Ba- When this has been repeated 
for all the spheres available, a plot of r- against should give a 
straight line from the slope of which ;/ for castor oil may be deduced. 

As the viscosity of an oil changes ver^' rapidly with temperature, 
the latter should be read to within 01 deg. C.; it is for this reason also 
that the diameters of all the balls are measured first and the fall 
experiment.s carried out one after the other as quickly as possible. 
A few cxjjcriments should also be made with very small spheres of 
Rose'.s metal [Tin. I; lead, 1; bismuth, 2; M.P. 94-5° C.]; their 
diameters shouhl be measured with the aid of a microscope having 
an eye-piece scale which must be calibrated. With these spheres, 
observations can be made of the time of fall tlirough successive short 
distances (5 cm.) and the constancy of the limiting velocity verified. 

t Such us are used in ball-bearings. 
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In practice two important corrections to the theory of the falling- 
sphere given above have to be considered. The viscous drag 
GTTTtju was calculated by Stokes for a sphere falling under gravity 
in an infinite ocean of liquid. The correction.s are due to the 
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boundary condition.s at the walls and base of the cylinder containin 
the liquid. Ladenburgf showed that the true terminal velocity 

i.e. the terminal velocity appropriate to the fall in an infinite occNui 
ol fluid was given by r -i 

u.=u[l+2.4^J. 

where u is the observed velocity and R is the radius of cross-section 

..f the cylindrical vessel containing the fluid. No satisfactory 

agreement appears to have been reached concerning tlie correction 

for the fact that the height of the cylinder is not infinite, but the 
correction is very small. 

An improved form of falling-sphero viscomekjr due to Gib.son and 
Jacobs iH shown in Fig. 11-29. No description appears necessary. 

t Ann. dtr Phyg.. 22, 287, 1907; 447. 1007. 
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Experimental method for investigating the Ladenburg 
correction.—This method is due to FLOonf and is as follows. 
Neglecting all corrections, the equation for the steady motion under 
gravity of a sphere in a fluid is 


U-? (P - 

9 ?] 

It therefore follows that if spheres of different radii are allowed 
to fall through the liquid and p, a and 7 ] remain unchanged, 
is constant. To test this a glass tube, about 75 cm. long and 4-5 cm. 
in diameter, was provided with a bung at its lower end, clamped 
in a vertical position, nearly filled with glycerine, (a Visco-static or 
silicone lubricating oil should be used to-daj'). and then left for all air 
bubbles to escape. Two horizontal marks, about 10 cm. from each 
end of the tube, were made and steel spheres ranging in diameter 
from in. to j in. allowed to fall axially down the tube. The 
velocity of fall in each instance was determined. When r~ was 
plotted against «, the graph exhibited a slight but systematic 
curvature. This indicated that a small correction term was neces¬ 
sary and Flood therefore suggested that 


u i{o — a)a \R/ 


where / 


ii)' 


(p — <y)9 

is an undetermined non-dimensional function. If 




then Oq = 1, since when ^ must be unity. Let 

9 /? 


us 


assume Og = ^3 = . . . = 0. Calling 


2(p — o)g 


- = K, we then have 



where a is now vTitten for Oj. If our assumptions are legitimate, 

/ ^ \ 

the graph obtained bj' plotting — against 1 — 1 should be linear. 

This was verified and a was shovTi to be 2*33, which is in good 
agreement with lAidenburg’s value 2-4. 

An experimental study of the motion of steel spheres falling 
through a highly viscous medium contained in a vertical 
tube.—-The object of this experiment is to investigate how the 

t Flood, Sch. Sci. Rev., Xo. 57, Oct. 1933. 
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terminal velocity of the falling sphere depends upon the diameter of 
the sphere when this varies from a very small value to one nearly 
equal to that of the cross-section of the fall-tube itself; also to obtain 
a value for the viscosity of the liquid. To ensure that the spheres 
fall with their centres along the axis of the tube it is desirable to 
release them from the same position by means of an electromagnet. 
When an attempt to do this is made the fact emerges that the spheres. 



I'lo. 11-30.—Exponinentul iiivi'sligHlioii of the inoliun of a .s|)hi<rx> along 

the uxib of u vortical tube filled witli oil. 


except the larger ones, remain attached to the electromagtict even 
when the exciting current Is made zero. To overcome this it is 
necessary to provide a non-magnetic gap between the sphere and 
the core of the electromagnet and it is soon found that the gap must 
be variable, big. 1 I*.J0(a) shows the lower end of the electromagnet 
and its attachments. Ihc end, A, of the core is screwed and on 
this moves a brass collar, K; C is a clamping screw. The lower end 
of the brass collar is made conical and for the larger spheres, say 
those greater than 0*3 inm. diameter, is very satisfactory. Iii 
general it is necessary to adjust the gap for each size of sphere u.sed. 

For the smaller spheres another brass collar is made and this is 
provided with a flat end to which a very thin piece of gun-metal 
sheet is soldered, cf. Fig. 11-30(6). The gun-metal is slightly 
depressed at its midpoint so that the spheres may be made to full 
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axiall}' along the vertical column of liquid, although for these spheres 
this criterion is not quite so essential as for the larger ones. 

The glass tube used in this experiment is about 1*5 metres long 
and 2-5 cm. in internal diameter- It is shown in Fig. ll-30(c) and 
is provided with a brass collar, A. This is required since it is 
necessary to fill the fall-tube B completely with liquid (a Visco¬ 
static or silicone oil). This is so because the spheres must be 
totally covered with liquid, or verj" nearly* so, before they are 
released from the electromagnet. If this precaution is not taken a 
large air bubble often clings to the falh’ng sphere when an inter¬ 
pretation of the motion becomes exceedingly difficult, if not im¬ 
possible. 

P, Q and R are three marks on the tube and are such that 
PQ = QR. These portions of the liquid column are the more 
central and b}' timing the motion of the sphere.s across these 
distances one is able to conclude with certainty whether or not tlie 
terminal velocity has been attained by each sphere used. 

Fig. 11 •30(d) shows a t^’-pical curve obtained by j)lotting the 
terminal velocity u against r, the radius of the sphere. If, as shown 

on p. 590, a jdot of — against r is made, a value for the Ladeiiburg 

correction is obtained. 

A test should also be made to examine the validitj’ of assuming 


whether or not 



may not take the form exp 



y is a constant. Such a series ma}' be applicable since 


exj) y.r = 1 -f yx 4- + higher terms. 


y may be found by plotting log j against 

If a value for k has been found independently, another tc.st may 
be made to find tile constants aj and Xo in the equation 


(a- 




This may be written 




\ R 

— 11— against 



is then plotted; 


it is linear 
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over the range where this formula is applicable. It is found that 
this equation does actually represent the motion of the spheres over 
a larger range of diameters than is given by Ladenburg’s formula. 

Another formulaf, which takes account of the finite width of the 
jar containing the liquid through wliich a sphere falls, is 


This becomes 


> . 


- 2-1 ^ 
become.s infinite as 


when is small and is found to fit in with experimental results 
very well for large values of An intere.sting feature of this equa- 

tion is that the factor II-^ I 

„ . . , \ R/ .. '* ■ R 

tJus IS what would be cxjjected. To test the formula it mav be 
written 

where ^ is a constant, when a plot of log w against log 
should be a straight line with a slope (i. 

Example. —Small uniform globules of a heavy |jt|iii(l full froin re.sl 
*'^Kylar intervals of time from a fine jet phiced jimt within (ho surface 
of H lighter viscous licjuid at re.st in a tali jar. How will the globules 
1)0 distrihuled ut u given instant? 

If m is the efieetivo mass <if the falling drop, wo have, wiili the usual 
notation 

m'x — m<j — fu- or x -j a.t- = j/, 
where a = /im-*. 

For the eornplemeiilar)- function 

A(A «) = 0. 

X = A -I- H exp ( ot/), 

whore A and B are constants. 

I* or the i>articulur integral 

X = y _ l/I 1 \ 

b* I odl «(b a ^ «2 ■ ■ }(f 

X «A -Miroxp(-a/)1 1-^ 

L J a a* 

Now ut ? «= 0, z = 0 and x •-= 0, so that A = 0 and JJ = . 

^ ( -“'ll - I I o']- 

t m a privaUj cominuiiiealion from Dr. A. It. Stokoi^. 


a 


{/ 

•\ 

a* 
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Let the first drop liave fallen for t seconds; then if t is the time interval 
between successive drops breaking away from the fine jet and is the 
distance traversed by the nth drop, 

{ - a(^ - n - It)) - 1 + a(/ - n - 1t)J. 

Hence for drops which have been falling for a considerable time, 

X, - ar, = ar = 

a 



= etc. 
a 


Tims such drops are equally spaced. 

Rectilinear motion in a resisting medium.—If a mass m be 
supposed to move without rotation in a straight line in a resisting 
medium, the resistance is a function of the velocity of the body. 
If (l>{v) is the resistance and F the external force acting along the 
line of motion, the equation of motion is 


mv = F — 

Now, with Newton, it is usual to assume that <j>{v) = kv^, where 
k is a constant depending upon the density of the medium and on 
the area of the greatest section of the body taken normal to the 
direction of motion. Hence 


mi) = F - kv- = A-(V2 - v^), 

if we assume F to be constant and equal to kV“. If the initial 
velocity is loss than V, the velocity will continue to increase until 
it reaches a value V. It is for this reason that V is called the 
terminal velocity of the body. 

Integrating the above equation we get 



no integration constant being added if t is measured from tlie 
instant when the body is at rest. 

All interesting and important instance of such a motion is that of 
a body jirojected vertically downwards from rest. Then F = vig, 
and wc have 



whieli gives 


v = V tanh — 

V 


Since v = 


dx 

di' 


we find X = 


y2 

— In cosh 

g 


gt 

V 
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For a body projected vertically upwards the equation of motion is 

dv 
dt 

If Vq is the initial velocity, we find 




g \ V V/ 

Also, since u = 0 at the highest point, the time of ascent to timt 
point is given by 

V 

- tan-i 
g V 

If 2 is the distance traversed, this being measured upwards from 
the point of projection, we have 


^ ^ ^ _ dsf (v- + 

dt dv dt dv . /. 



If Z is the height of ascent, we get, since v is tlicn zero. 



Example. —The resistonce to the motion of a ship in still water may 
bo OMumod to bo kv^, whore v is the speed and k a constant. Owing to 
small changes in thrust duo to the propeller, the spoetl at time I is gi\-cn 
f i* “ “ “h ^ cos vit. where «, b and a> are constants. If /n i.s the mas-s 
of the ship, find the thrust of the propellers at any instant ami the power 
exerted. Compare the average power with that neces.sary when the 
speed of the ship is constant, i.o. b —*■ 0. 

The thrust at any instant is given by 


Thus 


F = //tv H- 


F — — //lojb sin <vt + k(a b cos o/l)^, 

HO tliat the power supplied is given by 

P = Ft» =5 — mwb sin -f- b cos lut) -f- k[a -j- b cos 

^2 expanded wo get terms in sin (vt, sin vjt cos o/t, <m)s <»/. 

cos o)t, COB® u)t and cos'* vA. The mean values of sin ut(. sin tot <-os tot, 
cos ojt and cos® wt, taken over any number of coinok'te evdes, are nil 
zero, wliile 


cos® tyf = ^ + I COB 2t«t = 4, 
and COB* wt -f ^ cos 2a, 

“ J i COB 2ajt -{- COB® o/ = J ^ 
Hence p „= ka* + + kb*(l) 

= k{a* + 3a®62 + > ka*. 

do 
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The viscosity of pitch.—Experimental determinations of the 
viscosity of pitch, paraffin wax, and glass were made by Trouton 
and Andrews.! In each experiment a constant torque was applied 
to one end of a uniform cylinder of the substance whose viscosity 
was to be determined, and the relative motion of the ends of the 
cylinder observed—actually, one end was fixed. From the.se 



P'nj. 11-31.—Tlie viscosity of pitch. 


observations, the diameter and length of the rod, and the magnitude 
of the ap[)lied torque, the viscosity, rj, could be calculated from 
the equation wo proceed to establi.sh. 

(’onsider a normal cross-section of the cylinder at a distance x 
from its fixed end—of. Fig. II-31(n). Let be the tangential 
force exerted on that j)ortion of the cross-section defined by circles 
ot railii r an<l r • dr. 'Fhen. from Newton’s hypothesis, 


dV = /y (area)(veloeity gradient). = t){dr.ds) 



[ef. p. 580] 


Since this gives rise to a 

hs «if the annulus defineil 
is given by 


du 


torque equal to ?jr{dr.ds) ^ for the element 
hy /• and r -f- dr, the torcjue on the annulus 


w’= 

Now u = re), where oj is the angular velocity at any point in 
the section considered. At a j)Iane determined by x -- dx, and for 
an element detinetl by r and r -i- dr. 



ox d.r 


t Trouton uiul Andrews. Proc. Phya. Soc., 19, 47. 1903. 
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dr=2-nri.r 




The torque F on any normal cross-section of the cylinder is there¬ 
fore given by 



where a is the outer radius of the cylinder. This couple is equal 
to the applied couple. If di = ^ = the relative angular velocity 
per unit length of the cylinder, 


2r 

mo. a 


For substances such as pitch the material was cast in the form 
shown in Fig. II-31(/>) so that its ends could be ii.ved firmly in 
specially designed clamps. For glass, available in the form of a 
tube, 





In developing this method it must be noted that Trouton and 
Andrews assumed from considerations of symmetry, that any two 
planes in the cylinder, normal to its axis, moved over each other 
about the common axis and that they remained plane. 

To apply the couple to the specimen the following method was 
used. A horizontal shaft, turning freely on anti-friction wheels, 
liad attached to it a pulley; a cord j)as.sed round a groove in this 
I»ulley and carried a load. The shaft carried a square .socket for 
the purpose of gripj)ing the square<l end of the cylinder of the 
substance which was made to fit exactly. A similar but fixed socket 
prevented the other end of the cylinder from turning. 'I'lie rate 
of rotation was determined by observing the motion of a pointer 
over a circular .scale mounted on the shaft. 

The method lends itself to the determination of the coetlicicnt 
of viscosity of a substance at difTerent temperatures, since the 
cylindrical specimen can be conveniently surrounded by a jacket 
and kept at any required temperature. 

In discussing this work by Trouton and Andn*ws. Ai 4n,ii:vAKD 
iu order to avoid end-efTeetM, that two rotating index 
pointers should be used and that these should be attached, at a 
known distance apart, to the specimen. 
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The following results were obtained: 


4 

Subs t ance i Teraperature 

t 

Viscosity 


1 0®C 

5-1 X 10" 

Pitch 

' 8°C 

; 9-9 X 10*0 

1 

\ 

i 15"C 

1-3 X I0‘® 

1 

f575^C 

' M X 10" 

Soda glass 

'660X’ 

2 3 X 10" 

t 

[710^C 

4-0 X 10" 


Viscosity and its variation with temperature.—(a) Liquids: 
The variation of viscosity with temperature is so marked in the 
case of liquids that a statement of the value of the viscosity of a 
certain liquid is almost meaningless unless the temperature is stated 
ex])licitly. The viscosity of water, for examj^le, changes from 
O’OIOl gm-cm.-^sec "1 at 20° C. to 0-0047 gm.cm-^sec.-* at 60° C.; 
for castor oil an increase in temperature from 10° C. to 20° C. causes 
a decrease in its viscosity from 24*18 poise, to 9*86 poise. Many 
cm}>irical formulae have been suggested to represent such a varia¬ 
tion of viscosity with temperature, viz. 


'id — or qg = r}Q(\ + bB) ", 

or 

log = A + -, 

where if,, is the viscosity at 0° C., T is the absolute temperature, and 
(j. b, A and B are constants. 

Bach is only an approximation and the second equation is not 
true for oils. In 1934. Andrade,* on a theoretical basis, suggested 


'IP 


= A exp (^), 


uiieie p is the density. T the absolute temperature, and A and c 
are constants. This is in good agreement with experiment except in 
the case of \\ater and some alcohols. Spells, working in Andrade’s 
laboratory, found that for gallium, which is liquid at 30° C. 
and has a boiling j)oint above 1600° C., and whose viscosity was 
measured over the range 52° C.-l 100° C.. 


= (2-46S X 10-=) exp 

and tliis agrees \sith observed values of to within three per cent. 

• Andrade. Phil. Mag., 17, 4U7 tutd U9S, 1934. 
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(6) Unlike liquids, gases show an increase in viscosity with 
temperature. The simple kinetic tlicory suggests that the variation 
of r^, with the absolute temperature T, is given by 

n = kTK 

where fc is a constant.f In 1893 Sutherland,J taking into account 
the fact that there is a small finite force of attraction between 
neighbouring molecules, so that molecular collisions are more 
abundant than in the case of an ideal gas at the same temperature, 
showed that 


T 

where is the viscosity at 0° C.. while a and S are constants. 
S is known as Sutherland's constant. For moderate ranges 
in temperature this formula is applicable to many gases but when 
observations are made over the full range of temperature which 
can now be explored in the laboratory the formula fails both at 
high and low temperatures. 


EXAMPLES XI 

1101. Describe and give the theory of either the capillary tube or 
the coaxial cylinder motho<l of measuring the viscosity of a iicpiid, 

State the conditions whiclj must bo satisfied for the theory to apply. 

1102. In an experiment with Poisouillc’s apparatus the following 
observations were i*ccurde<l:—volume of water issuing in lOO minutes 
80-7 cm.head of water :{‘J1 cm., length of tube 00-24 cm., mean 
internal radius of tube 0 0523 cm. Obtain a value for the viscosity of 
water at the temperature at which the experiment was carried out. 

(0 0139 gin. cm.“*.soc.'*] 
11 03. A capillary tube of length I and of radius « is lixeil vertically 
through the base of an upright vessel. Water in the vessel is maintained 
at a ilr3pth h while it flows out through the tube. Find the rate of flow 
Uin>ugh the tube in cubic centimetres per sec., assuming tliat the water 

leaves the tube at a small velocity, the length of the tube in llie water 
ncMilg l\ 

b.xpluin liow this result can bo applied in viscosity inoasuroments. 

11 04. A cylindrical vessel of constant cross-scclional area A is lilled 
with liquid to a depth h above an orifleo in its side. bori/ontal 
capillary tube of length I and moan internal radius « is attached to tlie 
onheo. Show that the volume of liquid in the vessel and above the side 

orifice will bo halved in time .In 2 whore n is the viscosity of the 

na*gp 

liquid, the intensity of gravity and p the density of the liquitl. 

IA .7/. IJiia time is independent of h—it depends only on the ‘hulviniz’ 
of the initial head.] ' 

t cf. Vol. ir. 

t Sutherland, Phil. Mag., 36, 507. 1893. 
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1105. Water (»; = 0*010 gm.cm.^^sec."^) is escaping from a tank 
through a horizontal capillary tube 50 cm. long and 0*024 cm. in diameter. 
What is the rate of flow of water from the tank when the level in it is 
50 cm. above that of the tube? How long will it take for the water level 
to fall a further 10*0 cm., if the cross-sectional area of the tank is everj'- 
where 100 cm.^? [7-98 x 10~* cm.^sec.-^; 7*40 x 10® sec.] 

11*06. In an experiment to determine the viscosity of hydrogen at 
20*6° C., as described on p. 564, the capillary tube was 48*5 cm long and 
had a mean diameter of 0*0323 cm. The excess pressure was 11*07 cm. 
of oil, density 0*870 gm.cm.~^ and the current 0*2244 A. Assuming 
the electrochemical equivalent of hydrogen to be 1*045 x 10~® gm.- 
coulomb."^, and that one mole of hydrogen occupies 22*24 litres at s.t.p., 
obtain a value for the viscosity of hydrogen at 20*6° C. [Atmospheric 
pressure 75*4 cm. of mereurj'.j [9.26 x 10“® poise.] 

11*07. Describe how you would investigate the variation of the 
viscosity of water witli temperature over the range 0° C. to 100° C., 
clc<lucing any necessary formula. 

liixjjlain the general nature of the variation and how it compares with 
t he variat ion of the viscosity of air with temperature over the same range. 

11*08. Define the terms ‘viscosity’ and ‘steady flow’. Describe 
how you would determine the viscosity of tap water, drawing special 
attention to the precautions you would take to ensure an accurate 
result. 


11*09. .‘V.ssuming the usual formula for the flow of a liquid through 
a capillary tube, derive the corresponding formula for the case of a gas. 
liuHcato how you would carry out an experimental investigation of /; 
l<»r Ijyiln.gcn by this method. 

11*10.^ 1 he space between two horizontal discs is filled with a viscous 
tluitl. l*iml the couple on a circular area at the centre of one of the 
(li.srs wlK'n the other is maintained in a state of steady rotation. 

Ihll. 1 w<i coaxial cylinders, with guard rings, are sot up as by 
Millikan for tim determinuiion of the viscosity of air at room tempera* 
Uir«‘. I lie inner cylinder—without the guard rings—is 20 cm. long and 
i.s kept at r<*st in the usual way. It experiences a couple of 3000 dyne.- 
<*m. when the outer cylinder rotates 10 times per second. If the radius 
of oross-.scctioii of tlie inner cylinder is 5*00cm. and the clearance 
l»ctwc<*u It and the outer cylinder 0*062 cm., obtain a value for the 

' “Tr [1*85 X 10-« poise.] 

II Licjiiui fl<nvs in stream lino motion in a horizontal tube of 
t'nuMn / ond internal railiiis a. Derive an expression for the volume 
passing in unit time iluo to an effective prossiu'o difference p between the 
cm Is of I ho tube. Show that if a cylindrical coaxial rod of radius a/2 
ami length I is inserted into the tube the rate of flow is reduced by about 

pressure difference between the ends. (S) 
11*13. tllacial ico is forced through a horizontal ckcular cvlindrical 
tunnel of radius and length 10 metros. .Assuming that it flows according 
to the mmple law of viscosity, if the coefficient of viscosity of ice is 

^* density 0*9 gm.cin.-®, and its latent heat 

of fusion 80 cal.gin. i, find the rate of supply of heat at the outlet of the 
tunnel if the ico melts as fast as it flows through. The pressure difference 
between the ends of the tunnel is 10® d-s-ne.cm.-^. Derive the formula 
used in the calculation. (S) [2*4 x 10« cal.sec.-J] 

1114. itxplam how the viscosity of a liquid can be measured by 
means of the rate of flow througli a narrow tube and derive the expression 
for this rate in terms of suitable quantities. 
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A narrow tube of radius a and of length I is connected horizontally 
to a tank of uniform horizontal cross-section A. \^■nte^ in the tank has 
initially a depth H and after an interval t it falls to a <lepth h. The 
viscosity of wator being rj, determine the relation between h and t 
assuming conditions of slow, steady flow. (O) 

1115. Define coefficient of viscosity and find its dimensions. 

Use the method of dimensions to investigate the vi.scous resistance 
R to the motion of a sphere of radius r moving in a fluid of viscosit v »/ 
and density p with velocity v, supposing H to be proportional to r’*. 

Discuss the significance of the restilt and any practical importance ii 
may have when (a) n = 1, (6) n = 2. (C) 

11-16. The air in a largo \-essel. which is <-lnsed except for a long 
capillary tube of uniform cross-section, escapes to the outer atmosphere 
while the pressure inside the vessel exceetls the atmospheric pressure, 
Show that the time required for the pressure in the vessel to fall from 
V\ Vi is 

( = In ^^2 - P_o) 

”0*Po (Pi + J^oUPi - Po)' 


w’here V is the volume of the vessel, t) the coefficient of viscosity of air 
and a is the radius of the capillary tube. Describe u known metliod (or 
suggest one) for finding the viscosity of air by the application of this 
formula. (S) 

11'17. Water, with a coefficient of viscosity r;, flows tlirough a 
horizontal capillary tube of radius n. uiuler a constant pressuiv head /). 
If the length of the tube is I, determine the v’«)lume deli\-ered from the 
tube per sec. The correction for the velocity of exit may be neglected. 

Explain how the formula is applied in the determination of the 
coefficient of viscosity of water. 

If the pressure, instead of being constant, i.s maintained by a hea<l 
of water in a vessel of cro88-se<-tion A from the base of which the 
capillary tube projects horizontally, how long doe.s it take for the wafer 
to full from a depth /q to a de[>lh /q? (( 1 ) 

11-18. Explain the statement, the rincusilu of water h 0-0101 ntti.se 
at 20^ C. ■> i 


Using the method of dimensional analysis, show how the resi8tan<-(' 
to motion of a sphere moving through a fluid varies with its velocity. 
What happens when the velocity bc<rome8 large? 

Explain how the result cun bo applied to determine the diameter of a 
small drop of oil falling, under gravity, through a gas. 

11-10. State the quantitative meaning of the term viscosity and 
describe how the viscosity of a mcjbilo liquid may be detei-mine<l l>y 
measuring its rate of flow through a capillary tube. 

Derive any formula required in the calculation. (tj) 

11-20. Destrriboaml give the theory of a method for tletermining the 
viscosity <»f a vapour. 

11 21. What is meant by the dimensions of a physical quantity? 

Use the moth<>d of dimensions to show how («) the volumes of a li<|u'i<l 
flowing in unit time througli a tube of circular c^ross-sect ion di‘p«*n«ls on 
the radius of the tube, the pressure gradient along the tube and the 
viscosity of the liquid, (5) the weight of a liquid drop depends on tlio 
radius of the orifice from which it fulls an<l the density and surface 
tension of the liquid. Assume in each case that only * the variables 
mentioned need be considered. 

How would you investigate the result obtained in (6)? (U) 
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11-22. An evacuated vessel carries a capillary tube which is sealed 
into one of its sides and through which it can be filled. If the vessel is 
exhausted to a very low pressure and one end of the tube is opened to 
the atmosphere, how long does it take for the vessel to become full of air 
at half the pressure of the atmosphere? Work out the formula required 
to obtain this result, introducing the necessary data. 

Describe a method suitable for determining the viscosity of air. (S) 

11-23. State the assumptions which are made in deducing Stokes’ 
law in regard to the fall of a small sphere through a viscous medium, 
and give an account of the experiments which have indicated the limita¬ 
tions of this law. 

11-24. A steel sphere, diameter 0-30 cm., falls through glycerine 
and covers a distance of 25 cm. in 10 sec. The densities of steel and 
glycerine may be taken as 7-8 and 1-26 gm.cm.“^ respectively. Obtain 
a value for the viscosity of glycerine. 

11-25. Powdered chalk contains particles of various sizes. If some 
chalk is shaken up with water and allowed to stand, find a value for 
t he iliametor of the largest particles that remain in suspension 50 minutes 
later, assuming that the deptlt of the water is 12 cm., the density of 
<*halk is 2-7 gm.cm.”^, and the viscosity of water at the temperature 
prevailing is 0-010 gm.cm.~^8ec.“i. [2-66 X 10~* cm.] 

11-20. State Newton’s law of viscosity and discuss any mechanism 
or theory which has been put for\vard to account for this law. Derive 
an oxj^ression for the torque necessary to maintain a circular cylinder in 
rotation about its axis in an infinite fluid. (S) 

11-27. Describe an experiment to determine the variation of the 
\ isoo8ity of a liquid with temperature. 

A glas.s sphere falls through a liquid of density l'2l gm.cm.“® and 
N'i.soosit y 14-0 gm.cm.“*sec.~^. What is its terminal velocity if the radius 
«'f the aphero is .5-50 mm. aiul the density of the glass is 2-48 grn.cm."*? 

[2-98 cm.sec."^] 

11-2S. In a m<)tor-car trial a certain car develops a fixed maximum 
power. 'I’he resistance to motion is A-V", where k is a constant, and V is 
tlio v<‘l<)citj' »>f the car relative to the air. In a trial the observed speeds 
with and against (ho wind are Cj and respectively. Find the maxi¬ 
mum speed in .still air. 

.Actual records are calculated by timing the rim over a measured mile 
III cat-h direction, a\-eraging the times, and calculating the speed from 
t his average time. Sliow that if a = 1, this is an under-estimate of the 
I i-uo K]>ecil for still air. 

11-29. .Assuming that a sphere of railius r travelling through a liquid 
• it ilen.sit\- p with a velocity u experiences a resistance F given by a 
formula of the Ijqie 

F = Kr^ps^ifu, 

where k is a constant aiul t] the viscosity of the liquid, determine a, ^ 
and y. 

Find the terminal velocity acquired by a steel ball 0-32 cm. in dia¬ 
meter, falling imder gravity, through an oil of density 0-92 gm.cm.“® 
and viscosity lG-4 poise. The density of steel may bo taken as 7-82 
gm.cm.“® and k as On. 

[a = 1, ^ = 0, ■/ = 1; 2-34 X 10-2 em.sec.-i.] 

11-30. Two horizontal capillary tubes. A and B, am connected to¬ 
gether in series so that a steady stream of liquid floivs through them. A 
is 1 mm. in internal diameter and 1 metre long; B is 0-6 ram. in internal 
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diameter and 60 cm. long. The pressure in the liquid at the entrance to 
A is 20 cm. of water above atmospheric. At the exit end it is atmo¬ 
spheric. What is the pressure at the junction of the tubes? 

Would the above distribution of pressure be found if air were flowing 
steadily through tubes equal in length to the above but with diameters 
reduced ten times, the pressures at the entrance and e.xit of the system 
being unchanged? (16-4 cm. of water above atmospheric.] 

11-31. The resistance to the motion of a ship through still water is 
kv^, where v is the speed and k is a constant. Owing to small changes in 
the propeller thrust, the speed at time f is a 4* t where a, b and tw 

are constants. If m is the mass of the ship, find the thrust of the 
propellers at any instant and the power exerted. Show that the average 
power is greater than would be necessary if the speed were constant and 
equal to a. 

11-32. A particle moves in a medium whicli offers a resistance 
proportional to the cube of the velocity; no other forces act on the 
partiole. During a time r the velocity of the particle diminishes fron^ 
Vj to Vg. Show that in this time t the particle traverses a distance 

2e|i>gT 

V, 4- Vg’ 

11-33. A particle of unit mass is in motion along the r-axis umler 
an opplied force J cos pf, a controlling force —h“x and a frictional ft>r<-o 
equal to 2it times the velocity. Provo that the part of the motion 
depending on the initial conditions dies away exponentially with the 
time, and dotormino the motion remaining after a long interval of time. 

Prove that after a long interval of time the ratit> of the average 
potential energy during a complete oscillation (in the fieUl of tl»e con¬ 
trolling force) is to the average kinetic energy during a complete 
oscillation in the ratio : p*. 

11-34. A projectile moves in a medium rosLsting with force propc^r- 
tional to the square of its velocity. It is projected vertically upwards 

V2 V’* -f 1’2 

with velocity v. Show that it rises to a height - In — itx lime 

2f/ \ 2 

V V 

tan”^ —, whore V is the limiting velocity for vertical fall. 

U V 

Also show that it will bo in the air a total time 

and find the velocity with which it will strike the ground. 

11-36. A particle of mass m, initially at rest, is acted on by a constant 
force fm and by a resisting force mkx where x is the velocity of the 
particle at a distance x from the origin. Derive expressions h)r (a) the 
terminal velocity acquired, (6) the velocity at a time I after the applic-a- 
tion of the force, (c) the distance travelled by the particle in this tine*. 

Examine the case when the constant force is replaced by u sinusoUlul 
force mA cos wt. 

11-36. An oil drop of density 0-95 gm.cm.“® and radius 10—* cm. and 
currying a charge of q e.s.u. is driven vertically upwards through uii- of 
<lensity 0-0013 gm.em.“® by an electric field of 2000 volt.cm.~* with u 
constant velocity of 0-036 cm.Hoo.“^. Calculate the magnittide of q 
being given that the viscosity of air is 180 x 10“* gm.cm.~*8ec.“*. 

[24-2 X 10-*® e.s.u.J 
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11*37. Describe and explain how you would proceed to determine 
experimentally a value for the kinematic viscosity of water at 20’ C. 

Show that it may be expressed in acre.year"^. 

The viscosity of water at 4-0’ C. is 0 01570 gm.cm.~*sec.“^. Express 
its kinematic viscosity in terms of the mile, ton, fortnight system of 
units. [7*33 x 10“'^ mile*, fortnight'^.] 

11 Tlie viscosity of mercury and its density vary with tempera¬ 
ture as shown in the foliow'ing table. Show that Andrade’s equation, 
cf. p. 604, fits these observations and determine numerical values for the 
constants A and c. 


Temp.f C.) ! 

j 

' -20 

0 

20 

50 

100 i 200 

1 

300 

;/ X 10* 

, 1-69 

1*56 , 

1 

1 

; 1-8G 

1 

1 

1 

! 1-41 

i 1‘22 1 

1*01 

V 

! 0*93 

i (p - I3-()) X 10 

1 (gm.oin.-*) 

0*45 

5-96 

^■46 

4*73 

3-52 ; 
1 

M3 

-1-25 

. 


[2*46 X 10-3, 48*4] 



Chapter XII 

ELEMENTARY HYDRAULICS, PLASTICITY 
AND NON-NEWTONIAN LIQUIDS 

Some definitions.—(«) An ideal liquid is one which has zero 
compressibility and in ivhich no shearing stress can be 
maintained. 

(6) A surface of equal pressure is a surface such that at all 
points in it the pressure has a constant value. 

The resultant thrust on a small element of volume between 
two neighbouring surfaces of equal pressure.—Suppose tluit 
the liquid is at rest, or else an ideal liquid in motion. I.^t dS, 
be a small element of the surface of equal 
pressure p, and let the normals at every point 
on the periphery of this element be drawn to 
terminate on the surface of equal pressure 
defined by p + dp. Let dn. Fig. 12-01, be the 
length of each portion of the normals between 
the surfaces considered. Let the element of 
volume thus formed be cut by a plane ABCD 
normal to the surfaces of e(|ual pressure. Then, 
if dA is the area ABCD, the forces on the curved 
portions of the element considered are 
each equal to 2 >.dA in magnitude but are 
opposed to each other, i.e. the force on this element parallel to the 
surfaces of equal pressure is zero. Hence the force dp.dS, which 
arises from the pressure on the flat surfaces of the element, cannot 
have a tangential component, i.e. the resultant thrust is normal to 
the surfaces of equal prc.ssurc. 

The shape of the free surface of a rotating liquid.—Lot a 
cylindrical vessel and the ideal liquid within it rotate uniformly 
with angular velocity o) about a vertical axis. Let the surface of the 
liquid acquire the shape generated by the revolution of the curve OPA, 
shown in Fig. I2-02(a) when this rotates about the vertical axis ON. 

Let dS be a small element of the surface at P, which is es.sontially 
a surface of equal pressure, p. Consider a neighbouring surface 
defined by p 4- dp and at a distance dn from r)S, as shown in Fig. 
12*02(6). The fluid in the element of volume dH.dn is acted uj)on 
by its weight (dS.da)grp, where j/ is the intensity of gravity and p 
the density of the liquid, and a force dp.dS at right angles to the 
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'' p*Sp 


Fi«. 12-01. -Uosult- 
ant thriLst un u small 
eloiiient of volume 
Ix^twwn two neigh¬ 
bouring surfaces of 
equal pressuiv. 





612 


THE GENERAL PROPERTIES OF MATTER 


free surface of the element. These forces are shown as PD and PN 
respectively in Fig. i2'02(c) and their resultant PR must be the 
centripetal force required to cause the element to move with angular 
velocity o) about the axis of rotation. If B is the angle indicated, 



Fi«i. 


-Tlu‘ sluip** uf the five surface of a rotating (ideal) liquid. 


inu the forces on tlie element horizontally and verticall 3 ’’, we 


and 


{) oo.s 0 = 




= tan 0 


■ U 


~ slope of tangent at P = . 

dx 


e>V“ 

• • Z/ — — + c. 


where C i.s an integration constant. If we select O as origin we have 
C s= 0, i.e. 


y = 


•) 




which is the equation to a j)araboIa whose axis is vertical; its focal 

'2<j g 

distance is a, where 4a = i.e. a = - 


2(o2- 
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The pressure at any point in a rotating liquid.—Let O. Fig. 
12’03, be the lowest point on the free surface of a liquid rotating 
\\ith angular velocity cd about a vertical axis. Let Ox. Oy be the 
reference axes and P a point (x, y) in the liquid; suppose P i.s the 
centre of a small horizontal area 5S. Let the cylinder formed by 
erecting a vertical line through each point on the boundary of 68 
intersect the free surface of the liquid in Q. Let PQ = h and p be 
the pressure excess in the liquid at P, i.e. the atmospheric pressuiv 
IS taken to be zero. If we consider the external forces acting on the 
liquid within the cylinder whose axis is PQ, we liave 

p.dS — {gpk).d^ = 0, 

j) = gph 

= ffp(AQ — y), 

where A is the point in whicli QP produced cuts Ox. Since Q i> 
on the free surface of the liquid 



Thus if p is constant the point P lies on a surface of equal pressure; 
it is a paraboloid with an origin at a vertical <li.stance h below the 



Fio, I2‘03.—Tlio pruiMUro at ntiy point Fiu. 12*U4. 

in u rotating (nlaul) liquid. 


free surface of the liqui<l. Thus the surfaces of e(jual pressure are 
equal paraboloids. 

Example .—A quantity of water u (lumlrunt of a circular 

lube; a is the raflius of this circle ami it is largo coinparisl with the 
radius of cross-Bcction of tho tubo itself. When tho tube rotates with 
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uniform angular velocity lo about a vertical diameter, the highest point 
in the liquid is at an angular distance of 60° from the highest point 
in the tube. Neglecting surface tension effects, prove that aoi^ = 

2 j 7(1 + v'3), where is the intensity of gravity. 

Let the parabolic free surface of the water meet the tube in points P 
and Q, cf. Fig. 12 04, and the vertical through C, the centre of the circle, 
in O. Draw PM and QN perpendicular to OC to cut this lino in M and 

N respectively. Then PCSl = 30° and QCN = 60°, i.e. 

PM = QN=^a\^3. 



and 


i.e. 


7 2 0/7 

- = PM2 = r? . OM. 
4 w- 


ia ^''3 -j- ia], 


= 2 / 7(1 + VS). 


W = ?? NM = ^3 

ct>- io^ 


Bernoulli’s theorem.—When the particles in a moving fluid 
nliicli succeed one another at a fixed point have the same density 
and velocity and tlie pressure remains constant, the motion of the 
fluid is said to be steady. Under such ideal conditions which, in 
jiractice, are selcloin realized absolutely, the motion is said to be 
streamlined and a streamline is defined as the actual path of a 
])articl(' in a moving fluid. In tubes of constant cross-section all 
tile streamlines are parallel to the axis of the tube; in general, the 
sireamlines are curved aiul are .such that at any instant the tangent 
at any point on it gives the direction of the motion at that point. 

tube of flow is such that its boundary is formed by contiguous 
streamlines. 

Now Bernoulli's theorem expres.ses the manner in which the 
pressure varies along a streamline and it may be deduced from 
the principle of the conservation of energy. In Fig. 12-05(o) let 
.V.\j he the axis of a narrow How tube, and at A and A^ let a and 
be the areas of tlu* corresponding normal cross-sections. Let 
A and Aj be at lieights c ami above an arbitrary datum level, 
riien .since tlie mass of fliiiil contained between the cross-sections 


coiisiilercd is constant, the same ina.ss of liquid crosse.s ever}’ normal 
section of the tube per unit time. In time dl let the mass of fluid, 
dm, flowing across a occupy a length ds of the tube; at A^ the 
same mass will occupy a length Using tlie energy principle, 

we hav’e, 


(P.E, -f K..E.) ^ -f work done on the mass entering in time dt at A 
= (P.E. -j- r work done by the mass leaving in time dt at 

Ai, where the suffixes indicate the two sections of the tube considered. 
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Thus \f p and are the respective pressures in the fluid, we have 
din gz -f ^dm v? pa ds = dm gz^ + Idm -r 

But 

dm = (a ds)p = (Uj 

where p is tlie density of the fluid, and this is assumed constant. 

dm{^z + \u^ = dm^jz^ + iu," 

i.e. along a streamline 


gz + H— = constant. 

P 

This is Bernoulli's theorem. 

Alternative proof: Let AB, Fig. 12-05(6), be a very tliin flow- 
tube. At P let the pressure be p, the v'eloeity towards B be n and 




2 the height of P above some fixed level. At Q a point near to P 
and in the flow-tube, let the above quantities be p -\ dp, u i du. 
and z - 1 - dz respectively. Let the axis of the tube at PQ make an 
angle 0 with the horizontal. If a is the eross-section of the tube at 
P and p the density of the flui<l (in general this is a variable), the 
force urging the fluid in PQ along the tube is 

pa — (p q dp)a — y/5a(PQ) sin 0, 
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where g is the intensity of gravity. This is equal to the mass of 
the element times its acceleration. If dt is the time for a particle 

63 d$ . du , 

to pass from P to Q, a distance 6 s, u = lira ^ 

acceleration. 

, . 6 z . du 

'. —a op — (jpa os .— = pa Os. —. 

ds dt 

du ds dp dz ^ 

— -T a — + gpa — = 0 . 

ds dt ds ds 

u 6 u + — g 6 z ~ 0. 

P 

Integrating this, \vc get 


^ir -f ( — + !72 = constant, 

J o 


and it is only if p is constant that we have 

1,^2 _L gz — constant. 

P 

Experimental illustration of Bernoulli’s theorem.—In Fig. 
lil-dd T is a large t^ank in which a constant head of water is main- 



FitJ. 12 00.— Au i‘X|H>riinoiitiil illustration of BernouUi’s theorem. 

taint'd in the way indicated. Water from the tank flows through a 
short liorizontal ‘pipe’ of variable cross-section and fitted with tubes 
at different .sections A, B, 0. The tube attached at C, where the main 
flow tube is ver3’ nuich narrower than elsewhere, is made in the form 
of a U-tube. When the end D of the pipe is closed the water in all 
three tubo.s rises to the same level as the water in T but when D is 
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opened so that water flows through the j)ipe, the water surface^ in 
the tubes at A, B and C will occupy clifFerent levels at K. F and (J. 
as shown. If the datum level is the axis of the pipe, then 


w = 


2 _ Po 


+ W = ~ 

P 




and if the cross-sections are sucli that then pj, and 

at C, where u^, will be less than atmospheric. 

To show that when the velocity of flow is large, tlie pressure 
13 small, Osborne Rejmolds devised an experiment in which water 
under a high pressure flowed through a tube about 2 cm. in diameter 
at the point of entry but wiiich diminished to about 0*1 cm. diameter 
near the exit. At this section the velocity of flow was .so laige 
that the pressure was reduced to such a low value that the wattT 
boiled (rjo^ at 100® C., of course) and made a hissing noise. 


Further illustrations of Bernoulli's theorem.—If a small 
ping-pong’ ball is introduced into a stream of air or water issuing 
from a jet the ball w’ill rise to a fixed jjosition, as shown in I’ig. 
12‘07(a), and remain there spinning and turning round without 



40 


Fio. 12-07.—Further illuBtrutioiji* of Bortioulli’B theorem. 
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falling. The effect is very striking when the jet from which the air 
stream issues is not vertical and also when it is below a bench-top: 
in this latter instance the ball floats without visible means of support. 
If the ball shifts laterall}’ the fluid on its right-hand side causes the 
ball to spin and since the fluid velocity is high, the pressure within 
is low; on account of the higher pressure on the left the ball is 
returned to the stream. 

In Fig. 12'07{6) there is shown an inverted thistle funnel and 
a ball wliich almost fits its mouth. The rapidly moving stream 
of water passing over that part of the ball close to the mouth of 
the funnel creates a low pressure within the fluid so that the thrust 
due to the atmospheric pressure holds the ball in position. 

I'ig. 12-07(c) shows a slieet of paper below a brass plate fitted 
with a centre tube. If a stream of air passes outwards as indicated 
the gas moves most rapidly near the centre of the plate; the 
pressure is therefore lowest near to the centre and since at the edge 
it is approximately atmospheric the paper does not fall. 

Jn a similar manner if a stream of air issues from a jet placed 
between two pieces of thin cardboard hanging downwards from 
suitable supporting threads, the boards will move towards one 
another due to the lower pressure near the end of the jet. 

In a gale the roof of a house is sometimes blown off without 
damage to the rest of the structure. As the wind blows, cf. Fig. 
12-07(d), the pressure {p. 2 ) above the roof is reduced and when this 
re{!uction is considerable the roof is lifted away as if by suction. 

Fig. 12*07{€), shows a scent spray or atomizer. When the bulb B is 
squeezed air issues from the jet J at a high speed so that the pressure 
here is reduced. The liquid ri.ses in the vertical tube A—the pres.sure 
above the licjuifl being e(]ual to that in B—and is blown out in the 
form of a fine spray. The valves and \ 2 control the How of air 
in and out of B. 

Venturi meter.—A practical aj)plication of Bernoulli’s theorem 
is also found in a Venturi meter, an instrument for measuring the 
rate of How of water, i.e. the volume flowing per unit time, through 
a pi})e. It vas invented in 18S7 by Clemens Herschel and takes 
its name from an eighteenth-century Italian who made experiments 
on the flow of water through conical pipes. In its simplest form 
it consi.sts of two truncated conical tubes connected together by 
a short length of cylindrical tubing, known as the “throat’. The 
meter, in u.se. occupies a horizontal position in a pipe-line, the 
diameter of the large end of each frustum being equal to that of 
the ]>ipe. Fig. 12-08 is a representation of a Venturi meter in use. 
As the water flows through the meter its velocity' will be a maximum 
at the throat on account of the reduction in cross-sectional area 
and consequently the pressure will be reduced. This reduction of 
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pressure is measured by the difference, H, in the levels of the water 
as shown in the diagram. 

Let a be the cross-sectional area of the throat and A that of the 



Datum 

level 


Fic. 12-08.—The priiicipJe of a Venturi luetor. 

main pipe-line. Then if the datum level pas.ses through the a.xis 
of the meter, we have, if friction is neglected, 

P P 

where the suffixes refer to the .section at A. 

Let Q be the volume of water passing per second; then 

Q 


3 = « 

A 


and — = u. 
a 


Also 


hence 


J.e. 


Vv—V = 9p^\ 

IQ’' 1 Q2 


2 A2 




-UH, 

«A 
(A^ _ 




On account of friction, viscous forces and eddy motions which 
may be pre.scnt in the meter, the actual discharge is slightly less 
than the above theoretical value, so that, in practice 

(A** — a^y 

where k is a constant for any given meter and this must be deter¬ 
mined experimentally. 

A Pitot tube.—When wo consider the flow of a fluid with 
horizontal stream lines it is convenient to take one of them as the 

datum level from which the height ? in Bernoulli’s equation is 
measured. Then we may write 

p H- = constant, 

where the symbols have their usual meanings. 

Now it must bo noted that in this equation p represents the 
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pressure which actually exists in the moving fluids it is kno^vn as 
the static pressure. To obtain a value for p it is necessary to 
measure the force per unit area on a surface whose presence does not 
in any way modify the motion of the fluid. If a rigid surface is 
placed in the fluid then it vnR alter both the direction and speed of 
flow unless the surface is either (a) parallel to the stream lines or (6) 
moving through the fluid so that there is no relative motion between 
the surface and the fluid in its immediate vicinity. By attaching 
side tubes to a flow tube as in Fig. 12-06, and elsewhere, the first 
of these two conditions has been tacitly fulfilled. 

In 1730 Pitot discovered that if a small tube, now known as a 
Pitot tube, were inserted in a moving liquid so that the entrance to 
the tube faced the oncoming stream, then the liquid rose in the small 
tube as shown in Fig. I2-09(o). To discover the reason for this let 
Fig. 12-09(6) represent an enlarged view of the immersed end of a 
Pitot tube. The liquid in the tube is at rest so that at a point B 
near to the above end of the tube the component of the velocity of 
flow along a horizontal stream line will be zero. Hence Bernoulli’s 
theoi’cni (omitting the = term) gives 

Pi + = i>B +0, 

so that the static pressure at B measures the so-called dynamic 
pressure px r hpir. The difference between these two pressures 
measiu-es ipu~, so that if p is knowm a value for u may be found. 
The point B is knoN\Ti as a stagnation point. Experiment shows 
that even for gases p may be treated as a constant for speeds up to 
50 metre.sec.“^. 

To determine the difference between these two pressures a so- 
callet! Pitot-static tube has been devised. In the first stage of 
devclo])ment the tube had a conical end but this was easily damaged 
so that in later models the end was made hemispherical; to-day the 
N.P.L. recommends that the nose of the tube should be ellipsoidal. 
Tlie Pitot tube proper is the copper inner tube of the complete 
Pitot-static tube shown in Fig. 12-09(c). The outer brass casing 
forms the statie-tube and near to the nose six or eight small holes, 
such as Oj and Og, are drilled in tliis casing. The tubes Tj and Tg 
are connected to a sensitive manometer so that a value for is 

easil^"^ obtained. 

As thus assembled a Pitot-static tube is used to investigate aero- 
dvnamic problems, to measure the flow of gases used to cool a nuclear 
reactor, and very extensively in industrj^ wherever the flow of gases 
is involved. The actual apertm-e of the Pitot tube may vary from 
0-2 mm. to 2 mm. in diameter for throughout this range its indica¬ 
tions are constant. In using the instrument the axis of the nose 
must be truly horizontal. 
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When such a tube is applied to the measurements of liquid flow 
many difficulties arise. In the first place one is never sure that the 
system is free from air bubbles. Secondly', the tube will disturb the 
liquid and this effect is large when the tube in which the liquid 
flows is relatively small in diameter. Thus, as a consideration of 
Fig, 12-09(d) shows, the liquid will flow more quickly where the 
effective cross-section of tlie tube is reduced by the presence of the 



re) 

Kio. 12 09.—Tho principk-a and devolopinent of a Pitot atutiL- tubo. 
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Pitot-static tube; as a first approximation the ratio of the two 
velocities may be computed from the knowm values of the diameters 
of the tubes. Then, with the notation indicated, the measured 
pressure difference, P, will be given by 

Vq + ~ {Pi + VP-q) = P, 

where Zq ^ (Uj, — Oj) w'hile 

Po -r = Pi + gpzQ + hpu^, 

since BernouilH s theorem may be applied to the stream line w’hich 
begins along the axis of the tube and remains in a horizontal plane. 
Hence 

p = Ipu^ == ipWo 

where 'la^ and 2^1 are the relevant diameters of the tubes. 

Another difficulty i.s that on account of .small energy losses in the 
licjuid one ought to write, in general, 

Measured pressure difference == ipw“(l —/), 

where/ 0, although it inaj’ have both positive and negative values; 
(1 — /) is known as the calibration factor and for gase.s/^ 0 003. 
When these tribes were first developed the calibration factor was 
determined by mounting the composite tube on a whirling shaft 
some 30 ft. in diameter; the speed of the nose was calculated and 
by a comparison with that deduced from the Pitot-static tube itself, 
a value for (1 —/) deduced. 

In a recent N.P.L. report by Salter (1055), a Pitot-static tube 
with a nose head not truly ellipsoidal is advocated, cf. Fig. 12-09(e); 
even when the axis of the tube, to which such a nose is fitted, is 
13® from the horizontal it is found that/ is practically negligible and 
the results obtained have an error less than one per cent. In con¬ 
clusion it may be noted that with air moving at about 50 metre.sec. 
a differential pressure equivalent to 2 cm. of water is created; for 
very small speeds the pressure difference should be measured with a 
C’hattoek manometer. 

Resistances to the motion of a fluid in a pipe.—When a fluid 
is made to flow along a pipe-line, energy is dissipated in overcoming 
certain resistances which are set uj) and oppose the motion. 
Friction, sudden contractions or enlargements in the diameter of 
the pipe, flow round bends and the presence of valves are some of 
the causes to which this dissipation of energy must be attributed. 

In the sequel it will be found more convenient to speak of ‘loss of 
lioad' rather than loss of energy'. 

Suppose that a liquid (water) is flowing from a constant pressure 



ELEMENTARY HYDRAULICS 


C23 


tank through a long narrow pipe, AB. Fig. 12-10, the diameter of 
the pipe being uniform and its end B open to the atmosphere, 
pressure P. If it is justifiable to assume that the motion is stream¬ 
lined and that all resistance is absent then Bernoulli’s equation, 
applied to the flow at S and at B, gives 


and since 


or 


gz^ + + - = 92n + 

P 

0 , 

UZs = gza -f 





) = 


where H = Zg — 

Thus, on this basis, the whole head of liquid, H, is utilized in 
giving energy to the liquid at B. Experiment, however, shows that 
the mean velocity, u, of the water is less than so that the energy 
lost per unit mass of liquid is 


— u^) = j/H — 


= gh, say, where Ji 



The quantity is known as the total loss of head along the 
pipe, and includes all causes contributing to thi.s dissipation of 
energy. 

Loss of head by friction.—Suppose now that two vertical tubes 
C and D arc fitted to the pipe-line AB, Fig. 12-10, the lower ends of 


f 



Kio. I2'10.— L.OSS of head’ duo to liquid flow in u pipo. 


the tubes being flush with the in.sidc wall of the i)ij)e. If B is closed 
the liquid rises in each tube until its surface is at the level of the 
liquid surface S. 

Also, if a valve at B is adjusted so that the mean velocity at any 



THE GENEBAL PROPERTIES OF MATTER 



section in the pipe is u, then if there is no resistance to the motion 
the liquid in both tubes will rise to the same level but the level will 

1 

be less than that in the tank by a height equal to * —. To prove 

- ^ 

this, we have, by Bernoulli’s theorem, 



P + ffpMC 

P 


_ _ const. = gz. 




The liquid level above C (or any other point in AB) is less than 

1 

that in tlie tank by a height equal to ^ . Experiment shows 


that this is not so, the liquid surface above D being at a lower level 
than that above C. Thus there is a loss of head along the pipe. 
Wlien the tube is uniform the loss of head, h, is directly proportional 
to the distance, /, between the sections at which the pressures are 


measured. 


Hydraulic gradient and virtual slope.—The straight line, 
MX, joining the top.s of the columns of liquid in the tubes C and D 
is known as the hydraulic gradient and the tangent of the angle. 
0, which MX makes with the datum level is called the slope, a, 
of the hydraulic gradient or the virtual slope. In practice the 
slope is small and may be measured by the sin 0, so that 


a 



Reynolds’ experiments on the flow of water through pipes. 
— Osiu>KN’i: Reynolds, in 1883, carried out researches, which have 
become classical in their importance, on the loss of head by friction 
when water flow.s through a pipe. The essscntials of his apparatus 
are shown in Fig. 12*11. A horizontal pipe, AB, 16 ft. long, is 
<'t)nncctcd to the water mains and the flow of water controlled by 
a suitable regulator inserted in the part of the system between the 
main and the pipe. 

At two points C and D, 5 ft. apart and near to the end B of the 
exjieriniental tube, two small holes are pierced and short tubes 
soldered to the i)ipe at these points. These tubes are connected 
bv indiarubber tubing to a siphon gauge G, made of glass and 
containing carbon bisulphide [or mercury for the larger head losses]. 

For small difference.s between the levels of the liquid interfaces 
a cathetometer is used but otherwise scales in cm., etc. may be used 
to determine the height Z. If Pq is the density of the gauge liquid. 
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p that of water, then, if p is the pressure in the water at the level 
M, the pressure in the other tube at the same level is p — gph. 



Flo. 12-11.—Beynokls’ experiment on the flow of water in a pipe. 


where h is the total loss of head along CD, and hence 

V + = iV — 

or h = z(^ - 1 

The mean velocity, u, of the water over any normal section of 
the pipe is given by 

Volume of water di.scharged per second 

'J/, , 

Cross-sectional area of pipe 

When corresponding values of a, viz. and u are plotted, a 

curve similar to that shown in Fig. 12* 12(a) is obtained. The 
portion OG i.s a straight line for which 

a = K^u, 

where k-j is its slope; the portion GJ is somewhat irregular at first 
but the portion towards J follows the law 

a = ^ 2 ^", 

where Kg and n are constants. To determine the constant n, the 
above equation may be written 

log a = log Kg + n log u. 

By plotting x = log a.y = log a, the curve shown in Fig. 12-12(6) 
is obtained. The straight line AB corresponds to the state of flow 
for which n = I, while for the portion CD, « = 1-75. 
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From the graph it follows that the flow of water through a 
uniform pipe consists essentially of two types:— 

(а) a steady or streamline flow up to the point B, 

(б) an unsteady or eddy flow when the velocity exceeds that at 
B—in this region we have turbulent flow. 



Fio. 12-12.—Graphical detcnnination of lower and higher critical 

velocities. 


The velocit}' of flow corresponding to the point B, and above 
which the flow ceases to be streamline, is known as the higher 
critical velocity. 

In the diagram the line BC represents a period of transition when 
the flow is changing from one type to another. Reynolds argued 
that the portion EBC of the complete curve exists on account of 
the inertia whicli the water possesses and considered that E, the 
intersection of DC produced with AB, was the lower or true 
critical velocity. The higher critical velocity is that velocity at 
which water flowing from rest in streamline motion breaks up 
into eddies, while the lower critical velocity is, for water that 
is initially disturbed, the velocity’- above which streamline motion is 
impossible. 

Reynolds’ investigations extended to pipes several inches in 
diamett'r and some experiments were carried out at temperatures 
above that of the laboratory. He discovered that the lower 
critical velocity is inverselj' proportional to the diameter of the 
pipe and that it decreased with rise in temperature. 
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The colour-band method for determining critical velocities, 
addition to the method outlined above for determining the 
critical velocity of water flowing through a pipe, two other available 
methods must be mentioned. 

is due to Reynolds, who injected a 
thin stream of coloured ink along the axis of the tube; the apparatus 
used is shown diagrammatically in Fig. 1213. A constant head' 
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Fig. 1213—Reynolds' colour-hand method for detormining 

criticul velocity. 

reservoir is connected to a tube, AB. about 2 cm. in diameter for 
the greater part of its length, the liquid (water) entering at A and 
escaping at B. At the end. C, of the tube AB is a rubber bung 
carrying an inlet tube drawn out to a capillary about 10 cm. lonu 
and 0-5 rnm. in diameter. This is joined to a small reservoir, 
filled with ink. The flow of ink is controlled by a spring clip, T 
'riie position of the reservoir is adjusted by means of the flexible 
tubing connecting it to A until, with a slow rate of flow of water 
a long column of ink is seen escaping from the jet along the central 
axis of the stream. Under the.se conditions the liquid is moving 
w.th streamhne motion, i.e. all filaments are moving pa.alic-1 to tlm 
boundary of the tube. When the state of turbuient flow i., reache.i 
the coloured band .s broken up by eddies and mixes with the water 
i) The second method is due to Barnes and Coker, who in 
104 mvest.gated by means of differential mercury thermometers 
the variations m the excess temperature of the fluid above its sur- 
rouijdmgs with the rate of flow. While the motion is streamlined 
the frictional resistance is proportional to the velocity a, but when 
he state of turbulence is reached the resistance is proportional to 
. It therefore follows that if n exceeds unity the siope of the 
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graph showing how the excess temperature depends upon the 
velocity of flow will be much steeper above the critical velocity. 
The critical velocity is represented by the kink in the curve, cf. 
Fig. 12-12(a). 


Reynolds’ number.—From the experiments described in earlier 
paragraphs, Reynolds found that the lower critical velocity, 
is given b}' 



where rj is the viscosity of the liquid, p its density, and d is the 

y) 

internal diameter of the pipe. Calling - = v, the kinematic 
viscosity, ^ 

= 2000 . 

V 

The quantity known as Reynolds* number; it is a pure 

numeric, i.e. it is independent of the system of units used. 

For the higher critical velocity [wdo, Reynolds’ number is 2500. 

Motion of a body in a viscous fluid.—If a body of given geo¬ 
metrical shape and size, specified by a length I of some portion of it, 
is moving with velocity v in a fluid of density p and kinematic 
viscosity v, then the velocity' m, at some point in the fluid and 
geonietrically fixed with reference to the body, may be expressed by 
the functional equation 

u — p, V, /), 

while the .slojie of the stream line at that point is given by an 
expre.ssion of the form 

0 = p, V, 1 ). 

Each term in will be of the form t’*, v'', and must have 

the dimensions of a velocit}'. Hence 


[LT-*] = [LT-inML'3f|L2T^if[L]**. 

Comparing coefficients, we find 

1 ^ a - 3/? + 2y + (5 

0 = 11 

-\ = —X - y 

a -I- 2y + 5 = 1, 


Since /^ = 0, 
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Each term has the form 


■••-'■'.fe)-"'©- 


(i) 


Similarly, 


0 


■ 


(ii) 


[If we WTite the function for u so that each term in it has the form 
v® p^, we find 

Whence (5 + y = 0, l = a+ ^ — y — 3d = x -r ft + -y, and 
1 = a + y. Thus ft = —y, and a = 1 — y = 1 + ft- 

Each term has the form 




as before.] ^ 

The second equation indicates that the shape of the stream lines 
and the direction of motion at any point depend only on the value 

/vl\ 

of the non-dimensional group I — I and not on the sejjarate con¬ 
stituents of the group. Tlie first equation shows tliat the velocity 
depends only on v and therefore established that, 

provided a .system of bodies are all geometrically similar their sizes 
alone being different, the systems of stream lines are likewise similar 
(vl\ 

provided I — I is kei>t constant. 

The results of the brilliant series of experiments by Reynolds, 
described on pp. 624 to 628, led him to the conclusion tliat a non- 

vl 

dimensional group of the form — determines the process that 

takes place during the motion of a fluid through a cylindrical tube. 
Thus if d is the diameter of such a pipe and u the velocity of the 

ud . 

liquid passing through it, — is a critical variable and when it attains 
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a certain value the flow changes from a steady so-called stream-line 
flow to a turbulent one in which eddies are formed. If R is 
Rc 3 'nolds’ number {2,000)t, 

pd d 



Frequency of eddy formation.—Let / be the frequency of eddies 
formed in a fluid when it flows past a solid object or emerges from 
a tube with velocit}* u. Then, iLsing the other s 3 ’^mbols as defined 
in the previous j)aragraj)h, we may wTite 

/ = 1, V, p). 

Each term in this function will be of the form 
and have dimensions T~^. 

[T-^] = [LT-'f[L/[L2l^Y[>IL“Y- 

(!i = 0 . 0 = a + + 2y, and — 1 = —a — y. 

a = 1 — y, /i -f y + 1 = 0. 
a = 2 + 

Hence each term in y) has the form 



PART 11~TIIE FLOW OF SOLIDS 

Plasticity or the flow of solids.—In practice it is found that 
therii exists in nature a number of substances—solids in ordinary 
parlance and of wliich pitch and Chatterton's compound are familiar 
examples—wliich do not begin to flow until the applied stress 
exceeds a certain value. On a stress-strain diagram this value is 
represented bj’ the 3 ’ield-point [cf. Fig. 7-00, p. 273]. Such sub¬ 
stances alwa^'s behave as elastic bodies when the stress is below 

f •Soinotiines Reynolds’ number is exprc5se<l in terms of tho radius of 
cross-section of tho tube; then its value is 1,000. 
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the value corresponding to the yield*point, but for larger stresses 
the amount of deformation depends upon the time for which the 
stress is operative. The substance is then said to be in a plastic 
state. Such a state must be carefully distinguished from that of 
a liquid when its flow is controlled only by vi.scous forces, for in 
this latter instance there is always a finite flow however small the 
applied stress. Bingham, an early worker on the pla.stic .state, 
visualized an ideal plastic solid as one for which the rate of flow 
is always zero for stresses below a critical value but beyond it the 
rate of flow is directly proportional to the excess stre.ss. Such a 
substance is knowai as a ‘Bingham solid' but it i.s very doubtful 
if such is ever realized in practice for with all actual materials the 
yield point is not uniquely defined; it is found that betweeti the 
region of perfect elasticity and the region of plastic flow there is 
a region of imperfect elasticitj'. 

Plasticity,—Many workers on this subject have endeavoured to 
give a quantitative definition of plasticity {ttA^gtikoC) but none is 
entirely satisfactory. Here it must sufhcc to .say that plasticity 
IS that property of a substance which enables it to be deformed 
continuously and permanently without rupture during the aj)plica- 
tion of a stress exceeding the yield-value of the material. 

The yield>value of a material.—The definit ion now to be gi\ en 
IS a little crude, but it will serve our present j)urjjosc. Supjjose 
that a body is subjected for some time to a .siiear stre.ss which is then 
reduced to zero. When the stress has thus been removed the body 
may not recover its original size and shape—it is then said that 
the body has acquired a permanent set and that the aj»plietl stress 
exceeded it.s yield-value. This is not a precise statement for no 
mention i.s made of the manner of loading or the magnitude of the 

permanent deformation. 

Early work on the plastic deformation of materials.— 
Strains produced within the range of perfect elasticity tlo not give 
rise to any visible change in the structure of tlie material. It is 
known, however, that there are small changes in such jihysieal 
propertie.s as the resistivity or thennoolectric power [with respect 
to lead] of the material but the difficulties of investigating such 
changes even experimentally arc manifold. On the other hand the 
permanent alterations in size and shape which are a feature of tiu* 
production of permanent sot are always accomi>anie<l hy visible 
changes both in the microscojiic and macroscopic structure of the 
material. 

The fact that metals could be caused to flow through small 
apertures by subjecting them to high stresses and .so behave like 
liquids of high viscosity was first established, in 1864, by Tresca. 
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In these experiments the lines of flow were made apparent by using 
thin sheets of metal, superposed to form a solid block. Tubes and 
rods of lead and copper, alloys of lead and tin, have been produced 
by extruding the material through annular openings. Alloys of 
copper and zinc, at temperatures much below their melting points, 
yield to the same treatment. 

The question which arises at once is ‘What is the internal 
mechanism of plastic deformation?’ Let us consider a poly* 
crystalline metal such as lead and a substance lilce pitch. Each 
substance can be made to flow but the superficial resemblance 
between the phenomena is not due to an identity of the processes. 
Pitch does behave, as regards its mode of flowing, like a highly 
viscous liquid, but with the aid of a microscope it is soon apparent 
that the phenomenon in metals is essentially different. The problem 
was first studied in connexion with the flow of large masses of ice, 
e.g. glaciers. In 1845 Forbes asserted that the flow of a glacier 
was due to the plactic flow of ice-crystals under the action of large 
stresses. In opposition to this theory Tyndall, 1857, attributed 
the flow to the well-known phenomenon of regelation. Such an 
explanation must be confibacd to substances such as ice, the melting 
point of wliich is lowered when pressure is applied. The well- 
known ‘creeping’ of lead sheets on a sloping roof—Tyndall reported 
that the movement of the lead covering on the choir of Bristol 
Cathedral amounted to nine inches per 3 ’^ear—is due to its flow 
under gravitj', and even ice is plastic at temperatures below which 
water exists in liquid form, so that plasticity’ must be independent 
of regelation. 

Writing on this subject Professor Desch says ‘Many crystals are 
capable of being deformed without losing their cry^stalline character, 
from the oleatcs, which are so soft that two cry’stals brought into 
contact at a point unite to form a single one, or potassium manganous 
chloride [MnCI 3 . 2 KCl.H 2 O], a crystal of which may be pressed into 
lenticular shape by' the fingers without being cracked or broken, 
to the apparently rigid cry^stals of calcite or rock salt. Even these 
may be deformed to an extraordinary extent if certain precautions 
are taken.’ 

If a piece of metal with a highly' polished surface is subjected 
to stretching forces it is found that a number of fine parallel lines 
make their appearance on each grain; the direction of these lines 
varies from one grain to another. At the boundaries of these 
grains an abrupt change in the direction of these fine lines reveals 
the cry’stalline structure of the metal. ‘It is not easy, at first 
sight, to recognize the true character of these lines; they are not 
cracks or ridges. Under oblique illumination, lines having any' 
given direction are found to be visible only when the incident light 
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falls on them from a particular direction, so that they alternately 
appear and disappear when the stage of the microscope is rotated. 
The lines are therefore sho%v*n to be steps, and the name of '^slip- 
bands** has been given to them, as best expressing their character. 

The formation of slip-bands takes place in the following way. 
The regular arrangement in planes of the atoms or ions in a cry.^tal 
permits slipping of these ions relative to each other to take {)laco 
more readily along certain planes and these arc known as glide- 
planes or planes of easy gliding. Fig. 12-14(a) is a diagrainmatie 
representation of the structure of a crystal and it is at once apjjiirent 
that a translatory motion in a horizontal plane may octair witliout 



Fio. 12-14.—Tho formation of slip-bands in a metal. 


any disturbance of the crystalline structure. Sucli motion may 
occur along a number of such planes parallel to one another. Slip- 
bands have their origin when successive .slips occur in parallel glide- 
planes. Fig. 12-14(6) represents a polislied surface beloio stmining 
and on it portions of some crystal grains arc iiulicatetl.^ ^ Altt'i 
straining the grains arc deformed as in Fig. 12-14(c). Ihe iu- 
cqualities in level arc caused by the slipping which has taken place 
along the glide-planes and it is the steps produced on tho suilace 
in this way that arc the slip-bands in-cvioii.-^ly described. 1 he 
phenomenon exactly resembles the formation oi repeated lavilts 
in geological strata. 

Tho plastic yielding of a metal under stress beyond the yiehl- 
valuo is therefore attributable to the slipping which occur> on 
innumerable glide-i)lanes and the only disturbance in the ciystallitu' 
structure is that certain atomic layers .sutler a translat»>i\>' disphue- 
nient relative to their neiglibours. 

More about the plastic deformation of metals—early work 
with lead.—In 1904 Trouton and R.aNKINE observed that for a 
lead wire loaded well beyond the clastic limit, the extension all* i 
some time becomes directly proportional to the time, i.e. the tlo« 
is viscous in character. In 1910 Anorade cariii‘1 out the lii> 
careful investigations on the phenomenon and in them it ''-'s 
realized that as tho wire stretches, the cross-section rlimiiii?' a -' an< 
hence, for a constant load, the stress increases. 'I’o oveicoim u;> 


41 
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difficulty the following automatic method of establishing a constant 
stress in the wire was devised; the essential details of the apparatus 
used are shown in Fig. 12*15{a). 

The ‘weight* attached to the lower end of the wire was allowed 
to sink into water as the wire stretched, the geometric form of the 
weight being chosen so that the upthrust at any moment was 



Fro. 12*15.—Andrado’s method for producing a constant stress in a wire. 


inversely proportional to the length of the ^vire at that instant; 
the efleetive stretching force thus varied directly as the cross- 
section of tlic wire. If M is the mass of the load and V the volume 
of the solid, i.c. of the load, immersed at any instant, 

(M - ,,V) oc . 

^ 0 + 2 / 

where p is the tlcnsity of water, Iq the initial length of the wire 
and y is the dejdh of immersion of the load and hence the elongation 
of the wire. Thus 


(M — py){fo -r !/) = con.stant = MIq. 



p \ + y' 


With the notation indicated in Fig. 12’15(a) we have 
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Differentiating with respect to y, we obtain 



or 

Thus the weight must be given the form of a portion of a 
hyperboloid of revolution about the axis Oy. 

The results obtained with lead are sliown by the curves repro¬ 
duced in Fig. 12’15(6). The experiments were carried out at room 
temperature and under the conditions of constant stress tlie initial 
instantaneous stretch is followed bv a flow which finallv becomes 
constant for large stresses. At constant load the rate of flow 
rapidly increases. 

Andrade found that the flow under constant stress is represented 
by the formula 

I = U1 -f- oxp {Kt), 

where /3 and k are constants. 

In 1932 Andrade and Chalmers carried out similar experiments 
on polycrystallinc cadmium and the excellent agreement of tlie 
above formula with the ob.servatioiis is revealed by Fig. 12*10. 




Fio. 12-10.—l*’it of tho formula / = /gll -f exp («<) lo tho flow of 

poIyoryHtalliriu cadmium at cunstniit 

Note on crystals.—Until about 1912 a crystal was regarded as 
an object with a well-defined geometrical shape such a.s tliat of a 
cube, tetrahedron, dodecahedron, hexagonal prism, etc. Curiously 
enough the external shape of a crystal is not one of its fundamental 
characteristics but merely a manifestation of the fact that its ionic, 
atomic, or molecular constituents are arranged in a regular or 
systematic pattern in space. 
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For OUT present purpose only crystals whose external form is that 
of a hexagonal prism vrih be considered. By means of X-rays it has 
been shown that this name is not an ideal one because in such crystals 
the ions or atoms are situated on a lattice in which the unit prisms 
have equilateral triangles for their bases. Fig. 12*17(o) shows how 
the triangular bases (shaded) of the unit prisms fit together so that, 
under suitable conditions, a crystal ^vith a hexagonal form may be 
obtained. [Only the prisms whose bases are shaded are considered 
to contribute to the structure of a crystal.] 

In a simple triangular lattice the atoms are arranged at the 



Fjo. 12-17.—Unit triangular closo-paekod prism. 


corners of the triangular prisms and each atom is shared by six 
})risms. This means that each prism whose base is shaded in Fig. 
I2*17(ff) has one atom associated with it. 

If an additional atom is placed at the bodj-’-centre of each prism, 
the lattice on which the atoms occur is kno^vn as a ‘hexagonal 
close-packed’ lattice; such a lattice is sho^ra in Fig. 12-17(6). In 
order to gain a clearer picture of such a lattice we can imagine that 
each atom (or ion) is represented by a sphere, all spheres being equal. 
If these spheres are arranged in a layer and packed as closely as 
possible together the centres of the spheres will lie at the corners of 
equilateral triangles and each ‘interior’ sphere will be surrounded 
by six immediate neighbours whose centres lie at the corners of a 
licxagon. In Fig. 12-18(«) these spheres are marked A. 

Now let an identical sphere, B, be placed on this layer so that it 
nestles in one of the dimples or umbilical recesses between three A 
spheres. A second layer, identical with the first, may be built up 
by continuing to lay B spheres in position. When this is done it 
will be found that ever}' alternate umbilical depression in the first 
layer is covered by a sphere in the second layer—cf. Fig. 11-40(6). 

Other spheres, C, niaj' now bo added to form a tlurd layer and 
this may be arranged in one of two w'ays. Either the remaining 
depressions in the first laj'er may be covered by the C spheres, as in 
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Fig. 12*18(c)> or each such sphere may be placed over a sphere in 
the layer A, as sho^\^l in Fig. 12*18(rf). 

In the first arrangement we have a face-centred cubic lattice, as 
seen by looking along the diagonal of the cube. Each sj)here is in 
contact with a ring of six neighbours in its own layer and three in 



(c) OO 


Fi< 5. 12-18.—Tho formation of <-loso-|»ac*kc(l lattices. 


each layer immediately above and below its own; thu.s the total 
number of spheres in contact witli any other is twelve. 

In tho second arrangement wc have the liexngonal close-packed 
structure and again each sphere is in contact with twelve others. 
The planes of closest packing are the basal j)lanes. 


Single crystals. —(Vy.stals of metals have their origin in nuclei 
which are present in the cooling mass of molten metal. In 1613 
Andhadjj succeeded in preparing largo single metallic crystals. 
These W(rre made by heating metallic wires to a t(‘mj)crature just 
above the melting point and allowing them to cool very slowly, in 
another method, due to Czochhalski. the lower end of a suitahl** 
grafting rod is immersed in the molten metal at a tcm])crat urt* a few 
degrees in excess of its melting point and a crystal thn^ad is slow 
draw'n upwards out of the melt; the speed of withdrawal nuist he 
found by trial. In 1921, Caui*enteu and Elam produced single 
crystals of aluminium by a method founded upon the principle ol 
reerystallization after stretching. Initial strains within the mateiiul 
are removed by an annealing process and then a two per cent plastic 
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stretch is produced. This is followed by a process involving 
alternate heating and straining, the grow’th, promoted by the heat 
treatment, taking place from centres created by the strain. 

At a later date Andrade and Roscoe enclosed a wire somewhat 
loosely in a horizontal glass tube surrounded by a small electric 
furnace travelling slowly along the tube. The wire is just melted 
locally over a short length which moves with the finance and in this 
way strain-free crystals of such metals as cadmium can be produced. 

The mechanical deformation of a single crystal.—When a 
single cr 3 "stal in the form of a wire is subjected to a very small 
stretcliing force it is found that the cr^’Stal elongates and the appear¬ 
ance of a line round the external surface of the cr^'stal shows that a 
displacement between the ‘upper’ and ‘lower’ parts of the wire has 
taken place but no further elongation occurs. When the stress 
is raised another line appears, i.e. another displacement occurs and 
then the stretching stops. So the process mav’' be continued, each 
successive extension giving rise to another line which is the inter¬ 
section of a slip-plane with the surface of the wii-e; in the jjrocess, 
the surface of the wire, originally smooth, becomes ‘scaly’. After 
the formation of manj' such lines the wire, originally C3'Iindi'ical in 
section, becomes ribbon-shaped, so that it appears somewhat like 
a pack of cards which has been i)ushed lengthiWse. The deformation 
of the wire is due to whole sections of the crystal moving as entities 
along certain cr 3 'stallographic planes, the so-called planes of ‘eas 3 ' 
glide’. Finall 3 ', when the wire breaks, the fracture is parallel to the 
slip planes and it possesses a mirror-like surface. 

A remarkable feature of this phenomen is that the yield-point 
of the material concerned has a very low' value and that plastic 
deformation begins when the stress is several times lower than that 
for the same material in the pol 3 ’crystalIine state, i.e. single cr 3 ’stals 
are extraordinaril 3 ' weak and })la.stic. Also, the extension ma 3 ' be 
several times the length of the original cr 3 ’stal. With a single 
cr 3 'stnl of copper, a permanent set ina 3 ' be caused by a tensile stress 
as small as 15t> gm.-wt.mm.“2 and when the fractional deformation 
along the length of the specimen amounts to about fift 3 ’^ I)er cent, 
the mechanical strength increases about fift 3 ' times. 

The gliding of two sections of a single cr 3 ’stal past each other 
during slij) differs from the gliding of two smooth well-lubricated 
metal plates in that (a) the plates can glide in any direction but the 
direction of glide in a crystal is determined b 3 '^ some cr 3 ’stallographic 
axis and its inclination to the direction of maximum stress; (b) the 
frictional resistance to gliding in cr 3 'stals increases as the amount of 
deformation increases but if the area of contact of the plates remains 
constant so does the resistance to gliding; (c) the work spent in 
causing the plates to glide is converted into heat whereas when a 
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crystal is deformed some of the energy becomes stored as potential 
energy in the specimen. 

The deformation in single crystals is caused, as we have noted 
already, by the shearing of the crystal upon certain ‘glide j)lanes’. 
The gliding process is most easily studied in liexagonal clo.se-paeked 
crystals such as zinc. Now zinc is a metal with a close-packed 
hexagonal arrangement of atoms and glide nornially occurs on a 
basal plane, i.e. the plane with tlie greatest density of atomic 
population. As glide proceeds the resistance to extension increases, 
i.e. the metal becomes strain hardened. The direction of glide in 



(ct) (h) (C) 

Flo. 12-10.—Pohuiyi's inodfl of u single* cry.sliil in tho I'orm of u win*. 


a basal plane is usually parallel to that digonal axis, which is 
a direction of greatest row density in the lattice, and whicli is neaiv.st 
to the direction along whi<-h the maximum stress e.xisls. As slip 
proceeds the direction of slip gratlually alters and tlie planes of slip 
tend to become parallel to the tlirectiiui of tlie stretching fiuccs. 

In a polycrystalline specimen some of tlie crystals will he 
orientated in such a way that slip actually occurs in tlicm hut the 
shifting process is greatly hampered by the surrounding crystals 
if they are less favourably orientated. 

To render ap 2 )arent the processes at work <luring the deformation 
of a single crystal of zinc Polyani (11)24) constructed u \\oodcn 
model. A diagram of this model is shown in Fig. 12'H). In 
Fig. 12‘]l)(a) there is shown a i)iie of wooden discs of etpial thick¬ 
ness, the flat surfaces of the discs being the basal jjianes of the 
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crystal. It will be noted that these flat surfaces are not normal 
to the axis of the wdre. The hexagon on the uppermost surface 
indicates the crystallographic orientation of the zinc atoms or rather 
of the lattice upon which they are situated in orderly maimer. One 
of the three digoiial axes is also shown. Fig. 12*19(6) shows the 
model after the crystal it represents has been deformed to a certain 
extent. The direction of glide is indicated by the arrow A; the 
second arrow shows the direction of maximum stress in a basal 


plane. As slip proceeds the direction of slip tends to become 
parallel to that of the stretching forces. The elongation of the 
single crystal is caused by the plane of slip tending to become 
parallel to the direction of stretch—cf. Fig. 12'19(c). If the basal 
plane is, by chance, initially normal to the direction of the applied 
stretching forces, no slip occurs and as these are increased fracture 
eventually takes place \\dthout slip. 

Now the basal plane of a hexagonal lattice is unique for only one 
plane of slip is possible, but in other lattices, e.g. the face-centred 
cubic lattice, the four octahedral planes may each serve as a slijj 
plane. In such instances slip may occur first on one set and then 
on another. The stress necessary to produce the first slip is the 
true measure of the elastic limit and in contrast to this the pseudo¬ 
elastic limit determined hy experiments on polycrystalline specimens 
is of little theoretical importance. 

As the temperature of the single crystal specimen is raised the 
hardening produced by the deforming process is less noticeable but 
the tendency to flow steadily becomes more prominent. 


PART III NOX-NEWTONJAN LIQUIDS 


Introduction.—Neuron’s hj-pothesis concerning the steady flow 
of a viscous fluid is epitomized by the equation 



[cf. pp. 536 and 579] 


In all simple liquids, i.e. those in which there is only one phase 
an<l which do not have a structure that is threadlike, the stres.s, 

,18 directly proportional to the rate of shear, provided that 

Qt 

the flow is laminar. Liquids for which y) is a constant at a given 
temperature (and pressure) are known as Newtonian liquids. In 
1921 Griffiths showed that with rates of shear varying from 
0'002 rad.sec.'^ to 10,000 rad.sec."^, there is no measurable change 
in the viscosity of air-free water. 

In this connexion it is interesting to recall that originally 
Poiseuille’s law was deduced from observations on the flow of 
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water and aqueous solutions througli tubes of small bore and 
although one of the main purposes of the investigation was to 
discover laws that govern the flow of blood through the veins and 
capillaries of the human body, yet it is now kno^\ni that for blood 
Poiseuille’s law does not hold. The flow of many impure liquids, 
semi-liquids and semi-solids, which are the liquids important to 
everyday life, is found to be anomalous in that their behaviour is 
similar to that of blood. Such liquids are termed non~Neu>toniari, 
i.e. the rate of shear is not proportional to the shearing stress and 
neither Poiseuille’s nor Stokes’ law is obeyed. 

It is found that liquids which behave anomalousl}’ in this way 
are heterogeneous; for example, particles of a different nature may 
float about in the body of the liquid (sols), or the substance may 
be a gel, i.e. it may possess a structure wliich binds the mass together 
to form a semi-solid. 

The ^apparent viscosity’ of a non-Newtonian liquid.— 
For a non-Newtonian liquid the quantity 

Stress 

Velocity gradient 

will have a fixed value for a given velocity gradient and this quantity 
is knowTi as the apparent viscosity of the liquid. A common 
feature of anomalous liquids is that the apparent viscosity decreases 
as the rate of shear increases. 

Now blood i.s not a homogeneous liquid for it contains corpuscles 
but not in sufficient concentration to show much change of viscosity 
with the rate of shearing. Sometimes the presence of ambient 
particles may be detected vi.suall 3 ' with tlic unaided eye but often 

a 

(a) 

Fio. 12-20.—Tho distribution of volooitio.s across a tube tiuougli wbicb a 
liquid is flowing («) Newtonian liquids, (6) iion-Nowtonian liqui«l.s 
(plug-flow). 

the particles are too small to bo seen even under a microscope, 
yet the heterogeneous nature of the liquid may always be revealed 
by its ability to scatter light waves. 

Fig. 12*20(a) shows how the velocity of flow of a Newtonian 
liquid varies across a tube in which it is flowing without turbtilciuc. 
For a markedly non-Newtonian flow the distribution of velocities 
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is showTi in Fig. 12 ‘ 20 ( 6 ). The velocity is nearly constant across 
the major portion of the tube and falls in a steep gradient to the 
walls; this type of flow is accordingly known as plug flow. 

Another important dilference between the two tj'pes of liquid 
under discussion is this; in accordance with Ne^v'ton’s hypothesis, 
a homogeneous liquid is characterized by the property that it begins 
to move under the smallest possible rate of shear that may be 
created within the liquid. When, however, the concentration of 
the material in suspension in the liquid is high the substance will 
withstan<l small shearing stresses without beginning to move. 
\A'hen the stress is increased so that the substance begins to flow, 
the stress at which this occurs is known as the yield value for 
tlie substance concerned. Somewhat stiff pastes behave in this 
way. Likewise table jellies may be set in a mould and yet when 
the mould is removed the jelly retains its shape in spite of the 
gravitational forces that are endeavouring to make it flow. 

In connexion with this Richardson writes,f ‘The setting of a 
gelatine solution is an interesting case in which a non-Newtonian 
liquid—the sol —acquires internal structure 63' the reduction of 
its temperature and becomes a gel, possessing both yield point and 
cla.sticit3\ The latter factor is evidenced 63’ the wa3’’ in which 
jellv parth’ displaced from equilibrium, “shivers” to and fro and 
eventuall3' returns to equilibrium. The gel can be transformed into 
the sol again by heating, or, sometimes, b3' shaking. A s3'stem 
whicli possesses gel characteristics when left alone, but becomes— 
temporarily—a sol when disturbed is said to be thixotropic. A 
gootl i)aint .should possess this propert3’, so that it can be brushed 
or sprayed over a surface smoothly and retain a uniform texture 
and gloss when left. Further, although it has a high viscosit3' 
when .settling down slowly over the surface it has to cover (and 
this promotes a good “finish”), 3-et when forced out of the spra3' 
nozzle at high speed its viscosit3’ is low and energ3' losses in the 
nozzle are so reduced to a minimum.' 


Ati experimental study of non-Newtonian liquids. —In the 
stiuly of anomalous viscosity the fundamental parameter is the rate 
t»f .sh(‘ar. Accor(lingl3’ it is necessaiy to design an apparatus in 
which different known rates of shear can be produced. At present 
capillary tubes cannot be used for the subject is not sufticicntl3' 
far developctl. It is ncccssar3' to use a cvlindi*ical viscometer. 
W’lien such a viscometer contains a true liquid its viscosity is given 
bv the formula 


h - - «_2 r 

47Ta%~l *(Jo’ 


[cf. p. 581 ] 


t 'Eiuleuvour’, 4, No. 14. .April 1945. 
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water and aqueous solutions through tubes of small bore anti 
although one of the main purposes of the investigation was to 
discover laws that govern the flow of blood through the veins and 
capillaries of the human body, yet it is now knoum that for blood 
Poiseuille’s law does not hold. The flow of many impure liquids, 
semi-liquids and semi-solids, which are the liquids important to 
everyday life, is found to be anomalous in that their behaviour is 
similar to that of blood. Such liquids are termed tion-Newtonian, 
i.e. the rate of shear is not proportional to the shearing stress and 
neither Poiseuille’s nor Stokes’ law is obeyed. 

It is found that liquids wliich behave anomalously in this way 
are heterogeneous; for example, particles of a different nature may 
float about in the body of the liquid {sols), or the substance may 
be a gel, i.e. it may possess a structure wliich binds the mass together 
to form a semi-solid. 

The ^apparent viscosity’ of a non-Newtonian liquid.— 
For a non-Newtonian liquid the quantity 

Strc.ss 

\'clocity gradient 

will have a fixed value for a given velocity gradient and this quantity 
is known a.s the apparent viscosity of the liquid. A common 
feature of anomalous liquids is that the aj)parent viscosity decrease.^ 
as the rate of sliear increases. 

Now blood is not a homogeneous liquid for it contains corpuscles 
but not in sufficient concentration to show mucli change of viscosity 
with the rate of shearing. Sometimes the presence of ambient 
particles may be detected visually with the unaided eye but often 



Fio. 12*20.—Tho dintrihution of velocities^ acrosH i\ tube throiigli uhii li u 
Uouid in flowing (o) Nowtoniun liquidn^ (/-*) non-Newtonian liqniii.H 
(plug'flow'). 


the particles arc too small to be seen even under a microscope, 
yet the heterogeneous nature of the liquid may always be rcvealetl 
by its ability to scatter light waves. 

Fig. 12 ‘ 20 (a) shows how the velocity of flow of a Newtonian 
liquid varies across a tube in which it is flowing without turbulence. 
For u markedly non-Newtonian flow the distribution of velocities 
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When two different Newtonian liquids are used, one in the upper 
and the other in the lower viscometer, the ratio of the speeds of 
rotation may be adjusted so that the suspended yoke is not deflected. 



Fia. 12-21.—A viscoinotor for tlie study of uon-Xowtoninu liquids. 

If the speed.s are increased but the ratio kept constant, the deflexion 
^\ ill remain zero, for the rate of shear will increase in the same ratio. 
This is not so if one liquid is non-Newtonian. 

Also, for true liquids, if the speeds of rotation of the outer 
cylinders are identical the deflexion will vary linearly with the 
speed as shown b}' the straight line OA, Fig. 12*22. This line can 
be repre.sented by the equation 

0 = K{r)y — 7;s)<T, 
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and if T] is constant — is also constant. If the liquid used is non- 

Wq 

r 

Newtonian then — will not be constant. 

(Oq 

In tliis type of viscometer the rate of shear is 



[ef. p. 580] 


and hence varies across the gap. Discussing this subject Andrade 
wTites, ‘If the liquid is non-Newtonian we obtain a value for the 
viscosity which corresponds to some kind of characteristic rate of 
shear within the range. The question is, how should we take tlie 
value most appropriate . . . We can take an average rate of value 
of the shear by multiplying each elementary surface by the appro¬ 
priate rate, integrating and dividing by the area between tlie 
eylinder.s, u Inch gives’ 


Mean rate of shear 



- d(o , 
Zirr. r — .dr 

dr 



Aa-Vy>Q j 



‘or we can take the linear velocity of the outer cylinder and divide 

by the gap, obtaining for the rate of shear a value . . The 

former is the thing to do.’ o — a 

In 1940 pRVCE-JoNKs designed the apparatus shown in Fig. 12*21 
Essentially it i.s a double cylindrical viscometer, i.e. it consists of 
two Couette viscometers, one vertically above the otluu* as sliown 
in the diagram. The upj)er unit contains a true liquid of knou n 
viscosity and the lower unit the material under test. The nou- 
rotating inner cylinders FCj and FC .2 are rigidly connected togetlier 
by means of an aluminium yoke FFFF to whicli tliere i.s rigi(ll\’ 
attached a concave mirror M. This yoke is suspended from tiu* 
torsion wire Tl’. 


Ihe pulley DP, connected to a constant speed motor, diives the 
gearbox GB through a continuously variable g<*aring. This con¬ 
sists of a spring-operated friction disc FD^ and a friction wheel 
FWg. Ihc position of this wheel may be adjusted with respect to 
the centre of the disc so that the speed of the latter may be vai ied 
continuously. The rest of the apparatus consists of devices for 
setting the outer cylinders of the two viscometers in rotation in 
opposite senses. They may be run at the same angular speed or 
at speeds bearing a definite but adjustable ratio to one another. 
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12 02. Show that for stream-line motion in a fluid 

gdz -1- u6u -j- ^ = 0, 

P 

and hence show that if p is constant, gz -}- -f- ^ = constant. 

For a gas (when z may be neglected) in which pvy = constant, 
where y is a constant, show that 

-f- Ap” 

is constant, where A is a constant and n = I — y~^. 

Hence show that if the gas flows from a vessel where u = 0, p = Pjf 
to a place where u = U and p — pn, then 

U2 = Afpi" — Pa"). 

12 03. Derive an expression relating the pressure and velocity of a 
fluid along a streamline (Bernoulli’s theorem). 

Describe an instrument for measuring the rate of flow of a liquid 
along a tube and, assuming Bernoulli’s theorem, obtain an expre.ssion 
for the rate of flow. 

Water flows through a horizontal glass tube w’hose radius at A is 
2 0 cm. and at B is 0-5 cm. Neglecting energj' losses due to viseosity 
and turbulence, calculate a value for the rate of flow of water tlirough 
the tube when the pressure difference between A and B is 1-8 cm. of 
water. [46-7 cm.® sec.“^] 

12 04. Particles of water in a basin, flowing verj" slowly towards a 
hole at the centre, move in paths which are approximately circular, so 

that if u is the speed of a panicle, w = —, where o is a constant 

X 

and X the distance from the central axis. Show that at the surface of 
the water 



Assume A = 1 ft., a = 0-75 ft.%ec.~*, and plot the curve giving the 
shape of the curved surface. A\'hat does (A — s) represent? 



Chapter XIII 


BROWNIAN MOVEMENT. OSMOSIS AND 
DIFFUSION IN AQUEOUS SOLUTIONS 

Molecular and colloidal solutions.—When, for example, sujrar 
is added to an excess of water the sugar dissolves; it has dis¬ 
appeared from sight and passed into solution and with the relatively 
small volumes of water that can be used experimentally it is found 
that the sugar is uniformly distributed tliroughoiit the solution. 
When solution is complete even the most powerful microscope avail¬ 
able fails to detect any particle of sugar. From this fact it is 
concluded that the sugar has been broken up into its ultimate 
indivisible entities, i.e. sugar molecules. 

On the other hand, when aqueous solutions of sodium chloride 
and of silver nitrate are mixed together, a white precipitate of silver 
chloride begins to form at once and the solid particles grow to 
a limiting size. The particles are readily visible and, under the 
action of gravity, they eventually settle down on the base of tlie 
containing vessel. The particles of silver chloride are so large that 
they do not pa.ss through the pores of ordinary filter [uiper and hence 
the precipitate may be removed from the mixture by filtration. 
When, however, an aqueous solution containing about 0*01 per cent 
of gold chloride is made slightly alkaline by the addition of magne.sia 
[magnesium oxide is very slightly soluble in water] and a few drops 
of formaldehyde arc added, the mixture acquires a ruby-red colour. 
This coloration is due to metallic gold present in the form of minute 
particles, which do not settle under the influence of gravity, and the 
gold cannot be removed from the aqueous mixture by filtering. In 
such instances as this, the precipitate, produced by the interaction 
of two clear solutions, consists of molecular aggregate.s which no 
microscope is sufficiently powerful to render visible to us, and yet 
when a strong beam of light is caused to traverse the liquid and the 
liquid is examined in a direction normal to that of the incident beam 
a turbidity, due to scattered light, is ca.sily seen. This turbi<lity 
signifies that the liquid medium has suspended in it aggregates 
w hich are small but not of molecular dimensions. Such a suspension 
is known as a colloidal solution. 

To discover the reason why the particles, wliich comj)rise a 
colloidal solution and which aImo.st invariably have a tlensity 
greater than that of water, do not settle down it is necessary to 

047 
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recall Stokes’ law, which was discussed in the last chapter [cf. 
p. 592]. There it was sho\\'n that ever^^ small sphere descending 
under gravity thi’ough a viscous medium acquires a terminal 
velocity', u, given by 


2 (p — o)gr- 

tL 

9 rj 


where the symbols have their usual meanings. For gold particles, 
10-® cm. in radius, suspended in water at 20° C., when t] — 0-01 
poise, the terminal velocity is approximately 4 x 10”’ cm.sec.-^ 
i.e. 2-5 X 10® sec., or 30 days, is the time required for the particles 
to fall 1 cm. in water. 

The Brownian movement.—About 1828 Brown, an English 
botanist, observed through a microscope some grains of pollen 
suspended in water. He discovered that these grains were taking 
part in a much-agitated dance which continued without any decrease 
in its vigour. The particles were seen to move hither and thither, 
apparcntl 3 ' under no control, in the field of view of the microscope. 
Further experiments revealed that any kind of particle, provided 
that it was sufficiently small, exliibits this same remarkable phenom¬ 
enon, and Broum concluded that some inanimate cause was the 
agent responsible for it. After many hj'potheses concerning the 
ultimate cause of this motion had been made, Delsaulx in 1877 
and Gouy in 1888 advanced the view that the irregular motion of 
the suspended particles is due to the thermal agitation of the 
molecules of the surrounding liquid. 

As a result of many researches between 1828 and 1905 it was 

established that:— 

(a) the suspended particles undergo very irregular motions and 
these take place completely at random; 

(5) tlie greater the viscosity’’ of the liquid medium, the more slow 
is the motion of the particles suspended in it; 

(f) tile smaller the particles the more quicklj' do thej' move; 

(f/) the motions exhibited are continuous and eternal; the 
Bro\Miian nit>vement of suspended particles has been observed in 
litpuds contained in the enclosed cavities of some varieties of quartz 
and tliese cavities and the liquids in them will have been there for 
tliousands of years. 

Thus it was established that this so-called Brownian movement 
is a characteristic of individual particles, each one moving indepen¬ 
dently- of its neighbours. Since the motion is eternal, the only^ 
source of energy’ necessary to maintain the motion must be in the 
ever-pre.sent thermal motion of the liquid molecules themselves. 

Witli these ideas for a background, a mental picture of the pro¬ 
cesses at work can be formed, ^^'hen the suspended particle is largo 
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in comparison with the liquid molecules [the ratio being of the order 
10®], the molecular bombardment to which the particle is subjccterl 
is practically uniform, and for any one of these particles its motion 
will be determined solely by gravity and the viscosity of tlie licjuid. 
With smaller particles, the number of bombarding particles per unit 
time is less and the laws of probability indicate that the bombard¬ 
ment will be less uniform. This inequality in the distribution of the 
attacking molecules wdll give rise to a force causing the susj)ended 
particle to move; its motion will be determined in any given instance 
by the viscosity of the medium in which it moves. 

Brownian movements and Laplace’s law of atmospheres.— 
From many researches made in connexion with the plrt'sical chemistry 
of solutions it has been concluded that when substances arc in 
solution the molecules of the di.s- 
solved substance behave in many 
respects as if the same molecules 
were moving freely as molecules of 
an ideal gas in free space. It will 
now be assumed that the i)articles 
in a suspension and undergoing 
Brownian movements arc com¬ 
parable to an atmosphere of mole¬ 
cules in otherwise emptj' space. 

To proceed, however, it is necessary 
to establish theoretically Laplace's 
law of atmospheres. 

To do this, consider an ideal gas 
enclosed in a tall vertical cylinder 
as showrn in Fig. 13 01. Let the 

pressure at a height 2 in the cylinder be p; at height z -}- dz let the 
pressure be p -f dp. Then if g is the intensity of gravity and p the 
density of the gas at this pressure p, we have 




7 =0 



Datum 

level 


Fie. 1301.—I.npliico’s law t)t 
atmo.splioroa. 


A A A 

op = —gp dz = —<j ~ dz, 

where M is the mass of a gram-molecule, or mole, and V is the volume 
occupied by one mole of the gas at i)rcssurc p. W’e have, al.'jo. 


pV = HT, 


where T is the absolute temperature of the gas and 11 is tlvo univtTsal 

gas-constant. 



Mf/ 



42 


RT 
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and on integrating this becomes 

P = exp 



where is the pressure of the gas at the datum level, i.e. at s = 0. 
In carrying out this integration it has been assumed that the 
temperature is everywhere constant. 

Further, since n and the number of particles per unit volume 
at height z and at the datum level, respectively, are directly pro¬ 
portional to p and to we have 

/ Mo \ / 

n — Hn exp I-si = Wn -2 

" \ RT / » \ RX 



where N is Avogadro’s constant, i.e. the number of molecules in a 
gram-molecule, and m is the mass of one molecule. 

This is Laplace’s well-known law of atmospheres and it expresses 
j)recisely how, in a gaseous atmosphere, the number of particles j)er 
unit volume varies with height. 

From the above argument it follows that since the mass of an 
actual gas molecule is extremely small, considerable heights must be 
reached before the density varies by a measurable amount. On the 
other hand, for molecules like sugar, a fractional change in the 
density of their distribution equal to that for a given change in 
the density of nitrogen, is reached in a height equal to exp (Od) times 
the eorresi)on(ling height in nitrogen. For colloidal particles with 
a mass 10® times that of a sugar molecule, a fractional change in the 
densitv of di.stril)ution will occur in a few millimetres whereas a 
cliange in height of several kilometres would be necessary to produce 
a corresponding change in a truly gaseous atmosphere. 

Before use of Laplace’s equation, expressing the distribution of 
Ijarticles in a gas with height, can be made in connexion with 
colloidal particles, it must be remembered that each particle is 

buo^’ed up so that (j must be rei)laced by ^1 — ^ 

density of the liquid and D that of the particles. Then 


n 



exp 





u hei'c U is the volinnc of one particle. The above equation may 
be wiitten 



« 


KT 


U(D — d)gz. 


The expression n — 



shows that the elevation 
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required to produce a given rarefaction varies with the nature of 

the gas. Moreover, if M 2 remains constant, the fraction — is also 

«o 

constant. This signifies tliat if the molecular weight of one gas is 
sixteen times that of another, the elevation required to produce the 
same rarefaction will be sixteen times less for the first gas than it 
is for the second. Since it is necessary to rise to a height of 5 km. 



Fxo. 13-02.—Tho distribution of equal numbers of molecules of 
hydrogen, lielium, and oxygon in very tall gas jars. 

in oxj’gen at 0° C. before its density is halved, a height of 80 km. 
must bo reached in an atmosphere of hydrogen at 0® C. before the 
same fractional reduction in density occurs. 

Fig. 13*02 represents three gigantic vertical jars [the tallest 
being 300 km. high], containing equal numbers of molecules of 
hydrogen, helium and oxygen, respectively. Assuming the tempera¬ 
ture to be constant, the molecules will distribute themselves as 
shown; tho more massive the molecules, the more do they collect 
together at tho base of each jar. 

When we look closely into the above argument it i.s found that 
tho ideal gas laws have been applied to suspended particles in a 





652 


THE GENERAL PROPERTIES OF MATTER 


liquid. To justify this it is necessary to make use of Maxwell’s 
theorem of the equipartition of energj'. According to Maxwell the 
energy of a system in d 3 Tiamic equilibrium is equally distributed 
among all the possible degrees of freedom. Thus for bromine 
vapour, sgBr®®, mixed with hj’drogen, where the relative masses 
of the particles are as eighty to one, the average energy of a bromine 
molecule is equal to that of a hj'drogen molecule. The theorem is 
equall}" true for still heavier gaseous molecules and there seems no 
reason to question its validity for macromoleculcs and hence for 
minute colloidal particles in suspension. This implies that such 
jjarticies may be regarded as a ver^-^ dilute gas for which the ideal 
gas laws are valid. 

Perrin’s experimental test of the law of atmospheres.—To 
test Laplace’s law experimentally Perrin found that colloidal 
solutions of such substances as ferric hj'droxide and arsenic sulpiride 
were unsuitable and therefore used emulsions of gamboge or of 
gum mastic. 

Gamboge, prepared from a dried vegetable latex, was treated 
with alcohol which dissolved the j'cllow matter making four-fifths 
of the crude material. When excess water was added to this 
solution a yellow emulsion composed of tiny spheres formed. This 
emulsion was subjected to a vigorous centrifuging action and from 
the piu-ified emulsion thus yielded Perrin obtained siDheruIes of 
gamboge which were identical in size and suitable for the experi¬ 
ments contemplated. 

The density’ of the particles was then determined bj' three different 



Fk;. 13 03.—I’fiTin's first nictliod for determining Avogadro’s constant. 

methods wliich gave concordant results, viz. D = 1’194 gm.cm.“®. 
'I'o determine the volume of a spherule the length of a long column 
of tlicm was measured and the result checked by making use of 
Stokes’ law. 

An emulsion containing the selected particles was then placed in 
a small cell, as shown in Fig. 13-03, kept at constant temperature 
b\’ means of a water bath. The cell and its adjuncts were then 
l)Iaced on the stage of a microscope and the field of view restricted 
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by means of a small diaphragm. The field was of such a size that 
not more than five or six grains wore visible at once. At regular 
intervals the field was observed and the number of particles jjresent 
noted. A mean of a very large number of observations was 
obtained. The microscoi)e was then raised anrl a count made at 
the new level in the emulsion. From these experiments the validity 
of the law of atmospheres was established and Avogadro’s constant 
N was found to have a value between 6*5 and 7-2 x 10^3 mole.-i. 

The displacement in a given time of particles undergoing 
Brownian movements: Einstein’s equation and its verifica¬ 
tion.—It has been shown in the foregoing paragi-aphs that a jjarticle 
of not too large a size and in suspension in a liquid experiences 
unbalanced forces due to molecular bombardment. As a conse¬ 
quence of the finite value of the resultant of these unbalanced forces 
the particle moves in the liquid and then, as it wanders hither and 
thither through the liquid, its motion is opposed by viscous foroe.s. 
By means of a microscojic, whose field of view is crossed bj' two 
83 'stems of parallel and equidistant lines cutting orthogonally, the 
position of any one particle at a given instant can be specified. 
The position of one selected particle is noted at the ends of some 
chosen sequence of time intervals; 30 seconds is a convenient time 
interval. Thus the average distance, A[x], cf. Fig. 13-04, which a 



particle moves through in this interval may be determined. To 
develop a theory of this motion it is necessary to a.ssume that the 
average distance moved through by a particle in a stated time 
depends on the forces acting uxjon a particle; these are caused by 
Its motion in a viscous medium and by the molecules of the liquid 
which are bombarding it from all directions, but not quite uniformly. 
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Then, if the results of experiment are in accord with the theory 
which embodies these assumptions, the underlying assumptions will 
be justified. Moreover, it will be found that a value for Avogadro’s 
constant can be derived from the observations and if this value 
agrees with other determinations of this constant additional con¬ 
firmation will be forthcoming. 

The theory was first given in 1905 by Einstein and a little later 
it was extended by Smoluchowski. In 1908 Langevin simplified 
the argument which is as follows. If x, y, z denote the cartesian 
coordinates of a particle at a given instant, the origin alwa 3 ^s being 
the position of the particle at time t = 0, its motion in the 
a'-direction during the time t is given b^' the equation 

mx = X — bXy 


where X is the instantaneous ar-comjjonent of the resultant force 
which the particle experiences from molecular bombardment and 
the term involving b represents the retarding force due to the 
motion of the particle in a viscous medium. The force denoted bv’ 
X will be highly irregular in value and as often negative as it is 
positive, while if the particle is a sj)herule of radius a, then according 
to Stokes, b = Grra)), where t} is the viscositj^ of the liquid. 

Multiplying the above equation throughout hy xdt and integrating, 
we get, 

m I dt = I Xx dt — 

‘'O *'0 



Now xxdt = and 


fact it is X 


Jo 


) XX dt cr 

Jo 


can be integrated bj* parts; in 


— I .i'-dt. We therefore have 

Jo 


'Wi.J[.r.r] — m I dt = I S.x dl — 

Jo Jo 

where .l[aj denotes the change in a quantity’' a in the interval of 
time from ^ = 0 to i = ?. 


Now 



where a- is tlie average value of x- in the time interval. On the 
other hand since x fiuctuates rapidly, it can be shown that 
. I[.r.r]O. Also, since X is as often negative as it is positive, 

the Xxdt -► 0 provided tiic value of the integral is averaged for 

Jo 

n large number of particles. Hence if we restrict the argument 
to a large number of particles, we find 


mxrt = i6zl[ar]. 



BROWNIAK MOVEMENT 



where A[a^] denotes the average of A[x^] for all the particles 
considered. 


Also, approximately, pV = RT = c^, A\here the symbols 

have their usual meanings. Hence the mean kinetic cnerg\- of 

3 RX 

a particle is Now the kinetic energy due to the motion 

along the ar-direction only is one-third of the total kinetic energy 

1 RT 

of a particle or — The above equation may therefore be written 


RT 

N 


t = i(67Ta^/) 


RT/ 

377'nryN 

Smoluchow.sUi has emphasized that thi.s theoretical formula cannot 
be expected to agree rigorously with experimental results because 
it has been assumed that the particles are S 2 )herical in shape and 
that they arc without mutual attraction. 

In actual experimental work a value for J[x] is first found; the 
corresponding value of is then calculated by using the relation 





which is a consequence of the elementary kinetic theory. 

The Brownian movement in gases: Millikan’s accurate 
verification of Einstein’s equation.—It was Smoluchowski who 
first drew attention to the fact that since Ein.stein’.s equation is valid 
wherever Stokes’ law is applicable, then we would expect a Brownian 
movement to be present when i)articles are susp<‘nded in gases as 
well as in liquids. The first direct measurements on the Brownian 
movement of particles in gases were made by Ehrenhaft in 1U07. 
He found that the motion, as theory indicates, is much more lively. 

By 1011 Millikan and his co-workers had attained an order of 
exactitude in experiments on Brownian movements in gases which 
enabled a very reliable value for Avogadro’s constant to be obtained. 
The reasons for this remarkable increase in the accuracy of measure¬ 
ment are as follows. In all Perrin’s work the accuracy of tlic final 
result was very much re.strictcd by the difficulty of determining 
with precision the radius of the particle and some doubt a.s to the 
validity of Stokes’ law must be contemplated. Perrin himself 
believed that Stokes’ law was only valid for liquids. Finally, it 
must bo remembered that the calculation was made with the aid 
of an equation which had been derived from analogy between 
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colloidal suspensions and gaseous molecules. IVIillikan overcame 
these objections by working with droplets of oil in air or hydrogen. 
Each droplet was a sphere and the radius of anj^ one selected drop 
was determined by a technique which this investigator had developed 
in his classical determination of the charge of an electron. 

In the present research the drop was charged and an experimental 
study made of: 

(a) the lateral Brownian displacements of the drop when sus¬ 
pended in the gas—a suitably chosen electric field balanced the 
weight of the drop. 

(b) its rate of fall under gravit}’^ alone, and 

(c) its rate of fall or ascent when gravity was opposed by a force 
arising from the presence of the charged drop in an electric field. 



Earth 


r=o 


- 



Y 

z 


Fig. 13 05.—Tho motion of a charged drop between the plates of 

a horizoutal condeoser* 


The theory of the experiment is as follows. Let A and B, 
Fig. I3-05, be the upper and lower plates respectively of a condenser 
and suppose that between these plates there is a droplet of mass m. 
Tlie plates of the condenser are made horizontal so that the electric 
field shall be parallel to the earth’s gravitational field. Let Oa* and 
Oc be the rectangular axes to which the motion of the drop is 
referred. /Ul quantities will be considered algebraically. Let V 
be the potential of the lower plate. Then the electric field i.s 

E = iO + jO + iC-E, where t, j and ^ are three unit vectors. Let q 
be the charge on the drop. Then when tho field is on, the motion 
of the drop is determined by the equation 

gE + mg — 5(2)k — 0 , 

since the drop moves without acceleration. In this equation m is 
the mass of the drop, b the quantity already defined, g the intensity 
of gravity and (ijp the velocity of the drop when the electric field 
is applied. 

When there is no electric field applied, the motion is given by 

^ — H^)o — 0. 
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Millikan selected a drop for which g = e, the electronic charge. 
Under these conditions we have 


b = 

Now Einstein’s equation is 



^[^J = 


2RT t 
N 'I' 


and since the value of b has been found experimentally, we have 

2RTr (i)p-( i)ol 

E L Ne J ■ 

AOllikan and Fletcher first held a drop suspended between the 
plates of the condenser and measured its Browmian motion along 
a line normal to the line of sight and to gravity. This was done by 
timing the transits of the drop across cross-hairs at a known distance 
apart in the eye-piece of the observing low-power microscope. By 
using gases of low viscosity and working at lower pressures the vahie.s 

of wliich were dealt with, were fifty times as large as those 

used by Perrin for a di-op of the same size and nature. In this way 
much more accurate measurements could be made. Another 
advantage that these workers had was that the temperature of tlie 
apparatus could be controlled more easily. As a re.sult of thc.<o 
investigations it was found that 

Ne = —2*88 X 10'"* e.s.u. inolc.“*. 



OSMOSIS AND OSMOTIC PJiESSUliD 

The nature of osmosis.—When red blood corpuscle.s arc placed 
in water they expand rapidly and ultimately burst, but if they are 
placed in a strong salt solution they shrivel uj). This phenomenon 
IS characteristic of the membranes surrounding many animal and 
vegetable cells, for these allow water to pass through freely but 
retard or entirely prevent the passage of solids. Osmosis is the 
name given to this spontaneous passage of a liqui<l through a mem¬ 
brane. Its effects were first observed by the Abb6 Nollet in 1748, 
who discovered that when an animal bladder separated alcohol from 
water there is a passage of water through the skin of the bhuhlei' 
into the alcohol but that no alcohol flows in the reverse direction. 
This spontaneous and differential flow of water is found to take 
place when a membrane of the above type separates an aciueous 
solution from water. The following simple experiment illustrates 
this phenomenon. A piece of wet parchment paper i.s stretched 
over the end of a large thistle funnel and when nearly dry it i.s 
coated with glue along the boundary. The inverted funnel is partly 



658 


THE GENERAL PROPERTIES OF MATTER 


filled wth a solution of sodium chloride, cane-sugar, or some other 
substance, and immersed in water as shown in Fig. 13 06. After 
standing for some time the level of the solution will have risen 
considerably; water must have passed through the parchment into 
the solution. Tliis statement is not complete, for water vill have 
passed from the solution into the water in the beaker at the same 
time as water passed from the beaker into the solution. This 

osmotic flow arises from the bombardment 
of the molecules upon the membrane; on 
the one side there are onl}' molecules of 
water amving at the membrane, while on 
the other there are molecules of water and 
solute as well. The water rises in the tube 
until the excess hydrostatic pressure due to 
the column of liquid thus produced causes 
the water to flow outwards at a rate equal 
to that at which osmosis causes it to flow 
into the solution. 

Quantitative observations are not 
possible with such simple apparatus for 
the membrane used is not truly semi^ 
permeable; this is a term first used in 
1886 by van’t Hoff to describe a membrane which allows the free 
passage of water but entirely prevents that of a dissolved substance 
through it. Such membranes as those used in the simple experi¬ 
ment just described do not fulfil these requirements for they do 
j)ermit some of tlic dissolved substance to pass through them. 

An osmotic flow of the solvent is also observed when a membrane 
sej)aratcs two solutions of the same nature but differing in concentra¬ 
tion. The flow of solvent is such that the concentrations of the 
solutions tend to become equal, i.e. there is an excess of solvent 
passing from the weaker to the stronger solution. 

Artificial semipermeable membranes.—In 1864 Traube 
discovered that copper ferrocyanide, CuoFegCCNjg, is an excellent 
semiijermeable membrane and it is still considered as the best 
membrane for experiments on osmosis. 

Experiment ,—Place a weak solution of potassium ferrocyanide in 
the bottom of a beaker ami when it has ceased to move introduce a 
strong solution of copper sulphate so tliat it lies below the ferrocyanide 
solution. A thin gelatinous precipitate of copper ferrocyanide is 
formed; it separates the two solutions. The membrane does not 
increase in tliickness since the dissolved substances cannot pass through 
it, but after the lapse of about two hours it will bo seen that the mem¬ 
brane has a distinct bulge upwards. This proves that more water passes 
dow nwards tlum flows upwards, and hence that the copper solution has 
the greater osmotic pressure. 
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Osmotic pressure.—The membrane of copper fcrrocyanide pre¬ 
pared in the above experiment is too fragile to support more than 
a small pressure difference, but its strength is very considerabI\- 
increased if it is produced within the walls of a porous pot. The 
technique of preparing the copper fcrrocyanide membrane in the 
walls of a porous pot so tliat it acquired additional mechanical 
strength was first worked out by Pfeffer in 1877, and he then 
succeeded in making the first quantitative measurements in con¬ 
nexion with osmosis. To prepare this membrane the porous pot 
is boiled in distilled water for several hours to remove air bubble.'^. 
A 0*25 per cent solution of copper sulphate is then placed inside the 
pot and a 0-21 per cent solution of potassium fcrrocyanide outside. 
Each solution should reach very nearly to the top of the pot. 
Diffusion occurs and the two dissolved substances meet in.>i<le tlie 
w’alls of the pot where a membrane of copper ferrocyanide is formed. 
This process should be allowed to coiktinue witiiout interruption for 
two days. The ])ot thus 2 )repared is boiled in several changes of 
distilled water an<l is then ready for u.sc. If allowed to become dry 
it should be boiled for several hours to exj)el all air again. 

If such a pot, i)rovided with a rubber bung carefully waxed in 
position and fitted with a long capillary tube, is filled with a saturated 
solution of sugar cane and then immersed in water, the change in 
level of the liquid in the capillary is very rapid. After several daN .s 
a tube 1 mm. in diameter mu.st be several metres long if the liquid 
is not to exude from it. This s])ontancous differential flow of 
liquid through the membrane can be comjdetely stopped by the 
application of a suitable pressure; the flow’ is reversed if the pres.sure 
is increased beyond this value. 

Definition.—That pressure which must be applied to a 
solution to prevent the spontaneous difierential flow of liquid 
through a semi-permeable membrane separating the solution 
and solvent is termed the osmotic pressure of the solution. 

Pfeffer’s experimental method for determining the osmotic 
pressure of weak solutions.—To determine the osmotic ])ressiire 
of a W’eak aqueous solution the apparatus shown schematically in 
I'ig. 13*07 may be used. It is similar to an apj)aratus originally 
used by Pfeffek. A mercury manometer, M, with one limb clo.scd 
and containing air, or better, nitrogen, is connected to the i)orous 
pot, A. containing the solution. This solution i.s introduced through 
the tube B, the air in the connecting tubes being tlisplaced by some 
of the solution; after this operation the tube B is hermetically 
sealed. Water enters the solution and the pressure inside the 
pot increases; it is transmitted to the gas in M. Ultimately 
the i>re8sure within the apparatus ceases to change, and this 
constant pressure is the osmotic pressure of the solution. It is 
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calculated from the change in volume of the gas (nitrogen) in the 


closed limb of the manometer. 



Fio. 13-07.—Tho measurement of 
osmotic pressure [dilute solu- 
tioiisj. 


The fundamental laws of 


The serious objection to this method 
lies in the fact that the water 
entering the solution changes the 
concentration of the latter so that 
the readings do not correspond 
to the osmotic pressure of the 
original solution; neither do they 
to the final solution, for its con¬ 
centration is not uniform and it is 
the concentration of the solution 
in the immediate vicinity of the 
membrane which determines the 
osmotic pressure which is mea¬ 
sured. It is better to measure 
the external pressure which must 
be applied to a solution to prevent 
the passage of the solvent through 
the semi-permeable membrane 
separating it from the solvent. 
Such a method must alwa 3 "s be 
used in accurate work, and especi- 
all}' if the solutions are concentra¬ 
ted. Details ^\ill be given later. 

osmosis.—Among the aqueous 


solutions examined bj' Pfeffer are those of sucrose, dextrose and 
enne sugar. Some of his results for cane-sugar in aqueous solution 
at about 15° C. are recorded in Table A. 


Table A 


Coilcetttration (c) 

Osmotic pressure, p 
[cm. of morcuryj 

1 

\P 

!*: 

[gin. per 100 cm.® of 
solutioiij 

1-U03 

i 52-1 i 

52-0 

2-U14 

102 

50-5 

2-767 

152 

: 55-0 

4-060 

I 209 

51-5 

6-138 

307 

500 


V 

The last column in the above table shows that — is approximately 

c 

constant, i.e. the osmotic pressure of a dilute solution at 
constant temperature is directly proportional to the con- 
centration of the dissolved substance [Law Ij. Nowada^'s the 
existence of this law would be revealed b}' a graphical method. 
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Table B shows how the osmotic pressure of an aqueous solution 
of sucrose, of constant strength—one per cent—varies with its 
absolute temperature, T. 


Table B 


Absolute tomperiituro 
[T^K,] 

Osmotic pressure 

I (cm. of mercury] , 

P' 

T1 . 

279-8 

' 50-5 

0-18U 

286-7 

52-.’» 

0-183 

295-0 

.54-8 

0-186 ; 

305-0 

54 4 

0-178 1 

309-0 

56-7 

0-184 


From this table the fact emerges that ^ is practically* constant 

and, here again, a better test could be made graphically. Thus 
the osmotic pressure of a dilute solution is directly propor¬ 
tional to its absolute temperature [Law II]. 

The two laws stated above were first enunciated in 1S86 by 
van’t Hoff after he had made a careful study of the e.xperimental 
results obtained by Pfeffer. If C is the concentration of the di.s- 
solved substance in mole.cm.then C = V~L where V is the volume 
(cm.®) of the solution containing one mole of solute. Thus tlie first 
law may be written, 

pV = constant, 

while the second law may be expressed by the equation 

p = constant x T. 

Combining these two equations we have, 

pV = RoT. 

where is a constant. By comparing the osmotic jircssure of a 
sucrose solution with the pressure of hydrogen at the same tem¬ 
perature and concentration, R^ was shown by van't Hoff to be 
1 cntical with R, the universal gas constant. I^ater on this 
inve^igator established this fact by thermodynamical reasoning 
[cf. Vol. II]. The excellent agreement between theory and experi¬ 
ment which later work has abundantly confirmed, indicates tliat 
a law, analogous to Avogadro’s law for gases, is applicable to dilute 
‘*”^^*®*'^* It states that when equal numbers of molecules of 
solutes are dissolved in equal volumes of solution 
{dilute), at a constant temperature, the osmotic pressure of 

the solution is independent of the nature of the dissolved 
substance. 
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If Q is the volume of a solution containing / moles of dissolved 
substance, ;kV = Q, so that 



y 

If G = the concentration in mole.cm.then 

^ = RT. 

C 

If c is the concentration in gin.cm.c = MC, so that 

p 

c ~ M ■ 

Thus, if the osmotic pressure, in absolute units, of a solution at 
temperature T and concentration c is knowm, it is possible to deter¬ 
mine the molecular weight of the dissolved substance. 

Osmotic pressure and the determination of molecular 
weight.—It is customary in experimental work on osmosis to 
measure the pressure in atmospheres and to consider the volume in 
em.^ occupied in solution by one mole of the dissolved substance. 
The characteristic equation for an ideal gas, when the pressure is 
mea.sured in atmosiiheres and 1 gram-molecule occujiying a volume V 
is considered, then becomes 

PV = RT. 


and R is a universal con-stant for all gases. It must be noted, 

however, that R is different from the universal gas constant R 
which appear.s in the ideal gas equation pY = RT, where the 
jiressurc p is expre.ssed in absolute units. It is known that 1 gram- 
molecule of a gas at s.t.p. occupies 22,415 cm.^. Hence 

I X 22,415 = K X 273, 


or 


R = 82*06 cm.® atmos. deg. ' K. mole. 


-1 


Tliis enables us to calculate a value for the osmotic pressure of 
a non-electrolyte in solution or. knowing the osmotic pressure, to 
determine a value for tlic molecular weight of the dissolved sub¬ 
stance. Let m gm. of a substance of molecular weight be dis¬ 
solved in 100 cm.® of water at 0° C. Then the number of gram- 

molecules in this volume is —, so that 1 gram-molecule would occupy 

M \ 

X 100 I cm.®. Let P be the osmotic pressure in atmospheres. 


( 


m 



Then 


P X 



= R X (273 4- 0). 



0'821m(273 -f- 0) 

- - — atinos. 

M 


The measurement of the osmotic pressures of concentrated 
solutions: the work of Berkeley and Hartley.—In 1900 the 
Earl of Berkeley and his assistant Hartley published an account 
of a precision method of measuring the osmotic pressure of a con* 
centrated solution. Instead of measuring the pressure developed 
in a cell by the passage inwards of the solvent, when the contents 
of the cell were separated from the solvent bj' a seinipermeable 
membrane, these investigators measured the pressure uliich had to 
be applied to the solution to prevent the differential flow between 
the solvent and the solution. In principle, the pressure on the 
solution was gradually increased until it was just sutticient to reduce 
the resultant flow of solvent to zero; this pressure was taken to 
be the osmotic pressure of the solution. 

The apparatus is repre.sented in principle in Fig. 1308. A is a 



Kio. 13-08.—rrinc-li)lo of method used by Berkeley iind Hartley to 
ineuKuro OKiiiutic pressures of eonceiitrnted solutions. 

jtorous pot; actually it is a porcelain tube 15 cm. long, 2 cm. e.xtcrnal 
diameter and with walls 0-4 cm. thick. I’he vertical ends arc glazed. 
The semipermeable membrane is as near as possible to the outer 
wall of the tube. B is a gun-metal cage, slotted along its cylindrical 
portion, while Cj and arc the two portions of an outer gun-metal 
vessel which can be screwed together. When thus screwed, a thrust 
is exerted on the rubber-like rings, R, which separate the cage from 
the outer vessel. The length of the cage is such that, when tlie 
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apparatus is finally set up, the rings just overlap the ends of the 
tube A. 

The inner tube A contains water (or the solvent) and the capillary 
tubes E and F permit the water to be introduced into the apparatus. 
During an experiment the tube F is closed by means of a stop-cock, 

H, while E serves as a water-gauge. 

A copper ferrocyanide membrane was used. The air was removed 
from the porous pot by immersing it in an aqueous solution of copper 
sulphate contained in a vessel which was then exhausted. The tube 
was then cU-ied superficially, its open ends plugged, and then 
immersed in a solution of potassium fen-ocyanide. The membrane 
was formed near to the outer surface of the tube A and it was 
subsequently strengthened by an electrolytic process. 

The space between A and the outer vessel was filled with the 
solution under investigation and a gradually increasing pressure was 
applied to it; the tube T led to a manometer and a device for 
increasing the pressure. As long as the applied pressure was less 
than the osmotic pressure of the solution, water passed from A to 
the outer vessel and the meniscus in E fell; the motion of the 
meniscus was reversed when the applied pressure exceeded the 

osmotic i)rcssure. 

Berkeley and Hartley found a great difficulty in deciding the 
exact point at which the meniscus in the water-gauge remained 
stationary. The equilibrium pressure was therefore determined by 
observing the rate of fall and the rate of rise of the meniscus at 
pressures slightly above and slightly below the equilibrium pressure, 
respectively. By assuming that the rate of movement of the 
meniscus is directly proportional to the difference between the 
applied pressure and the equihbrium pressure, a value for the latter 
was calculated from the observations. This pressure was corrected 
for a so-called ‘guard-ring leak'; tliis is the leak through the 

glazed ends of the porcelain tube. 

The following table shows some of the results obtained and also 
the values for the osmotic pressure calculated on the assumption 
that the van’t Hoff theory is valid. [Cf. also p. 607.] 


The Osmotic Pbessuke of Aqtteous Solutions 

OF Glucose at 0®C. 


, Concontrfttion 

O&tnoilc pressxiro (atmos.) 

1 

ill inolo.lit.”^ 

i 

Observed 

[ Calculated 

; o-r.o4 

13-21 

12-42 

1 1-005 

2U17 

‘ 24-82 

1-611 

53-19 

39-72 

2-262 

87-87 1 

55-83 

2-465 

12M8 

1 

68-27 
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Vegard’s osmometer.—In tliis method (1908) it was decided 
that the applied pressure should be outside the porous pot so that 
the stresses to which the latter should be subjected were alua^•s 
compressive. Under these conditions breakages are less likely to 
occur. Such a principle had already been used by Berkeley. The 
essential features of the osmometer designed by Vegakd arc .shown 
in Fig. 13‘09(a). A is the porous pot with a copper ferrocyanide 

f To compressor 



(cc) (b) 

Fig. 13 0y.—Vegurd’.s osmotic cell. 

mombrano near its outer wall. Thi.s cell i.s attached to the lid of the 
apparatus by a jiiece of welMitting rubber tubing, C; tiu* eiul.s of 
C are secured with cotton thrcad.s. B and the outer container are 
made of east steel. To represent the arrangement used to prevent 
leakage between B and D it may be imagined that (Mpial cireidar 
grooves are cut in B and the llange of 1) and that when fittetl 
b^gether a rubber ring, circular in cross-section, fills the grooves 
cut in B and the flange of D. When the ajijiaratus is a.sseinbled 
and the six serew’s (S is one of them) inserted, a leak-tight joint 
is obtained. 

H and K are two glass capillary tube.s pa.s.sing, as shown, through 
the lid B. They arc slightly conical at the lower cnd.s and are fitted 
from below into tlio lid. The space between H, or K, and lh<‘ 
lid is filled w'ith molten sealing wax and when cold a leak-tight 

48 
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joint is obtained; the arrangement is shown, much exaggerated, in 
Fig. 13*09(6). 

The sj^ace between A and D is filled with solution and the pressure 
on the solution is increased by means of a steel cylindrical plunger, 
operated by means of a screw; the tube H is in direct connexion 
with the compressor and a gas-filled manometer. The pressure on 
the solution is increased until the liquid meniscus in K remains 
stationar 3 % or, more generally', just reverses. The pressure at which 
reversal of the motion of the meniscus takes place is determined by 
measuring the velocity’ of the meniscus on both sides of the equili¬ 
brium pressure. 


The work of Morse 



V Hi. 13 1 0.—Tho prill- 
eipU‘s of Morse's osiiio- 
(as niodificil b^* 
Frazer aiul .Myriek). 


and his co-workers on osmotic pressure. 
—In 1911 Morse began his experimental 
work on the determination of osmotic 
pressures. The method he adopted was 
essentially- that of Pfeffer but the apparatus 
was improved in detail and made capable 
of ^^ ithstanding higher pressures. By' 1916 
Frazer and Myrick extended this work to 
.^till higher pressures. 

In these later investigations the clay' cell, 
A, Fig. 13*10, was enclosed within a bronze 
cylinder, B. to which a manometer was 
attached. The solution was placed in the 
space between A and B while A itself 
contained the solvent (water). The tube C 
maintains A filled uith solvent on which 
the pressure is atmospheric. Under these 
conditions water passes from the cell A into 
the solution, and as the solution is in a 
confined space a pressure difference is soon 
established. 

Fig. 13*10 shows only’ the principles of 
the method; in the actual apparatus leaks 
were prevented by the use of i^acking 
glands. The pressure was measured by 
means of an electrical resistance gauge. 
Two similar coils of wire made from an alloy* 
resembling manganin were used; one was 
at atmospheric pressure and the other was 
immersed in oil in direct contact with the 


solution whose osmotic pressure was to be determined. The differ¬ 
ence in electrical resistance betw een tlie two coils was measured with 
the aid of a farcy* Foster bridge in the usual way*. The strength of 
.such a gauge is practically unlimited. In the earlier gas-filled 
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manometers there is a considerable increase in volume due to entrv 
of solvent into the solution and this diminishes the concentration 
of the dissolved substance; the only change in volume suffered in the 
resistance type of manometer is due to the compressibility of the 
liquids. In this way the dilution of the .solution by the entry of 
solvent is greatly reduced and equilibrium i.s reached more tjuicklv. 

The actual cell, too. had several distinct advantages. In the first 
place cells are able to withstand external pressures ratlier than 
internal ones and, secondly, the membrane itself is made stronger, 
for an increase in pressure tends to drive it into the pores of the 
porous pot anrl thereb}' compress it; this action renders it less 
liable to rupture. 

The results of osmotic pressure measurements.—For 
aqueous solution.s of cane-sugar, some of the results obtained are 
shown in Fig. 13-ll{a). The agreement between different workers 
is remarkable and the graph reveals at once the departure of the 
osmotic pressure of a .strong solution from that calculated according 
to tile ideal gas equation. The tlejiarture is quite noticeable even 
when the concentration is 0*1 mole.lit. 

The manner in whieli tlio osmotic pre.ssure varies with temperatuie 
for sugar solutions of several different concentrations is shown in 
Fig. 13*11(6). The range of temperature is naturally somewhat 
restricted but straight lines drawn to jiass tlirough O ami to lie evenly 
among the appropriate jioints indicate that the ideal gas laws are 
only applicable, strictly sjicaking, to weak solution.s. [The number.s 
near each straight line indicate the concentration in grams per 
1000 gni. of water.] 

DIFFUSION 

The diffusion of salts in aqueous solutions.—The jirocess of 
diffusion consists of the wandering of the molecules or ions isi a 
solution from a region of iiigh concentration to one of low concentra¬ 
tion. It is therefore one resembling the flow of heat in a eonductoc- 
when the steady state has been reached. Moreover, it is an 
irreversible process; a portion of the pure solvent having once 
become contaminated with a solute never returns to its initial stati- 
unless a.ssisted by an external agent. Althoiigli it is well establL’^iied 
that for strong electrolytes in uijucous solution tlu*re is com})lcfi' 
dissociation, yet it is convenient to consider the i>lienomonon of 
diffusion as if the molecules of the solute remained undissociatod. 

In 18.50 Guaham published his first paper on the diffusion of salt s 
in solution, and in 1882 a further study was made by Sciiiii-FKit. 
In principle the apparatus they used is shown in Fig. 13'i2(f/). 

A small glass cylinder. A, rests on two horizontal glass rods sup- 
I>ortcd inside a larger glass vessel, B. A is nearly filled with the 
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solution under investigation, and a cork, C, floats centrally on the 
liquid. A vertical knitting needle attached to this cork can move 
upwards in a narrow glass tube, D, held in position by a clamp and 



Temp. [deg. K] 

Fic. 13-11.—Soino results of osmotic pressure measuroments- 

stand (not shown). By this means the cork is kept in a central 
l)o.-<ition. Water is contained in the dropping funnel, E, and it is 
allowed to drop on to the top of the cork, which has been thoroughly 
wetted, at the rate of about three drops per second. A layer of 
water soon appears on top of the solution, and when the cork is clear 
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of the solution, it may be removed, and the vessel, A, comj)letcIy 
filled with water. The whole of A is then surrounded by water as 
in Fig. 13-12(6). The temperature is kept constant to avoid con¬ 
vection currents. At first there is a distinct boundary’ between the 
solution and the water. As a result of the process called diffusion 
this well-defined boundary soon disappears. By determining the 



Fio. 13-12.—Tlie difTusion of suits in aqueous solution. 


amount of solute which had escaped from the inner vessel into the 
outer one, it was found:— 

(a) the rate of diffusion depends on the nature of the dissolved 
substance, so that the ratio of the amount.s of two substances 
present in a solution may alter on account of diffusion, 

(b) the rate of diffusion is directly proportional to the concentra¬ 
tion of the dissolved 8ub.stance, 

(c) a rise in temperature augments the rate at which dift'usion 
takes place. 

Fick*8 law. —Four years after the publication of Graham’s first 
paper on diffusion. Kick, guided by Fourier’s work on tlie con¬ 
duction of heat, enunciated the following law. The mass, m, of 
a substance in solution passing across an area, A, per second 
is directly proportional to the rate at which the concentration, 
rt* of the dissolved substance diminishes in a direction at 
right angles to the plane of the area A. In symbols 

_D^, 

A dz 

whore D is a constant and ^ is the concentration gradient, i.e. 

ox 

the rate at which the concentration n increases with the distance x. 
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Usually, n is expressed in grams per unit volume, e.g. gm.cm."® and 
the equation only applies if the temperature remains constant. D 
is termed the coefficient of diffusion of the solute in a solution 
of concentration n gm.cm.”®. The experiments of the early workers 
in this subject only gave mean values for the diffusion coefficient, 
for it is now known that the coefficient is not a constant for a 
given solute but that it depends upon its concentration in the 
solvent. 

Pick’s law as a differential equation.—Consider a tall jar of 
constant cross-sectional area A containing a solution. Let a; = 0 
define the base of the jar, and at all points in a plane at height x 
let the concentration be n. Then the mass of dissolved substance 
crossing this plane per second is 

dn 


-DA 


dx 


n 


Across a plane at height x + dx, where the concentration is 
4 - bn, the mass which passes per second is given bj' 

_da(^‘+ 

dx\dxJ 

Between these two planes the volume of solution is A bx and the 
mass of dissolved substance which enters this volume per second is 


^ 1 - [-“Is -1(1)4] - 


TV. dhi . 

DA —- bx. 


Since A bx is the volume of the element considered, the rate at 

dn . 

which the concentration is increasing in this element, viz. , is 


TV. dhi - 

DA — bx 
dx^ 


A bx. 


i.e. 



This is Pick’s law expressed as a differential equation. The 
equation implicitly assumes that the liquid is at rest during the 
operation of diffusion. Prior to 1900 it was not realized that such 
was not the ease, for the changes which occur in the volume of the 
solution caused hy alterations produced in its concentration as 
diffusion i)roceeds, inevitably result in a movement of the liquid, 
so that an extension of Pick's law is necessary if experimental facts 
are to be satisfied. 

I'iek attempted to carry out experiments when the diffusion had 
reached a steady state. A tube open at both ends was cemented 
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vertically into a vessel containing, for example, crystals of sodium 
cliloride so that its lower end was in contact with the salt. The 
tube was filled with water and the whole placed in a large bath of 
water and left to itself until the rate of diffusion had become stead\'. 

In this way the concentration at the lower end of the tube i.s 
maintained constant while at the upper end it may be taken as zero. 

d'^n 

In the steady state ^ — 0, i.e. n = ax h, where a and h are 

da- 

constants. To test this deduction Fick weighed a .small glass bulb 
at various depths below the surface of the liquid in the tube and thus 
determined the density of the solutions at these points. From the 
known manner in which density varie.s with concentration, the latter 
is determined. Fick found it to be in good agreement with the above 
formula. 

The various methods by wliich subsequent workers have attempted 
to verify Fick’s law may be classified into two chief groups:— 

(а) those in which the concentration at the uj>pcr end of the 
diffusion vessel is maintained zero at all time.s—these belong to the 
so-called ‘bath-method’. 

(б) those in which the concentration-gradient at the upper end 
or ‘mouth’ of the vessel is always zero. Here we have the .so- 
called ‘jar-method’. In this method the mouth of the vessel is 
in contact with the atmosphere so that the flow of solute acro.ss it 
is zero at all times, i.e. 



General theory of the 'bath method’.—In this method the 
aqueous, or other, solution is contained in a cylindrical vo.s.sel. A, 
Idg. 13*13. The axis of the cylinder is vertical and initially the 


Pure _ 
Solvent 




41 

-s 

A. 


W.£l 


x*o 





Jio. 13'13,—Tlioory of tho 'Imtii' mot hod for dot4)rinining u cooflicioiit 

of difTuziiuzi. 
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vessel is completely filled with a solution of uniform concentration 
N; it is surrounded by a large volume of the pure solvent. The 
experiment consists in determining the rate at which the dissolved 
substance diffuses from the vessel. The general theory is as follows. 

Let a: = 0 define the open end of the cylindrical portion of the 
vessel while its lower end is a: = —The equation to be solved, 
which is common to all work on diffusion, is 


_ D 


dt 




(i) 


A solution to this equation, cf. p. 39, is 

^ Jexp (—7n"D()}(« cos vix + & sin mx) 

The conditions of the experiment are such that 


(ii) 


and 


everj^vhere. 


„ = 0, every^vhere. 

Oq = 0, 

= 0 at all times, 

.'. a = 0, 



.‘iince no dissolved substance passes across this boundary. 
This last condition implies that h cos ml = 0, at all times. 


m = 


1 TT, where p = 1, 2, 3 . . 


00 


= 2 1“ 

p-i 


21 

(2p - 1)== _2 


4^2 


>-■ w=D/|.6. sin . . [iii| 


Putting ( = 0 in the above equation, remembering that ^ 

everywhere, multiplying throughout by sin ^ ttx dx, and inte¬ 
grating from .T = to a: = 0, in the usual manner for finding the 
coenicieiits in a Fourier’s series, we get 




TTX dx. 


L 2d — 


—2;_ 

(2p - 1)77 


cos 




4N 


* **' (2p-l)7r 
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Hence 
n = — 


^ y 1 

77 {2p - 1) 



If —r- is the rate at which the dissolved substance leaves the 
at 


top of the cylinder, i.e. 

m 

dt 

then M 




where M is the mass leaving in t seconds aiul A is tlie constant 
cross-sectional area of the jar. 

Now 


r 

\dx} *so 77 o»lL 


. .)< 


1 {ip - 1)77 - 1 , 

- .i_‘- l-OS-77.1 

2/> - 1 -’/ 


= _2N ^ 

I p = i 


. „ 2DAN f' * ( (i>- 

_2 DAN r y(__- 
I Lp^il(2p - 


dl 


----- €'*• • ■’* I 


1)VD 


41- 

(2p — 1)"77“I)1J 


r4 * f 1 1 l w 

= mJi - — f ^ 

77^ A(2p - 1 )' 


Since 


p 

CO 


{^-J)-‘77-'l)t 

‘ 4 /-" 


1 


= (cf. p. 25] 

8 


p = i (2p - 1) 

where is the mass of salt originally placed in the cylinder. The 
above series converges very rapidly so that in practice it is suflicient 
to use the formula 




and it is from this formula that a value for D is usually found. 
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General theory of the ‘jar’ method for investigating 
diffusion in liquids.—Initially a tall cylindrical jar of uniform 
cross-section is filled with solvent (water); the solution is then 
introduced below the water so that the initial appearance of the 

two liquids is as shown in Fig. 13*14. 
0 Let a: = 0 define the upper end of the 

jar, while x — —defines the plane of 
demarcation between the solvent and 
the solution initially, and x — —I is 
the bottom of the liquid column. 

Now Fick’s law is 


^ -55 
-o >< 


o 


c: 

o 


Cs 

I 

H 


0; 


40 

.5; 5 



oc^-7, 






Fio. 13-14.—Theory of the‘jar’ 
method for <letonniiiijig a 
cooflioiont of diffusion. 


dn j, d~ti 
dt. dx^ 

A solution to this equation is 
it, = [a cos mx -f- h sin wx] 
X exp( —m“D/). 


(i) 


Under the contlitions of the experiment in which, for the sake of 
generality, it will be a.ssiimed that Nj and Ng are the initial con¬ 
centrations of the .solute for the regions for which —/^ < .r < 0 

and —I < X < —/j. respectively, ( 3-) is always zero, since no 

\ ox f 

solute ever passc.s across tliis boundary. But 

= [ — ?/;« sin mx •- hm cos mx] exp { — 

5.C 

Hence h = 0. 

Also, for a similar reason 


ldn\ , 

. I I always zero. 

\dx/j^-i 


ml = pn. 


p = i 


\\ liere p — 1, 2, 3, . . . 


■e- (—p'’ 7 T''Dt 

^ <’o - Z ^pfos^- -- exp 


Wlien t = 0. 


= «o 


oc 

\ 
P = 1 


pTTX 
a„ cos-, 

P ^ 


and this enables us to find Uq. For we have 

C-’i fo fo fo 

Nod.r ^ Xid.r^ I a^dx -t '^a^cos--—dx, 

J-l " J-h d-l J-f p = l I 

sinc(* either side of tliis e(|uation expresses at time f = 0 the total 
amount of solute in a column of liquid of unit area and extending 
from the toj) to the bottom of the jar. 
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This gives 

N2(-/i + /) +Ni{/,)-«o(0 t-O. 

NJ, + 1) N,/, -f 


,, I'l [ N2 (~/i + /) Nj/j ■ 

♦ • Wa - - -f* - — 

I I I 

To find Oj, we proceed as follows:—We have 

00 


if 4 = -4 ^ /. 


_ pTTX 

p = l ( 


pTTX 


Multiply throughout by cos c/-r and integrate. W e get 


J-i “ / J-j, / 


f/.r 


= r\.os P 

® J-< / J-/ ,.^i / 


N, 


. Pttx~ 
Sin -— 

1 

-h 

4- N, 

r. p'ux' 
Sin -— 

/ 

ptT ' 


L 1 - 

-i 

- r -J 


0 


= 0 -f-J 


r = f/., - 



„ ^ 2(N. - N.) 

** pTT f 


Hence the general solution is 

„ = + I eos .X,. ( - 

I p=l JfTT I I ' 

If Nj = 0, Ng = N and l^ = l.^= we get 

N ^ 2N . /m PTTX I 

n -y — sin ‘ cos '-exp I-— I 

2 „ = i VTT 'Z I \ h / 


pVl VI 


p = l pTT 

N 2N f , TT TTX 

--Hin — cos 

2 - • 


TT \- 


^ . Stt 3ttx 

4- 0 + J Hin — cos —j~ exp 


rjr / TT‘Dt\ 

{-% 


Ott-DA 

/ 


CiTTX 


. 1 . Stt 5772- / 7r^D/\ 

4- 0 + i sin — cos-exi) I —25 —-- I 

2 I V /- / 


. • 


and at the plane x = —J/, 


3n\ 2N 

— 1 —-[exp (od) 4- exp (9a0 4 exp (25a/) 

dx/n~-ii I 


• ' ' 1 » 


if a = - 


tt^D 
12 • 
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If M is the mass of dissolved substance leaving the lower part of 
the jar and entering the upper part in t seconds, 



-AD 



dt, where 


A is the cross-section of the jar. 


= [exp (oU) -r 8 exp (9a/) + ^ exp (25a/) + . . . 

I a 


— (1 4-9 4 + • - .)] 

2DAN 


I tt^D 
if small terms are omitted. 


(1 4 ¥ 4 -iV 4 . . .) — exp ^ — 




2DAN 

I 

AN/f^ 
4 L 




A laboratory method for determining the coefficient of 
diffusion of a salt in aqueous solution.—This method is a ‘jar’ 
method and is due to Stephens and Ramsay but in the form here 
described it is only ajjplicable to coloured solutions. The reason for 
this limitation is that in order to determine the concentration in 
a given ijlane after the lapse of a known time the reduction in the 
intensity of a beam of light passing through the solution is measured 
with the aid of a photoelectric cell. From the theory of the ‘jar’ 
method just developed the concentration in a plane x at time / is 
given by 

N 2Nr 7 tx 

71 = -COS - 

2 TT L I 



if the time is so large that all terms, except the first, may be omitted. 

Two different methods of correlating the above equation with 
experimental observations immediately suggest themselves but it 
is important to remember that it is necessary to arrange the equa¬ 
tions so that negative terms do not appear. The reason for this 
is that the logarithm of a negative number is imaginary, for 

— 1 = cos 7T = cos TT 4 i sin TT = e.xp (j/V), 

so that In (— 1) = Jtt. 

{a) In the first method a fixed plane is selected and values of the 
concentration « at different times are noted. Now the equation 
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showing how n varies with x after the lapse of some considerable 
time may be witten 

/N \ TT 7TX ( —“D/\ 

I-711 — = COS — exp I — --- I. 

\2 /2N } \ ' 

If < X < 0, i.e. X defines a point in the upper half of the jar 

N 

so that, in practice, 7i < — at all times, then each term in the above 
equation is positive, so that 

(f - ") = B -P ( - ^-). 

where B is positive. Under the conditions for which this equation 
is valid, it follows that a plot of In — » I against I should yield 

a straight line whose slope is — . 

If, however, —l<x< ~\l, i.e. x defines a j)oint in the lower 
half of the jar, then n > — at all times in practice, and we have 

/ N\ TT / 7rx\ ( 


7tU — 

= cos- 


-X) / 

7- «p(- 


All terms are now positive and a plot of In in - - \ against t can 

be made as before. “ 

(6) In the second method, x is considered as the variable and n is 
a constant. Our fundamental equation is 


cos 


T“-(-^)=e-te 


N 


If < X < 0, 7t < —, and since cos a = cos ( — a), each term 

is positive so that 

tt^DI . ttx 1 * 

-4- In cos — = a real constant. 

I 

N 

If —^ < X < — 1^, 77 > --, and wo must write 


/ N\ it r nil — .t)1 / tt'OA 

171-1— = cos exp I — - I. 

V 2 /2N L / J \ /- / 
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SO that real quantities occur when logarithms are- taken in order to 
obtain a linear relation. 

Thus depending on the value of n selected, it is necessary to plot 

— against t, in order to obtain a linear 


In cos — or In cos 


I 


graph from the slope of which D may be obtained. 

Whatever method is adopted it must be remembered that the 
diffusion coefficient, D, depends upon the concentration so that tlie 
value of D deduced only has an approximate meaning. 

Apparatus and experimental procedure.—The jar’ used is 
a small glass vessel of rectangular section (5 cm. X 1 cm.) and is 
about 10 cm. deep. It is placed on a rigid stone pillar, P, Fig. 13-15, 




I'lo. I3 ir>.*-Coellicient of diffusion appiirntus. 
[.Mechanism for raising Q not shown.] 


while the pliotoeleetrie cell and the light source are fixetl on a hori¬ 
zontal platform. (^. which may be raised with the aid of a rack aiul 
pinion. In thi.s way a narrow horizontal beam of light from the 
bulb B, an automobile headlight, may be directed through any 
horizontal layer of the liquid. The bulb is mounted in a suitable 
housing carrv ing a converging lens, L. which is used to obtain a 
parallel beam of liglit. Two narrow slits, Sj and So. limit the width 
of this beam. The i>hotoelectric cell is connected in series with 
a sensitive galvanometer, a high-tension battery and a suitable high 
i-esistance. A red filter, F, is employed to utilize the greater 
sensitivity of the caesium type photocell to the longer wavelengths. 

Since tiio observations extend over a number of days precautions 
must be taken to ensure that the candle power of the light source 
shall be constant. The current through the lamp B is adjusted to 
an ap])roximately constant value. The light is then jjassed through 
a pile of glass plates, G, which acts as an invariable absorbing 
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medium; the current through B is finally adjusted so that with 
G in position, a constant galvanometer deflexion is obtained. 

In order to correlate the deflexion obtained when the cell is in use 
with the concentration, it is necessary to fill the cell with solutions 



Fia. 13-16.—Calibration curve for use witli the ap|jaratus 

hhown ill Fig. 13*15. 


of known uniform strength und obtain a calibration curve ns shown 
in Fig. 13-16. External light is excluded by enclosing in a wooden 
box the source, the diffusion cell and the light defector. 

Fig. 13*17 shows a typical set of curves, the horizontal <lotted line 



Flo. 13-17.—Typical curvew ol>Uiiiicd with .Stephens iiiul Ramsay 8 

dirTiiHjon appunilu-s. 


indicating the final concentration when comp 
effected, i.e. the state of affairs when t—*■ co. 


letc mixing has been 
From the.se curves 


a linear graph may be constructed in tlie manner already explainetl; 
the graph is then used to find a value for the diffusion coeflieient. 
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£instein*s theory of diffusion.—^The ordinary process of 
diffusion must arise as a consequence of the Brownian motions of 
individual particles. With this in view and the aid of probability 

theory Einstein w’as able to show that A[x^], as defined on p. 655, 
is related to the diffusion coefficient D by the equation 


= 2T)t, 

where t is the time for which the mean value of A[3^] is evaluated. 

_ RTt 

Since A[x^] = [Cf. p. 655] 

wliere N is Avogadro’s constant, we have 


RT 

N = -^. 

67TariT> 

Now for an aqueous sugar solution at 17° C., D == 2*9 X 10“® 
cin.-sec.“^. If it is assumed that sugar molecules behave like rigid 
splicres of radius 4*15 X 10“® cm. and the viscosity of water at 17° C. 
is O’OlO gm.cm.“^sec.~^, we have, if R is taken as 8*3 X 10^ 
erg.deg."*C.mole. 

__8 3 X 2 9 X 10^+“ _ 

” 677 X 4-15 X 1-0 X 2-9 X 10-®-^-® 


= 10-6 X 10^® mole. 

Since accurate methods for the measurement of Avogadros 
constant give N = 6*02 X lO^moIe."^, the approximate nature of 
the above analysis is revealed. 


EXAJilPLES XIII 

13 01. Define osmosis and osmotic pressure^ and explain how the 
osmotic pressure of a solution may be measured. How do you account 
for tlio fact that the t>smotic jjressuro of a dilute solution of cane sugar is 
roughly half tluit of a soKition of potassium chloride tmd of the same 
molecular concontration? 

13 02. Explain the terms osmosis and osmotic pressure. 

Upon what factors does the osmotic pressure of a solution depend? 

Derive an exj.>ression for the osmotic pressure at 0®C. of a dilute non* 
electrol>'tic solution, V ml. of which contain N grammes of a solute of 
molecular weight INI. r 273 KN ~j 

L J* 

13.03. Give some accoimt of the phenomena of diffusion and 
osmosis. 

13 04. Give on account of the methods which have been used to 
measure either (a) osmotic pressure or (6) coefficients of diffusion. 

(S) 

13-05. A\’rite a short account of the phenomenon of osmosis and of 
the significance and measurement of osmotic pressure. (G) 
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13-OG. Write a short essay on tlio Brownian movement and indicate 
how suitable observations of the Brownian movement enable an estimate 
to be made of Avogadro’s constant (number of molecules in a gramme 
molecule). (Qj 

13-07. A suspension of particles in a liquid is said to have properties 
similar to those of an ideal gas. Illustrate this statement by discussing 
the effect of a uniform gravitational field on the distribution in height of 
the suspended particles. 

Explain how tho result of this investigation has been applied to 
obtain Avogadro’s constant, giving as much e.xperimental detail as you 
cun. (.S) 

13-08. A track is formed in a cloud chamber t seconds after the 
passage of an ionizing particle. The images of ions are distributed in 
accordance with the formula 



where / is the number of images per unit of area, x Ls tho distance from 
tho track axis and C and D are constants. Show that this distribution 
can bo accounted for, by assuming that the ions diffuse away from the 
track at a rate determined by tho equation 



Give a brief account of tho assumptions involved in aj^plying a 
diffiusion equation to the motion of the ions. 


44—(20 pp.) 



Chapter XIV 

VACUUM PRACTICE 


Historical note.—The year 1879 saw the advent of the carbon- 
filament electric lamp and with this there was aroused an interest 
in the production of low pressures which has not only continued 
until today but remains a matter of considerable importance. 
Previously only a few physicists had really considered the problem 
of the production of a high vacuum. In England Crookes, and in 
Cermany Hittorf, examined the passage of electricity through 
gases at low pressures and, to produce these, mechanical pumps 
were used. With such pumps the lowest attainable pressure was 
about 0*25 mm. of mercury and it was only by using a manually 
operated Toepler pump that a pressure of the order 10“® mm. of 
mercury could be obtained with comparative ease; the lowest 
j)ressure ever obtained in this way would appear to be about 
0*05 X 10~® mm. of mercury. 

Improvements in the design of electric lamps and the ever-present 
urge to prolong their ‘life’ needed better pumping apparatus and 
Ctaede, in Germany, was among the first to design a rotatory oil 
|)ump capable of reducing the pressure inside a piece of glass 
a])paratus to about 10“* mm. of mercury. In 1905 Gaede intro¬ 
duced a rotatory mercury pump and when this was backed by an oil 
pump a i)ressure of 10~® mm. of mercury could be obtained although 
the rate of juimping was slow. Ten years later Gaede designed 
a so-called ‘diffusion’ pump and this was followed in the next 
year by Lanomtir’s condensation’ pump; in each type mercury 
vapour was the ‘working agent’ and with the aid of these pumps 
pressures as low as 10“^ mm. (or 10“^ micron) of mercury were 
obtained. The result of tliis was at once manifested in the much 
better performance of thermionic valves and X-ray tubes of the 
Coolidge (or hot filament) type. 

In 1928 Burch found that the mercury of a condensation pump 
could be replaced by a high boiling-point derivative of petroleum 
and in 1930 Hickman replaced this somewhat indefinite compound 
by a synthetic phthalate or sebaeate. The chief advantage gained 
by using such substances in place of mercury lies in the fact that for 
all of them the pressure of the saturated vapour at room-tempera¬ 
ture is about 10*® mm. of mercury and thus no ‘trap’ is required 
between the pump and the system to be exhausted. Such a trap 
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consists of a tube inserted in the main ‘puraping-Iine’ and main¬ 
tained at a low temperature so tliat the vapour is frozen out. The 
use of such a trap always reduces the pumping speed, i.e. the rate at 
which the process of exhaustion can be carried out. The desirability 
of not being compelled to use a trap is at once apparent if it is a 
question of producing a high vacuum only. It must be remembered, 
however, that the vapour is present everywhere so that films of 
condensed liquid do tend to form and these can easily contaminate 
a metallic film which may have been placed in the vacuum in order, 
for example, to study its optical properties. In such instances it 
becomes imperative to use a trap in spite of the low vapour pressure 
of the substance used to make the pump function. 

General remarks on vacuum pumps.—In comparing vacuum 
pumps one with the other the following factors must always be kept 
under review:— 

(а) Exhaust pressure: This is defined as the pressure which mu>t 
be maintained on the ‘exit-side’ of a pump in order that the pump 
may be operated. In general, the higher the degree of vacuum 
required on the ‘intake-side’ of a pump, the lower must be the 
exhaust pressure. The requisite exhaust pressure for any given 
pump is obtained by using one or more ‘rough’ pumps arrange<l in 
series; these are the so-called ‘backing-pumps’ and the first 
member of such a series must exhaust directly into the atmosphere. 

(б) Degree of vacuum obtainable: This is defined as the lowest 
pressure which may be attained in a clo.scd system connected to the 
pump. It is found that this limiting pressure (lei)encls upon the 
exhaust pressure and it is due to the leakage of gas througfi the 
pump. ThU leakage is most noticeable when the light gases such 
as hydrogen and helium have to be pumped out of a closed vessel. 

(c) The speed of a pump: Much confusion still exists concerning 
the meaning of this term. Here two definitions will be given and 
then correlated. The first defines the speed of a pump as the mass 
of gas abstracted per second from the vessel or system which is 
being evacuated. This speed will be denoted by a. The secoml, 
denoted by S, is defined as the volume of gas e.xtracted jjer secoml, 
the volume being measured at the pressure then prevailing in the 
system. To correlate a and S let us consider the following. 

Ixjt V be the volume of the system being exhau.sled—this will 
include part of the pump and, in general, is a constant. If m is the 
mass of gas enclosed in V at time t and (m -|- <5m) the corresponding 
mass at time (< -f dt), then —bin is the mass removed in time dt, 
so that 

_ 
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If p and {p + bp) are the corresponding pressures of the gas in the 
system at times ( and (( + bt), and ^ is the appropriate gas-constant 

r jR» 

ner unit mass ^ = — where R is the universal gas-constant and 

M -1 

M the molecular weight of the gas , then 

wV = w^T, 


so that 


. (Jj) 

(It 




dm 

dl 


Hence 


dm 


^ dt 


(V, ^ and T are constants.] 


V dp 


^dt 


Now let D be the volume occupied b}* a mass m of gas at pressure 


p; then 



If it is assumed that the temperature is everywhere constant, we 
have 

p bQ = bmi^$T, 

whicli otiuation gives the volume <31? of gas at pressure p whose mass 
is btti. Hence 

dQ dm 

dt V 

^ = -V^ (Inp). 

p JTS: dt p dt dt 

'I’his gives an expression for the instantaneous value of the 
pumping speed. If it is justifiable to assume that S is a constant 
and that the pressure falls from p^ to p.^ in time /j to (^2 ^ 






• s = In ^ = 2-303 log^^. 

^2 — ^2 ^1 P '2 

Manufacturers of high-speed vacuum pumps seem to prefer this 
formula, since fur all modern pumps it has a high numerical value; 
the ]uunp speed in terms of mass and time is more definite and 
equally large numbers can he obtained by taking as the unit of mass 
the mieromilligram, i.o. 10"® gm. 

Langmuir’s formula for pumping speed.—Langmuir has 
drawn attention to the fact that as pj approached p„, the ultimate 
jiressure attainable in a given system, so does the value of S tend to 
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zero. This led Langmuir to introduce yet another quantity, S*, 
which he called the ‘speed of the pump’; it is de^ed by the 
equation 



This equation may be obtained theoretically as follows. Let p 
be the pressure of the gas at any instant \\'itliin a vessel of constant 
volume V. This pressure may be considered as the sum of two 
partial pressures P and where P refers to the instantaneous 
pressure of the molecules, which will eventually be extracted by 
the pump from the vessel in the process of being exhausted, and p,, 
is the partial pressure of the molecules wliich remain in the vessel. 
Then w, the mass of gas in the vessel at any instant but finally 
removed from it, is given by 


so that 


dm 



PV = w^T, 
and S* = 


dt 




where bQ is the volume at pressure P which the mass bm of the gas 
occupies. Then, as before, 



and if S* is constant 


VdP 
P dl ' 






But P = p — Py, where p is the pressure of the gas in V whicli 
is measured by a gauge, and hence bp — dP. 



If Pm = 0, S = S* but in all other instances where p^ is finite, 
the speed S decreases as the pressure approaches p„ and, as stated 
above, becomes zero when the limiting pressure is reached. 

‘Static’ and ‘kinetic’ vacuum systems.—Vacuum .sy.stems 
are usually classified as ‘static’ or as ‘kinetic’ systems. The 
former system compri.scs all .systems which are ‘tight’, i.e. scaI<Ml 
hermetically except for the exit from the pump and an essential 
feature of such a system is the extremely low value of the i)rcssure 
ultimately attained. Typical of this cla.ss is a system designed for 
the evacuation of a small wireless valve. Here the .s^'stem, i.e. the 
valve and the connecting ‘line’ to the pump, consists entirely of 
glass from which all leaks have been eliminated and all the metul and 
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glass parts have been freed from adsorbed gas. In the second, or 
‘kinetic’ system, %"ery fast pumps are used to deal with a continuous 
evolution of gas from the different parts of the apparatus and some¬ 
times with the gas entering the system through a small but inten¬ 
tional leak necessary to form a source of ions, as in Thomson’s 
positive ray apparatus. Mass spectrographs, cyclotrons and all 
large pieces of apparatus in which a vacuum must be maintained 
are only practicable if continuous pumping is employed; they are 
the ‘kinetic’ systems. 



The essential components of a vacuum system are shown in 
I'ig. 14-01. Pi is the first or backing-pump and, operating against 
atmospheric pressure, reduces the pressxire to a value sufficiently 
low for a second pump, Pg, to operate. This is usually a condensa¬ 
tion’ pump and when the working substance is mercury, the mercuiy 
vapour is prevented from reaching the system to be exhausted by 
inserting a mercury-vapour trap, T, between the pump and the 
.system. This trap is shaped as shown and is kept at the tempera¬ 
ture of litpiid-air, so that the mercury is condensed and frozen out 
here. Finally V denotes the apparatus in which a high vacuum is 
required. M'hen the degree of vacuum is as low as can be produced 
^^ ithiIl the system it docs not follow that the pressure is constant in 
all parts of the .system on the intake-side of the pump 1\. This is 
l)eeause gas is continuously being evolved from the walls of V and 
elsewhere, and on account of the relatively large mean free path of 
the gas molecules at extremely low pressures, these molecules do not 
iminediatelv find their way to the pumps. In other words, the con¬ 
necting tubes between V and the pumps offer a resistance to the flow 
of gas; this resistance can be reduced considerably by using unde 
connecting tubes and making them as short as possible. The actual 
pressure attained in V is measured by some form of low-pressure 
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gauge, G, attached as close as is practicable to the vessel V. Eacli 

component of the above system will be described in detail in tlie 
sequel. 

Experimental determination of the speed of a pump.—(«) 
The constant pressure (or mercury-pellet) method: In this 
method, originally due to Gaede, the volume-rate at wliicli pas 
must be supplied to a vessel to counterbalance the rate at ^^•hich 
gas is withdrawn from it by the pump, i.s determined; under such 
conditions the pressure within the vessel is maintained constant. 



Flc. 14-02.—Morcury-jjollt't (or voii.'itunt pressure) method of 

detcnniiiing the specnl of a pump. 

As developed at the N.P.L. the coristant-pressurc methotl is as 
follows. A is a large glass bulb, about one litre capacitj', mounted 
immediately above the pump whose speed is to be determined; it 
18 necessary to make the conno.xion between A and the pump a.s 
short as possible, for the measured speed of the pumj) will be le.-^s 
than the true speed by an amount depending on the dimeusion.s of 
the connecting ‘link’. BC, Fig. 14-02, is a fine eajjillary tube 
connected to an oil manometer, M, ami a needle valve, N. 'I'he oil 
used must have a low vapour jiressure; tetrahydronaphtlialetm 
density 0-972 gm.cm.“® at 20° C.] is very suitable for this 
purpose. By suitably adjusting the valve N the a<lmissi()n of air 
to the pumping sj’stcrn is regulated so that the pre.s.sure in A can 
he adjusted to any desired value. 'I'his pressure is measured b\’ 
a low-pressure gauge. The air is sup|jlied to the control valve at 
a pressure slightly less than atmosplieric. 'I'he differenee is indiealed 
by the oil-manometer, 'rhe rate of admission of air for each setting 
of the needle valve, N, is found hy observing the time recpiireil for 
the advancing-end’ of the mercury iiellet, 1), in BC to move 
between two fiducial marks on BC. 
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If CO is the volume between the fiducial marks on BC, (the time of 
transit of the mercury pellet, and P the pressure of the air in BC, 
then _Q the volume of air at pressure p, the pressure in A, which 
enters the pumping system in time t, is given by 


pQ — Po), 

in so far as it is justifiable to apply Boyle’s law. The speed of the 
pump is 

g _ _ Pm 

t pt 

This method is to be recommended when the determination of 
the speed of a modern high-speed pump is being made, for the speed 
of such a pump varies considerably’^ with the pressure. 

(6) The constant-volume method: It has aheady been shown 
that the speed of a pump is given by the equation 



'I'lie constant-volume method of determining a pumping speed is 
essentially a direct application of this equation. [The more correct 
equation, as given on p. 6S5, is unnecessary here, for is usually 
vanishingly small under the conditions wliich prevail when observa¬ 
tions are being made.] 

The apparatus consists of a large vessel, of volume V, connected 
to tlie ])ump and the pressure of the gas in V is noted at various times 
subse<pient to the opening of the vessel to the pump. If Pi is the 
j)rcssure at time t = 0, and p is the pressure at time t, tlien we have 



or 


y 

/ = C — 2-303 - logp. 

s 


w here C = 2-303 g log Pj. a constant in any one experiment. 

Thus n i>lot of t against log p is a straight line as long as S is 
independent of the pressure. From the slope of this line the speed, 
S, may be determined. It is at once clear that a McLeod gauge 
cannot be used successfully in this experiment on account of the 
time-lag caused by tlie resistance which the comiecting tubes offer 

to the gas-tlow. 

Water-jet pumps.—A water-jet pump is a very old device for 
removing air from a ve.ssel but it is still in daily use in nearly all 
laboratories. Originally it was made in glass and consequently 
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easily fractured; modern water-jet pumps, one of which is show n in 
Fig. 14‘03(a). arc usuall 3 ’ made in metal. Water from a con.statit 
pressure supply entei-s the pump at A and a thick wire W, inserted 
across the stream, helps to keep tlie flow of water turbulent. 'I’lie 
exit jet B is close to tlie 'chokc-tube* C and a .side tube D leads to 
the vessel to be exhausted, i^niall air bubbles are trapped ))y tlie 
water-jet as it passes from B to C and arc carried awa v by the water 
stream. The pumping speed is about 20 cm.^sec."' and the lowe.st 
pressure attainable is about 1 cm. of iiiercurv. i.e. a pressure slightl\’ 
less than the pressure of saturated water vapourat room temperature. 

Hickman's water circulator for washing photographic 
plates and prints. —Tliis is a motlifled form of water-jet jmniji 
and it is designed to su])pl\' a rajud stream of water to a photographic 


V'iatet stream 



(iX,) 

, i 

To waste 



Vio. 1 A iiK'liil ih} llu-kiiiaii -s Uii.'licr 

Irji' UM< in |>hon»^ni|i)iic imx'i's.scs. 


<li«h and then to remove the water at the .same sjjced. By its mean-' 
photographic plates and prints may be Ihorougiibv washed in about 
Kve minutes. The device is ma<le fr<»m glass or nudal and its overall 
length is about six iiu'lies. It consists of an iiiverl<“«l U-tubc with 
iimujuu) limbs and into the bend of this tube tlien^ are luse<l twD 
tubes A and B as indicated in Fig. I4't)3(^). Water enters at .\ 

( J utf. ) 
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and a mixture of air and water escapes tlirougli the tube B which 
is bent so that its exit end lies below the surface of water in a photo¬ 
graphic dish, D. C is a piece of glass tubing, shaped as indicated, 
and attached to the longer limb of the inverted U-tube. This 
attachment must be filled with water before the pump will work. 
As air is removed from the U-tube its place is taken by water from 
the dish and. [novided the height k is less than H, the action is 
continuous. Air vents, as indicated, permit air to enter the system 
provided that the.se vents are arranged at the general level of the 


water in the dish. The watei 
plate or print contained in the 
so that no overflowing occurs. 

The Sprengel pump.—A 



14-04. Spi-engol pump, 
fails into the icscrvoii*. .\ clip 


from B circulates rapidly above tlic 
dish and just as rapidly it is removed 
The device is most efficient. 

form of this pump which works in 
conjunction with a water pumj) is 
shown in Fig. 141)4. The capillary 
tubes in it are 0*15 cm. in dia¬ 
meter. the others about O-o cm. 
except where they widen out into 
bulbs approximately 2 cm. in dia¬ 
meter. The tube A leads to the 
ve.ssel being exhausted. Pellets of 
mercury fall from the jet B and 
entrain bubbles of gas as thej’ enter 
the fall tube below. The sup])Iy 
of mercury in B is rc|>lcnishcil 
frt)in the reservoir E which is in 
direct coninumication with a water 
pump. A capillary tube passes 
dovn the centre of this reservoir, 
through its base, and ends in the 
trough C. At the end of this tube 
there is a T-piece to which is 
attached a fine-drawn-out glass 
tube by means of a stout rubl)er 
tube. U hen the water pump is 
operating air is tlrawii in through 
this orifice and carries pellets of 
niercurv with it. When this mix- 
turc arrives at the upper eml of 
the tube the air passes to the 
water })ump while the mercury 
. K, controls the rate at which air 


enters tli(' a]»paratus. 

Geissler pumps. If a lower j)ressure is lecpiirtKl some othei’ 
form of pumj) mu.st he used; when the space to be e.xhausted is not 
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greater than 200 cm.® a Geissler punij) {often teiuied a 'fot-jiler 
pump) is very useful. One form of such a j)ump is shoun in 
Fig. 14’05(a). It consists of a cylindrical barrel A, about 2(iOcin.® 
capacity. At its upper end is a two-way capillary tap T; by 
turning this tap the barrel A can be put into communication, either 
with the tube B. which leads to tlie apparatus to be exluiusted. or 
with C. which is open to the air. At the lower end of A is a smaller 



barrel D, with a side tap uttaeheil. By means of pre.ssuie tubing 
O is connected to a mercury reservoir 10. Any air enttuing (he 
apparatus via the pressure tubing is entra[)ped in 1) and can be 
removed through the side taj). 

I'o commence operations the re.servoir 10 is raised, T being con¬ 
nected to 0, so that the mercury hlls the barrel A comjjletels’. 
I is closed; K is then lowered a little and T rotated so that B and 
are in connexion. The pi'e.ssure of the gas in B and the vessel tc* 
which it is attached forces the mercury downwards in A; 10 is 
lowered until A is nearly lilleil with the gas, 'f is then eK>sed and 
1'^ raised until the pressurt* in A is gi‘eat<*r than atmosphei’ie. When 
this is H<), 'r is rotated until then* is direct eomniunieati«in between 
A and C; gas may then be r<*moverl from A. 'Die operation is 
repeutt'd ten times or im^re, aft<'i' w hieh it w ill be found tliat no moi e 
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gas can be removed from the vessel which is being exhausted. 
When the niercur 3 ’ in A reaches the tap T, the sound of a good 
metallic click indicates that a low vacuum has been reached. 

One importaiit feature of such a pump is that with a small 
additional part it may be used to introduce a gas into a jjreviously 
exhausted vessel and at a later stage this gas can be recovered. To 
cany out this operation in this waj' the tube C is lengthened or 
joined to another tube E. shaped as shown in Fig. 14*05(6). The 
portion of E re.sembling a U-tube dips into a thick-walled jar, H. 
(“ontaining mercur\’, the oj)en end of the tube E being below the 
mercury .surface. The gas to be introduced into the exhausted 
vessel is stored in an inverted test tube whose mouth is closed 
\\ith mercury in a large crucible, cf. Fig. 14-05(c). This container 
is transferred to H and the large mouth of this vessel enables the 
ci ueible to be removed with ease. The gas container is forced down 
into H so that the open end of E i.s in the gas. The method of 
intrudueing the gas, via the pump, into a vessel to which it is 
attached is at onee clear. 

A rotary vacuum pump.—The pump shown in Fig. 14’U0 is 
<lesigned for the production of a high vacuum and the e.xhaustion of 



Ku;. 14 0(». .\ rotary oil vac-uuiii pump. 


^ essels of large eapaeity. It works directly from atmospheric i)ro.s- 
sure and, being entirely immersed in oil, the leakage of air into the 
high vacuum is prevented. The pump consists of an outer steel 
easing. through which is bored a cylindrical chamber. D. A shaft, 
.M. ruTis through this chamber, its axis being parallel to but ecoontric 
fiom the axis of the chamber. The shaft revolves about its own axis 
ajHl always touches tlie periphery of the chamber D at the point E. 
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On each side of this point is a port—one an inlet, F, and the other 
an outlet, G, which is fitted with a spring-loaded valve, H. In the 
shaft M is a slot in which two plates, P and Q, are free to slide to 
and from the axis of the shaft. These two plates are kept a])art 
and their extreme edges forced against the periphery of the chamber 
D by a series of springs placed at right angles to the axis of the shaft 
—one of these is shown in sectional view. 

The action of the pump is as follows. Let us consider the j)osition 
shown in the diagram. The shaft M is rotating in an anticlockwise 
direction and the effective space between the chamber D and the 
shaft M is divided into two portions, S and T. As the shaft rotates, 
remembering that the plate Q is touching the wall of the chamber, 
the portion S enlarges and air is dra\Mi in from the vessel to be 
exhausted through the inlet pipe K. Meanwhile the portion T 
gets smaller and any air in it is compressed. When the pressure 
is sufficiently great this air escapes through the exhaust valve. 
Thus the pump will exhaust air from a ves.sel to which the inlet 
pipe K is connected. 

Mercury-vapour pumps. —In 1915 Gaede devised a typo of 
pump for producing high vacua and, with modifications, tin's high¬ 
speed pump has practically displaced all others. Pumps of this 


General 
direction 
Or vapour 
stream 


B 


To vessel being 
exhausted 




rX- 

/o backing 
pump 
(cl) 


C 



Liquid air 
trap 


1_ ^ Cold 
water 


—y Mercury vapour 
- - Gas molecules 


(h) 


Fio. I I 07.—Tht' principio of a diflusion (Giu di*) puiiij). 


typo arc usually con.structed of pyrex glass, fused silica or .stei‘1, and 
in each instance a fore-pump i.s required to reduce the backing 
pressure to a value within the rangt; 20 mm.-I0““ mm. of mer<-ury. 

Gaede’s original type of vapour ))ump i.s known as a diffusion 
pump. To understand its mod(? of action consider the .sy.stcun 
shown in Fig, 14'07(a). Ali is a glass tube through which a stream 
of readily condensable vapour is passing. C is a ‘vapour-fnip 
attached to Ali, as indicated, with u porou.s diaphragm, D, dividing 
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the space in AB from that in C. If C is connected to the apparatus 
to be exhausted, already at a low pressure, then vapour and air 
molecules diffuse through the diaphragm D. The vapour is con¬ 
densed in C while the air molecules which have passed through D 
into AB are rapidly drawn away by the vapour stream. In con¬ 
sequence of this the gas pressure in the vessel attached to C is 
reduced and eventually reaches a very low value. 

In an actual diffusion pump it is not necessary to have present 
the diaphragm or diffusion disc. For suppose that the tube, AB, 
Fig. 14*07(6), has a very narrow cylindrical slit, S. Diffusion of 
vapour and air molecules will occur through this slit; the gas 
molecules which enter AB through the slit udU acquire, in virtue of 
collisions between them and the heavy vapour molecules, momentum 
with a component directed do^vnwards. The mixture thus passes 
into a region where the vapour condenses and the air is carried 
away by the backing-pump. At the same time some vapour will 
pass by diffusion into the high vacuum system. By carefully con¬ 
trolling the density of the vapour—Gaede used mercury vapour— 
in the main stream and by using a very narrow slit (0*1 mm. wide) 
an endeavour w’as made to reduce this ‘back diffusion’ of the 
mercurj' vapour to a minimum. This was essential for on account of 
back diffusion the speed of the pump is reduced and, furthermore, 
it imposes a limit on the ultimate pressure attainable with a given 
pump. The effects of back diffusion w’ere also made less objection¬ 
able by using a water-cooling jacket as indicated; for still lower 
pressures, i.e. pressures less than the vapour pressure of mercury at 
room temperature, Gaede found it necessary to interpose a liquid- 
air trap between the intake of the pump and the vessel to be 
exhausted. 

Gaede showed theoretically and then confirmed his conclusions 
cx{)erimcntally that for a pump of this nature to attain its maximum 
speed the width of the slit S must be of the same order of magnitude 
as the mean free path of the molecules in the back-streaming vapour. 
It is frequently stated that Gaede’s condition for the successful 
operation of a diffusion pump is that the mean free path of the 
vapour (mercury) molecules shall be of the same order as the width 
of the orifice. This misconception may be due to the fact that in his 
li)15 paper Gaede did not make it clear that the important factor is 
the mean free path of the gas molecules in the back-streaming 
vapour; he clarified the matter in 1923. 

The great advantage which a diffusion pump possesses over all 
tyj)e.s of mechanical pump is that, theoretically, there is no limit to 
the degree of vacuum that can bo attained. As long as there is a 
difference between the partial pressures of the air on the tw'o sides 
of the slit, diffusion will take place until the pressure on the intake 
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side of the pump is zero. In actual j)ractice some molecules arc- 
driven back through the slit so that the ideal is never readied. 
Among its disadvantages, two must be mentioned; the speed of 
pumping is relatively slow and the maximum speed can only be 
attained under carefully' controlled conditions of tlic density of the 
mercury vapour as it passes by the slit S. 


Mercuny vapour 



Flu. 14*08.—Ttio prinoiplo of Lunginuir'H cundenhution 

(u) glus3 typo, (6) iiH'tnl 


In 1916 Lanomuiu, by introducing the salient features ol an 
ejector pump into the design of a difliision pumji, succeeded in 
eliminating the two objections just indicated. Langniuir iniprove<l 
the vapour pump in three distinct ways:— 

(а) By raising the speed of tlie vujiour stream and making the 
speed of the pump almost indejiendent of tli<^ actual pressure ol (he 
niercury vapour, i.e. it is no longer necessary to adjust u it bin narrow 
limits the temperature of the mercury in the boiler where the stream 
of Vapour is generated. 

(б) The mercury vapour stream is dircctcii so as to procure a more 
efficient entrainment of the air molecules. 

(c) By doing away with the narrow slit used by Gacdo the speetl 
of the pump is increased many times. 

The essential features of a Langmuir pum[)—called a ‘<-otalensa- 
tion pump’ to distinguish it from Gaetle’s diflu.sion pump are 
shown in Fig. 14-08. Mercury vujjour molecules issue from an 
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aperture and constitute a high-speed mercury vapour stream. 
Air molecules diffuse into this stream and, on account of molecidar 
bombardments between the two tjT)es of molecules present, the air 
molecules are driven downwards and removed by the backing 
pump. 

In an ideal condensation pump the mercury molecules would move 
in straight lines from the diffusion aperture or nozzle to the walls of 
the pump and exhibit no ‘back-streaming’. This back-streaming 
is caused if mercury is present near the nozzle and at a sufficiently 
high temperature for it to form by evaporation a sufficiently large 
quantity of mercury vapour below the nozzle and with a random 
distribution of molecular velocities. To avoid this back-streaming 
Langmuir endeavoured to condense the vapour as soon as it reached 
the walls of the pump and so render less the disparity between an 
ideal and an actual pump. 

To work with a rather high backing pressure (e.g. backed by a 
water-jet pump) the speed of the vapour stream must be increased 
and the diffusion aperture reduced in cross-section. For work with 
lower backing pressures the cross-section of the aperture may be 
increased am! hence, if a high vacuum is required with a somewhat 
inefficient backing pump, then tw’o or more condensation pumps 
must be used in series. Under such conditions each pump or 
‘stage’ acts as a backing pump for the one wiiich is next nearer the 
intake end of the pumping system. Either gases or vapours may 
be removed by means of these pumps. 

Simple forms of mercury vapour pumps.— {a) The fVaran 
pump: In 19:13 Waran described two mercury vapour pumps 
which, in .s[)ite of their very simple construction, ore most efficient 
in producing a high vacuum in vessels wiiich are not too large in 
size. The pumps should be made in pyrex glass and their structures 
are at once ap[)arent from the details given in Fig. 14*09. The 
iir.st model, Fig. 14-09{rt), is provided with a convergent jet and 
a choke-tube and, when backed by a simple water-jet pump, pro- 
tliiccs a pressure of about 0*1 mm. of mercury. When the pump 
is provided with a parallel jet about 8 mm. in diameter, cf. Fig. 
14'09{6), and an efficient backing-pump is used, verj’ high vacua 
can be obtained quickly. 

In the original models the water cooling-jacket was fitted in 
position with the aid of rubber bungs but if the jacket is fused in 
liosition, although it may be a little more difficult for an amateur 
to construct, it is much less troublesome in action as all water leaks 
are impossible. The author also finds it convenient to put a ‘U’ 
in the tube along which the mercury returns to the boiler; this is 
done so that there is a certain amount of ‘spring’ in the glass frame¬ 
work when the final joint is made at A. 
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Fio. 14-Uy.—Wuruli'b iiiorcury vnj)our puinj)s. 


(6) The Kaye-Backhttrst annular steel-jet pump: This pump 
was developed at tlio National Pliysical Laboratory and consists 
essentially of steel. The structure is very simi>lc and its main 
features are shown in Fig. 14-10. It is a single-stage j)uinp and its 
high speed is due to its generous dimensions. 

The action of the pump is as follows; mercury vapour from tlie 
boiler passes up the central tube, A, and then through holes at tlie 
top into the annular space between two dellectors Dj and J)o. 
From this it issues as a jet. Gas molecules wliich <lillu.se (hrougli 
the annular space between the outer casing and the upper deflector 
are entraine<l by the mercury jet. The mi.xturo is cooled, the 
mercury condenses and the air is carried away liy the backing pump. 
The condensed mercury returns to the boiler. 

The oil diffusion pump.—In 1928 Bunen described the ])repara- 
tion of several higli-boiling-jioint petroleum distillates which couhl 
replace the mercury generally used till then in a va])ciur pump. 
Compared W’ith mercury thes(? oils have low vapour pressures so 
that in many tyjjcs of vacuum operation the use of u free/ing traj) 
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may be dispensed with, and this allows the maximum speed of the 
pump to be utilized. Now although the pressure of the saturated 
vapour of any one of these distillates is low yet if the operation is 
a prolonged one minute drops of oil do appear in the high vacuum 
system; these are fatal to metallic films, activated filament-s and 
the cathodes of photoelectric cells. In such circumstances a freezing 
trap, vdth. its consequent reduction of pump speed, must be 
employed. 

Intake 

I 


To 


Fig. 1410.—Principlo of Kayo’s aimxJar-jet vapour pump. 

An important advantage of a pump operating with such an oil 
is that, size for size, much greater speeds are obtainable than with 
mercury vapour pumps. This is because the molecular mass of the 
oil exceeds that of mercury; the molecular volume is many times 
greater. Unfortunately, however, whereas mercury does not dis¬ 
solve gases and vapours, the organic oils behave in the opposite 
manner and must therefore be subjected to fi-cquent cleansing. 

The pioneer work of Burch in this connexion was soon followed 
by that of Hickman, who used s^mthetically prepared pure organic 
compounds such as n-dibutyl phthalate [CgH 4 (COOC 4 Hr,) 2 , M 2/8], 
7 i-dibut 3 d sebacate [CgHjg(COOC 4 H 9 ) 2 , M = 314] and i-diamjl 
sebacate [CgHiglCOOCsHi,), M = 343]. The first of these com¬ 
pounds has a vapour pressure one hundred times smaller than that 
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of mercury at room temperature and this divergence increases as 
the temperature falls. A simple form of glass pump, designed l)\' 
Hickman, for use w ith any one of these organic compounds is show n 
in Fig. 14*ll(a). With tubes l‘5cm. in diameter or less, cfticient 
cooling is obtained by using a stout cop})er wire twisted into spirals 
at frequent intervals and WTaj)ped, in close formation, round the 



Fio. 1411.—Oil diflut^ioii puiupw. 

Stem. The copper wire is blackened by treating it with iimmonium 
disulphide. With such a j)ump it is possible to obtain pre.^sures as 
low- QH 10-® mm. of mercury provided the Imeking i)ump produces a 
vacuum as low ns 0-1 mm. of mercury. Under such conditions the 
speed is about 10* cm.^sec."^. 

An all-metal pump employing oil as tiie working substance is 
shown in Fig. 14'n(/>). It was designed at the AlctroiJolitan- 
Vickers Klectrical Company and uses an oil known as ‘.\pie/.on 11’. 
The outer casing is made of steel but tbc j<’t system is madi* of 
copper on account of its sujjcrior thermal condm-tivity |cf. below 
The oil is heated by means of an electric bcal<*r, for the lieat supply 
must be capable of being controlled within nurr«;w limits, since 
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a good pumijing speed is only maintained if the heat supply is 
correct; the temperature is more critical than with mercury 
diffusion pumps. It is also fmmd that the temperature of the oil 
must never be such that its vapour pressure exceeds 1 mm. of 
mercury, for at liigher temperatures rapid oxidation sets in and as 
a result of this an oU with a large vapour pressure and a high 
viscosity is formed. 

It will be noticed that in this pump there is one deflector plate 
and two sets of baffles; the upper one is to prevent vapour from 
entering the high vacuum sj’^stem and the other to retard the entry 
of vapour into the fore pump. 

In general, diffusion pumps designed for use with mercury are 
not suitable for use with organic liquids. The chief reasons for 
this are as follows:—(n) in the mercury pump the gap between the 
deflector plate and the outer casing may be so small that it is easily 
blocked by a film of oU, (6) there is a danger that if oil is used in 
such a pump the oU will be overheated in an attempt to obtam 
an adequate supply of vapom-, the supply being restricted by too 
narrow a tube, and (c) excessive vapour condensation may occur 
near the deflector, since its temperature is not high enough to keep 

the oil as a vapour. 

De-gassing and ‘gettering’.—The removal of air (or other 
gases) from a leak-tight vessel is accomplished by one or other of 
the punq)s already described. With the aid of a high-speed pump 
pressures as low as lO”® mm. of mercury are not unusual and. if the 
vessel is pumped continuously, this pressure is low enough for most 
researches or industrial operations involving vacuuin technique. 
[Under these conditions the mean free path is about C X 10 cm.] 
If. however, the vessel must be sealed off from the pump as is done 
with electric lamps, X-ray tubes, radio-valves, cathode-ray tubes, 
etc., the pre.ssurc must never rise above mm. of mercury, or 
at 1(1"^ mm. pressure the mean free path is about 0 cm. and this 
distniiee is comparable with the dimensions of the apparatus. 
Should the gas pressure reach such a value then when the filament 
is heated tlie emitted electrons will be capable, if they have sufficient 
energv, of removing some of the residual gas and this will upset the 
charakeristics of the tube. In order that the pressure shal not 
reach an undesirable magnitude after the vessel has been isolated 
from the pump it is necessary to de-gas the walls of the vessel and 
the metal parts therein, i.c. the adsorbed gas on the glass and metal 

must be released and carried away by the pumps. 

Several methods of dealing with the problem of adsorbed gas are 

available and among them we have the following;— 

(a) the whole vessel is baked in an electric or gas oven at a 
temperature some 50 deg. C. below the lowest softening point of any 
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material present in the vessel—generally this is the glass of the 
envelope; 

(6) all the metal parts are made red hot by the method of eddy- 
current heating at radio-frequencies; 

(c) in this method a ‘getter’ is used. While the pumps are in 
operation the vessel is ‘well-baked’, i.e. the glass and metal parts 
are de-gassed. Well-baked glass and de-gassed metals are. to a 
certain extent ‘gas-hungry’ until an equilibrium pre.«suie in the 
space to which they are exposed is established. Materials which an* 
exceptionally ‘gas-hungry’ are known as getters. 'Phe elottro- 
positive metals magnesium and barium, or an alloy made from them, 
are the most common materials used as getters. A .small pellet of 
the material is introduced into the apparatus and by heating 
dispersed on the glass walls, a large area of which is covered with 
the getter. This operation should be performed before the vessi l is 
finally sealed off, so that occluded gases may be reniove<l. 

The deposited layer is capable of ab.sorbing a larg<‘ amount of gas 
so that it may be regarded as a ty]>e of high speed pump \ehii h 
remains continuously' in action after tlie ve.ssel has been .'sealed of!: 
moreover, it needs no further attention. 

The use of‘getters’ was first jjropo.sed by Soddy in aiul as 

a getter ho used calcium. Water vapour aiul the gase.s CO. COo. 
NHg and SOg are all readily cleaned up witli calcium. 


THE MEASUREMENT OF LOW PRESSlUiES 

U-tube manometers. —A simple mercury manometer may be 
Used to measure pressures wliiclr are less than aixmt HM) mm. of 
mercury and greater than 5 min. When use<l in <*onjum-l ion w it li a 
cathetometcr pres.surcs as low as O'T) inm, of nu'i'ciity may la* 
measured with this tyjic of manometer. 

Such manometers possess several disadvantages: 

(a) The vacuum in the <*losc(l limb is gra<lually dcstroycl by 
gases which crecj) between the mcrcurv aiul gla.ss .surfaces. 

{b) If a leak sud<lenly develops in the apparatus tiu* mcia ury i< 
forced rapidly into the closed limb and tIu* iinjiact is sulPa'iciit t‘' 
cause a fracture of the manometer. 

(e) The instrument is not seiiHitive at low pressures. 

(d) The mercury tends to stick to the glass so that it lu'coines 
difficult to observe the true prc.ssure. 

The first two disadvantage.s cun l>e miniiiii/.<*<l by the use ol a 
device due to Waran. A small glass rt'servoir K. I'ig. I 1*1-*. is 
joined by means of cajiilJary tubing to the usual form <d inanoiiu ter. 
The whole is filled with mercury as before. When llie j.re.ssun 
uj)on the free surface of the mercury is diminishcil, at some stag«* 

4 & 
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in the process the mercury recedes from the point A. If at this 
stage the instrument is tapped gently, the continuous thread of 

mercury in the capillar)" tube is broken 
and the mercury assumes the position 
shown in the diagram. The capillary 
tube space is then an almost perfect 
void, so that the height BC is a true 
representation of the pressure at C. 

After some time gases may make 
their appearance in the capillary; 
they are removed by subjecting the 
manometer to atmospheric pressure, 
thereby forcing the gases into R. 

By constricting the open limb of the 
U-tube as shown in the diagram, the 
motion of the mercury is retarded 
so that a fracture from the causes 
mentioned above becomes a very 
remote possibility. 

Gauges for pressures below 
5 mm. of mercury.—There exists a 
number of physical properties of a gas 
which vary with pressure and some of 

H12.—.MnnomeU’r with these, as listed in the table below, are 

rc'poin'rativo vrtcuuin <lc‘vice. useful for determining the pressure 

within a high vacuum system. 

. , Range of pressure 

Physicnl property of mercurj') 

(fi) Klee trim I <lisc‘harges ...... 

(/>) Coinprossibility, i.c. the voluino variation with 
piVHSuro ........ 

I (r) TranstVr of thormal energy^ .... 

(f/) Ionization offccts. 

Approximate estimation of pressure by means of a dis¬ 
charge tube.—By means of a simple discharge tube, in direct 
c-oinmunioation with the system in the process of exhaustion, an 
aj)[)r()ximato idea of the pressure within the vacuum system may be 
obtained. Fig. 14-13 indicates the appearance of the discharge in 
air for a series of pressures, but it must always be remembered that 
the actual appearance of the discharge is modified by the geometric 
form of the tube and of the electrodes as well as by the wave-form 
of the potential diiference across the tube; the discharge is usually 
unidirectional but tlie wave-form of the applied voltage is seldom 
really steady. 


10-I0-* 

lO-'-lO-* 
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Fio. 1413.— 


Approximate estimation of pressure by means of 
a discharge tube. 


Burrows (1943) designed a discharge tube suitable for use with 
metal systems. Its structure is shown in Fig, 14-14 and it is 
02)erated from a spark coil giving in air at atmospheric pressure a 
spark about 1 cm. long. According to Burrows the following 
approximate relations exist between the pressure and the nature of 
the discharge. 


Naturo of the glow diHcharge 

; Pressure 

j (inm. of morcun ) 

0*5 cm. diiiineter column of diHchargo 

First visible striations 

Striations Boparuted by 1 cm. 

Fluorescence on the irisido walls .... 
Black-out ......... 

! T) 

j 1-5 

! 0-5 

10-* 

10“’ or less 


The colour of the discharge in tlie tube enables us to estimate tin* 
nature of the gas in the tube. When the colour is a deej) j>jnk air 
18 present, while a greenish-grey colour indicates tlie presence ol’ 
carbon dioxide, which frequently arises from the decomposition, in 
vacuo, of traces of oil. In the same way a faint blue colour indicates 
the presence of water vaj)our. 

The McLeod gauge.—This was the first really low jjressure 
gauge and it was designed in 1874 by McLkod, Today it is use<l 
extensively in all high-vacuum work and by it other gauges may be 
calibrated. Its essential features are shown in Fig. 14-15 and the 
mode of action is as follows. is a glass vessel and to its upper eiul 
tt capillary tube is sealed—the whole volume is \. The volume per 
unit length of AB must also be known. CD is a si<le tube of sullieient 
diameter to ensure that the gas pressure in V is equal to that in the* 
high-vacuum system to which CD leads. 1C is a mercury reservoir 
connected by rubber tubing to the main part of the gauge. When 
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E is in the position indicated and the pumps are in operation, the 
pressure of the gas in V is equal to that in the high*vacuum system. 
Let this pressure be p. When E is slowly raised the gas in V is 
isolated from the pumping system as soon as the upper level of the 
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Fio. 14-15.—A simple 
form of McLeod gauge. 


mercury passes beyond C; as E continues to be raised the trapped 
gas in V is compressed into the capillary tube AB. 

Suppose that after raising E to its final steady position the portion 
of air in AB occupies a length / of that tube and that the free surface 
of the mercury in D is at a height h above the mercury meniscus 
in the capillary tube. Then the pressure of the gas in AB is h cm. 
of mercury [strictly speaking (h — p) cm. but p —► 0]. If v is the 
volume per unit length (cm.) of AB, a direct application of Boyle's 

p\ = (./)/,, 

so that p may be determined. 
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Two methods of operating the gauge are in common use. In the 
first of these the mercury is alwaj's brought to a fixed mark B on 
the tube AB and the excess pressure 
needed to do this is indicated by the 
column of mercury h. Fig. 14-16(a). 

In this instance 




so that w'e have a uniform scale of 
pressures and such a scale can be 
placed alongside the tube D. 

In the second method the mercury 
in the tube D is brought to such a 
position that its free surface is oppo¬ 
site the end. A, of the capillary tube 
as shown in Fig. 14-16(ft). Let ?. be 
the length of AB occupied by the 
compressed gas under the.se con¬ 
ditions. Then Boyle’s law gives 



(ci) 


{h) 


{vX)X != nV, or 


V * 
p = — /. 

V 


2 


Fig. I I H>. of It Mrl.i'ixl 

utme.-. 


tlu- 
t In- 


This method gives a non-uniform 
scale of pre8.sure—such a scale is placed along'^uh* .\1> but 
scale opens out progressively at the lower pressurt's; tliis is 
main advantage of this method of using a Mc Leod gauge. 

The McLeod gauge in practice. — One serious disadvantagi* 
the simple form of McLeod gauge just described is that h is not a 
true measure of the pressure of the compressed gas. 'Lhe error arises 
on account of the difference in the diameters of the tubes A and 1) 
and the consequential difference in capillary dc'pression of tlie 
mercury in the two tubes. To overcome this ditlieult^’ a <-apillaiy 
tube, F, of the same diameter as AB, is sealed in parallc‘1 u itli 1>, a.- 
shown in Fig. 14*17, and the height X is determine*! from observa¬ 
tions on the po.sitions of the mercury levels in the tNs<J capillars 
tubes. 

An additional disadvantage of the original form of McLeod gauge 
IS that it is necessary to manipulate a reservoir <rontaiiiing a laige 
mass of mercury. The design shown in Fig. 1417 overconu s this 
uiculty. The mercury is contained in a \\'ouin'.s botth*. W . and 
the gauge proper is fitted into one of its ajH-rtures. 'I'he second 
aperture is fitted with a rubber bung througlj which passes a glass 
tube leading to a two-way glass stop-coek, as .shown. Fiom tins 
stop.cock a tube, K, leads to a wider glass tube packed with soda 
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lime and glass wool to prevent particles of this drying agent from 
entering the gauge. To this tube there is attached, by means of 
rubber tubing, a very fine capillary tube, J; a spring clip closes the 



Fio. 1417.—A McLeod gauge in practice. 

rubber tube when necessary. The glass tube H is in connexion with 
a simple form of pump—with care in its use it can be connected to 
the backing pump of the main exhaust system. 

When the stop-cock is opened with H in direct communication 
with W all the mercury in the gauge proper descends into the 
Woulff's bottle and the pressure in V is equal to that in the pumping 
system. By closing T the bottle is isolated from the backing-pump 
and by giving to the barrel of T a further partial rotation air is 
slowly admitted to the space above the mercury in W. The mercury 
is forced into the gauge and this is then used in one of the two ways 

already cited. 
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In addition to the actual mechanical labour saved in this way, 
the absence of a long length of rubber tubing is another feature of 
this form of McLeod gauge. Rubber tubing always permits air to 
diffuse slowly through its walls and this air may find its way into the 
gauge and, moreover, the use of rubber in contact with mercury is 
always objectionable since the mercury is easily contaminated by 
the sulphur in the rubber. 

All McLeod gauges behave erratically if readily condensible 
vapours are present, but by interposing a liquid air trap betNccen 
the gauge and the high-vacuum line all such vapours are iaj»idly 
removed. 

Pirani (resistance) gauges.—It is a well-known fact, ]ir»“dicted 
by theory and amply confirmed by experiment, that at high pressures 
the thermal conductivity of a gas is independent t>f the j)r<*ssure. At 
pressures below Od mm. of mercury, when the mean free [)atli of the 
gas molecules is of the same order of magnitude as tlu* di.iinoter ol 
the container, the thermal conductivity of a gas is a linear function 
of the pressure, i.e. 

K = a/), 


where k is the thermal conductivity and a is n cotistant. In 
Warburg used this relation to measure lo\v pressures. .Mano¬ 
meters making use of this relation are not al>.solute, sinee the 
constant a, for a gauge based on this principle, must, bo detei tnint'd 
with the aid of a McLeod gauge. 

In all gauges of this type, which are really due to IhitANt. a Iioated 
tnetal filament is mounted in a small vc.'«sel attached to the j>uinp 
line, and its mode of action depends on the variation witli prc'ssuro 
of the rate at which heat is conducted across the gas filling the space 
between the heated filament and the walls of the containing vessel. 
The rate of heat transfer determines the temperature of t he filament 
and hence its electrical re.sistanee; a preliminary calibrati^ui of tlu' 
gauge with the aid of a Meix’od gauge enables the ri’lation Itetween 
the resistance of the wdre and the pressure of the surroinuling gas 
to be determined. 

The hot filament of a Pirani gauge must have a higli eoetlieient 
of increase of resistance with temperature and it is genu rally made 
of tungsten about O Ofi mm. in diameter. The actual sfnn tui.' is 
very similar to that of an ordinary cag<‘-t 3 ’pc in<-an<l(‘sccnt filainiuit 
lamp but the filament is never imnle red-hot. l*’or the gauge to be 
accurate in its performance it is e.ssential to keep taut tiu* filament 
so that the distance betw'cen it and the walls is constant, and to kei’p 
as low as possible the h(*at losses along the fikmient .su[)ports. I he 
bulb should preferably be ke])t in a ihorriiostat—melting ice at once 
suggests itself—and the temperature of the filament should be raised 

to about 120® C. 
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Since every pressure gauge depending on the thermal conductivity 
of a gas must be calibrated by comparison with an absolute pressure 
gauge, in use it is only necessary to keep constant the potential 
difference across the filament and observe the current. The lower 
the gas pressure, the lower the thermal conductivity of the gas and 
thus the smaller is the current required to keep the excess tempera¬ 
ture of the filament at a predetermined value. Since the calibration 



Fio. 14-18.—A Pirani gauge and bridge. 

is strictly applicable only if the conditions under which the calibra¬ 
tion is carried out are maintained, Campbell recommends that the 
temperature of the filament should be kept constant. 

To carry out this suggestion the gauge, M, is placed in one arm 
of a Wheatstone bridge network as showm in Fig. 14*18, all other 
resistances being made of manganin or ‘minalpha’, since each of 
tiiese alloys has a temperature coefficient practically zero. The 
resistance R is adjustable and its value is chosen so that the galvano¬ 
meter deflexion is zero, the current through M being such that the 
temperature of its filament is about 100° C. In Campbell’s method 
the voltage, V, across the bridge is adjusted, as indicated, until the 
balance of the bridge is restored on each occasion that the pressure 
changes. Let d be the con.stant excess temperature assumed by the 
filament. Then if the heat losses along the leads are small, they 
will be directly proportional to 0 —say ^6, where is a constant. 
The heat dissipated in the filament per second is aV^, where a is 
a constant and V is the voltage across the bridge, w'hile the rate of 
heat loss by conduction through the gas is f(p), where f{p) is an 
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unknown function of the pressure. Hence we may WTite 

olv- = fte 

Let Vq be the voltage acro.ss the bridge when p — <), and 0 is still 
the excess temperature of the wire in the gauge. Then 

aVo" = fiO. 

These two equations give 



f(p) 




or 


V- _ 2 

,.-2 " = sV(7>). 

' 0 


f — {/90) a constant. 

Measuring the gas pressure independently by means of a Mc-Lood 


gauge it is found that/(p) = yj). where y is a constant, i.e. „ " 

• 1 • 1 ' 

18 directly proportional to the pressure. It is also found that tiu’ 

constant f is almost independent of the length of the tilament an<l 



Fig, 14'19.—Calibration curves for iis*' willi a I’irani ^ai 4 '<-, 


vanes w 


whether it is made of tungsten or of j^latinuin; f oni\ 
the nature of the gas. 

I'ig. 14*10 is a reproduction of two of (’amphell’s (•uj \cs in ulii* h 
abscissae are pressures, as ineasiiretl with a .McLeotl gauge and, 
ttre the corresponding values of the fraction (\ - \ n'J; ' u"- 

Fig. 14*20 shows two forms of l^iraiii gauge <>jie ot llicin is 

demountoble. 

To simplify the use of a gauge of this lyi)e it is usual not (o lollow 
the method worked out by Cainiibell, but to balance tlie bridge w hen 
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the pressure in the gauge is the lowest attainable and then, keeping 
the voltage across the bridge constant, to observe the out-of-balance 


To bridge 


To bridge 

t 



To vacuum 
system 

(tX) 



system 

(b) 


Fio. 14-20.—Pirani gauges. 


current through the galvanometer, in terms of scale divisions, when 
tlic pressure is not zero. The method of calibration needs no 
particular comment. 

Scott’s modified Pirani gauge circuit.—Most gauges used to 
measure pressures within the range 10~® to 10“® mm. of mercury 
|•e(^ui^e some sort of manual adjustment. In 1939 ScoTTf over¬ 
came this difficulty by designing the following circuit in which a 
change in the resistance of the filament in a Pirani gauge is measured 
hy feeding the voltage drop across it on to the grid of a triodo 
valve. In this way the pressure may be determined directly on 
the calibrated scale of a sensitive galvanometer G, placed in the 
anode circuit. As the filament resistance varies in accord with 
changes in the pressure of the gas in the gauge, the potential 
(lifTercncc across the grid vill also vary when the corresponding 

f Iiei\ Sci. /n.9/., 10, 349, 1939. 
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change in the plate current becomes a measure of the pressure in 
the gauge. Fig. 14*21(a) shows how the circuit is arranged. Rj 




O ! 0-2 O S i o Z 5 fO 
Pressure x /o'* /i^ 

ib) 


To 

4 


Fio. 14-21.—Scott’s modified INruni gauge circuit. 

is the Pirani filament, its resistance being about 700 ohms. R^ i< 
a resistance of about 20,000 ohms in series uith Rj—a 2 iM )0 <>iims 
adjustable resistance is included with K., and a high tension ballety 
is placed across this combination of resistance.s u liieli is .nranged 
iti conjunction with a triodc valve as 
shown. Rj is a suitable anode resis¬ 
tance to give the triode a more nearly 
linear characteristic for values of the 
grid voltage near to the cut-off value. 

R 2 is varied until a certain anode 
current is obtained for a known 
pressure. 

When in operation the Pirani resis- 
tance, varies so that V| and V^ 2 ' 
the potential differences across R| 
und Rj, respectively, will vary in 
opposite directions, the sum re¬ 
maining constant. When the pres- 
auro in the Pirani gauge decreases 
the resistance of Rj increases, in 
consequence of which the grid volts 
mcreaao and the plate volts decrease, 
poth these changes result in a 
lowering of the plate current. Fig. 

4*21 (6) is a typical calibration curve. 

Thermocouple gauges. —This is 
u variant of the Pirani gauge and its 
^meture is indicated in Fig. 14*22. 

The heated filament consists of a short length ofcouHtantun in 
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form of a thin flat ribbon and carrying a current of several milii- 
amperes. One junction of an iron-constantan {or chromel-alumel) 
thermocouple is fixed to the middle of the hot filament. The temper¬ 
ature of the external part of this gauge is kept at 0° C. The temper¬ 
ature of the ‘hot’ junction of the thermocouple is determined, for a 
given current through the filament, by the rate at which heat is trans¬ 
mitted through the gas to the walls. This gauge must be calibrated 
with the aid of a McLeod gauge and for strictly accurate work the 
gas must be the same in the two instances. 

Ionization gauges.—When an electron leaves a cathode at zero 
potential and passes to an anode at potential V, the energy equation is 

e(0) + = cV -f 

or hnu^ = —cV, 

whore tn is the mass of the electron, e its charge, and u the velocity 
witli which it strikes the anode. In setting dowm this equation it is 
assumed that the electron move.s in a high vacuum so that its motion 
is not affected by collisions with gas molecules. Since e is essentially 
negative and V is positive the etjuation is clearly satisfied. When 
a gas is ])re.sent and the electrons are accelerated by a potential 
difference exceeding a certain critical value, V,, the so-called ioniza¬ 
tion potential of the gas in which the electrons move, collisions 
between the electrons and gas molecules will produce positive ions. 
These j>()sitive ions are produced whenever a high-velocity electron 
collides with a gas atom and removes an electron from its outer 
shell. If the positive ions thus formed are collected on an auxiliary 
or third ek-etrode it is found that the positive ion current for a 
fixed value of the accelerating voltage in excess of V, varies with 
tlu? pressure. At low pressures it is to be expected that the current 
will vary linearly with the pressure, since it is unlikely that an 
electi\)n will make more than one collision in passing from the 
catliode to the auxiliary electrode. When the grid of a triode is 
used as the auxiliarv electrode it must be recalled that when the 
valve i.s free from gas, the grid current is exceedingly small. When 
gas is present in the valve and its molecules become ionized in the 
manner indicated, then the positive ions will move towards the grid 
w hen this is kept at a negative potential with respect to the filament. 

Ahn’ normal triode valve may be used as an ionization gauge, 
but in order to diminish electrical leak.s between electrodes it is 
better to use specially constructed triodes such as that shown in 
Fig. 14*23. The filament F is supported in the manner indicated 
and is surrounded by a grid coaxial with the axis of the filament. 

A silver deposit, P, on the w'all of tlie valve ac.ts as the ‘plate’ and 
electrical connexion to it is made by means of a platinum wire 
sealed into the glass envelope as shown. The loose glass collars, 
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and C 2 , mounted on the glass rod supporting the filament are to 
prevent the deposition of metal films on the support which, if present, 
cause inter-electrode leaks. 


To 

pump fine 



Fio. 14-23.—All ionization gauge for measuring low pi-essures. 


The essentials of one electrical circuit required to operate tliis 
gauge arc shown in Fig. 14*24{a), Electrons pass through the 



Fio. 14-24.—Two circuits for operating an ioni/.atioii gauge. 

(a) intomal collector, (6) external collector (most sensitive). 

meshes of the grid and positive ions formed between the grid and 
anode are collected by the grid—it is necessary to measure tlio grid 
current by means of a sensitive galvanometer, D. 

An alternative scheme is shown in Fig. 14'24(t). In this the 
grid is maintained at a positive potential with resiiect to the filament 
and the silver lining is made negative. The electrons from the hot 
filament are attracted towards the grid but some of them, in virtue 
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of their momentum, are carried forward through the meshes of the 
grid to ionize the gas between G and P, i.e. when the accelerating 
voltage exceeds V,-. The positive ions are collected at the plate P; 



Fio. 14-25.—Calibration curves for use with an ionization gauge. 


the electrons which have entered the region between G and P are 
repelled by the negative charge on P. The positive ion current is 
measured by a sensitive detector D, 

Such gauges are not absolute and are usually calibrated for a series 
of pressures determined by means of a McLeod gauge. Unlike a 



Fio. 14-26.—An ionization gauge and its auxiliary circuit. 

McLeod gauge an ionization gauge measures the pressures of vapours 
and of gases so that before the calibration is carried out it is essential 
thoroughly to out-gas the system and to remove all condensible 
vapours. 

Below 10”* mm. of mercury pressure, the relation between pressure 
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and ionization currents is linear; at higher pressures the relation is 
only linear if the electron emission from the filament is relatively 
small and under these conditions the sensitivity of the gauge is 
reduced. Fig. 14’25 shows a typical calibration curve for an 
ionization gauge for two different values of the current due to 
electron emission from the filament; these values are shown along¬ 
side the curves. 

Fig, 14*26 gives a convenient electrical circuit for use with an 
ionization gauge. 

The Alpharay ionization gauge.—This is a novel t^'jje of cold- 
cathode ionization gauge designed by Downino and Mellen in 1!)40, 
and is called the ‘Alpharay’ to indicate that alpha particles are the 
ionizing agent. It is a continuous reading gauge to cover, in three 
stages, the range of pressure from 10"® to 1000 rnin. of mercury 
although the relation between current and pressure is only linear 
up to about 10 mm. of mercury pressure. Fundamentally it works 
on the same principle as the hot-filament ionization gauge, described 
earlier in this chapter, but such a gauge can only he operated at 
pressures below 10~® mm. of mercury. At higher pressures the life 
of a hot-filament ionization gauge is short on account of the bombard¬ 
ment of the filament b}' ions or its chemical reaction with tlie 
surrounding gas. 

In the Alpharay ionization gauge the radioactive source is a small 
plaque; it is 1 cm,® in area and has suitable ears so that it may be 
held securely in position. One side of tlii.s pla(iue i.s the active area 
and consists of a gold-radium alloy containing 0‘4 nigm, t>f radium 
(ggRa®®«). It is in equilibrium with its decay products, radon 
(ggRn®®®), radium A and radium B Since the 

first product is a gas and it is most desirable tliat this should not 
escape, the active layer is coated clcctrolyticall^' with a layer of 
nickel. In this wav a highly cflicient a-cmitter, but with low 
emanating power, is obtained; the nickel film also j)rcvents contami¬ 
nation by mercury vapour. The lo.sses from the plaque are so small 
that the instrument only needs to be calibrated once every four or 
five years. Precautions, however, inu.st be taken in handling the 
instrument on account of harmful physiological effects which other¬ 
wise arise. 

A section of this gauge and the electrical circuit requiro<l to operate 
it are shown in Fig. 14*27. A is the source fixed in the wjill.sofan 
ionization chamber C and maintained at a ])otentjal of 40 \^ above 
that of the inner electrode or grid G. This consists of four wires 
‘sprcadeaglcd’ so that the ions produced do not have to travel 
relatively long distances before being captured. If the di.stance 
travelled is too long excessive re-combination of ions at the upper 
limit of the lowest pressure range occurs and this causes the linear 
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relation between ionization current and pressure, which is a 
characteristic of this gauge at low pressures, to be destroyed. 

The base of C is drilled so that gas may enter the ionization 

chamber freely. The small ioniza- 
40 V. tion current is amplified and read on 



Fio. 14-27.—An Alplmray 
ionization guage. 


a microammeter M. The gauge is 
calibrated by comparison ^ith a 
McLeod gauge. 

Some general remarks on low- 
pressure gauges.—Since the heat- 
conducting gauge and the ionization 
gauge must each be calibrated \\ith 
reference to a McLeod gauge it will 
be worth while to state why these 
two gauges are sometimes preferable 
to the McLeod gauge and to indicate 
some of their limitations. 

The McLeod type of gauge is 
insensitive to condensible vapours, 
does not give continuous readings 
and the mercury vapour from it must 
be kept from entering the rest of the 
vacuum system by using a liquid-air 
trap to freeze out the mercury 
vapour. The presence of such a trap 
reduces the rate of pumping and one 


is never quite sure that the gauge is indicating the pressure in the 
vacuum system. Finally, over the range from 10“* to 10“® mm. of 
mercury pressure, the gauge is not quite trustworthy. 

On the other hand the ionization gauge is quick in action but 
its use requires considerable auxiliary electrical equipment. Its 
sensitivity varies with the nature of the gas and if an excess of air 
suddenly* enters the system while the filament in incandescent the 
latter bums out and the gauge is useless. Moreover, certain gases 
‘poison’ the filament, i.e. they reduce considerably the electron 


emission from it. 

The Pirani or hot-wire gauge has two main disadvantages. In 
the first place it is difficult to maintain a stable ‘zero’ so that it 
cannot be used to measure, with certainty, pressures below 10"^ mm. 
of mercury and secondly, at pressures below 10“® mm. the loss of 
heat takes place mainly by radiation and not by conduction. 

The detection of leaks in a vacuum system.—Work with a 
vacuum system, especially in its initial stages, is almost invariably 
delayed, sometimes for weeks, by the presence of minute leaks in the 
sj’stem. The more complex the design of the system is the more are 
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leaks likely to be present and the more difficult are they to locate. 

For the detection of small leaks in apparatus made from glass 
the time-honoured method of using the spark discliarge from a .small 
induction coil has much to recommend it. One terminal of the 
secondary is connected to a piece of metal in direct communication 
with the system, while to the second terminal there is fixed a long 
length of fine copper wire. The other end of the copper wire i.s 
attached by means of an elastic band to a long glas.s rod, about 
5 cm. of the wire projecting beyond the end of the rod. This rod 
serves as an insulator and with its aid the high-potential wire may 
be made to pass over any part of the glass where a leak is suspected. 
Provided the pressure within the .system i.s sufficiently lou tlic 
presence of a pin-hole leak will be revealed by the passage ol a spark 
through the hole and a general increase in the intensity of the dis¬ 
charge within the system. If the glass is very thin and the strength 
of the electric field high, the glass may fracture b^• tin* strain pro¬ 
duced in it; the obvious remedy is not to ii.se too powerful an 
induction coil. 

The above method is useless for <letecting the presence <)f leaks in 
metal parts of the sj'stem. Should these be suspected then it is 
convenient to have some form of di.scharge tube attaclied to the 
system. The suspected parts are then j>ainted uith alcohol or 
acetone. When a leak is present vapour of the litjnid used \\ill 
enter the system and the colour of tlie discliarge change from jiink 
to pale blue, thi.s being the colour a.ssociatod with the presence of 
carbon compounds in tlio region where the discharge takes place. 
The use of such vapours is not alway.s desirable since they ma^■ find 
their way into the oil of a hacking-pump and return to the system 
when the oil gets hot while the pump is in action. It has been 
suggested that a stream of carbon dioxide should he directerl on to 
the part of the apparatus under test; when this gas enters the .system 
the colour of the discharge changes and the ga.s is readily remoN’ed. 

If the leak is very small and the pressure within the .system bn\ 
that a discharge cannot be maintained, then an ioni/ation gauge 
attached to the system may be used to indicate tbe entry of vapours 
through a pin-hole into tlie vacuum line. To avoid tnuiblc at a 
later date all metal parts should be tested for leaks before la-iiig 
assembled. To do this they are filled with eoiniire.s.sed air and 
placed under water. A stream of minute Imbblcs rising li(»m a 
point on the metal indicates a small leak at that spot. 

EXAMPLES XIV 

14-01. Explain, with the aid of diugromH, the action ot a (a'i.ssh'i 
vacuum pump. If a flask of volume 2 litres containing ai*' at a pn-.-^snie 
of 3 cm. of mercury is to bo evacuated by means of a puinj* wliose ju > 


40 
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has a volume of 500 ml., estimate the pressure of the air in the flask 
after the pump has been operated (a) 12 times, (6) 24 times. [Assume 
no change in temperature.] [(a) 0*069, (6) 0*0047 cm. of mercury] 

14*02. Explain briefly the details of the process of producing a very 
high vacuum in a vessel of about 1 litre capacity start ing at atmospheric 
pressure and explain the action of a diffusion pump as fully as you can. 
Illustrate both parts of your answer by diagrams. (S) 

14 03. Describe and explain a method suitable for measuring a gas 
pressure in the region of 10~* mm. of mercury. Discuss briefly [a) the 
sensitivity and (6) the calibration of the apparatus described. (S) 
14*04. Give an account of the technique employed in the production 
and measurement of very high pressures. (S) 

14 05. Give an account of the use of the McLeod gauge for measuring 
low pressures, stating its importance and limitation. Describe some 
other form of instrument for the measurement of very' low gas pressures, 
giving the theory' of its action. (S) 

14*06. Stokes’ law states that the viscous force on a sphere of radius 
a moving with terminal velocity u through a fluid is where t] is 

the viscosity of the fluitl. Show that this law is dimensionally correct 
and describe liow you would test its validity experimentally. 

A vessel containing oil of very low vapour pressure is in communica¬ 
tion with a vacuum pump which reduces tiro pressure of the residual 
gases above the oil to a negligible value. A spherical bubble of air is 
timed ns it rises through the oil and it takes 10 seconds to reach half-way 
to the surface of the oil. What is the total time of its journey to the 
surface of the oil? [Assume that the ma.ss of air in the bubble remains 
constant and neglect surface tension.] [31*3 sec.] 
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Owen*s bar pendulum; an accurate method of using it. —Since 
for a uniform bar pendulum of length a and breadth b the radius ot 
gyration k about an axis through its centre of gravity and normal 
to its plane is given by 12/c^ = (a^ -i- 6“), and the period is a mini¬ 
mum when r = K, it follows that the most accurate determination 
of gravity by means of an Owen pendidum is made from observations 
at the setting r = k, for in this instance a small first-order error 
in the measurement of r produces only a second-order error in T. 
At this setting the accuracy with which gravity can be determined 
depends essentially on two measurements only, viz. tlie total length 
of the bar and the period. It may be shown that for a bar of length 
100 cm. a departure of 0*1 cm. from the ideal setting r = k, only 
affects the value of T by 3 part.s in a million. The length of the 
pendulum is easily determined to within 0-02 cm. Since, under tfio 
conditions contemplated, 



it is necessary to appreciate that if tlie error in the calculated value 
of K does not exceed 1 part in 10.000 then the same degree of 
accuracy in determining T must bo attained, i.e. the total duration 
of the timing must be about ten minutes. The well-known jiro- 
ceduref and a correction for any error in the watch used, which 
should indicate tenths of a second, is all that is required. 


B 

The use of metal bellows for controlling the pressure in an 
enclosed system. —The basis of any one-piece metal bellows is a thin 
seamless brass tube having a w'all thickness of about 0*01 cm.; tin* 
brass contains about 80 per cent copper. By means of a longitudinal 
push the tube is compressed in a single oj)eration to form a bellows; 
a section of a short length of such a bellows is shown in Fig. A 1(«). 
This particular bellows is closed at one end only and all convolutions 
are active. 

t cf. I.P. p. 45 
719 
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To use these bellows to control the pressure of the air required 
to blow bubbles or control the position of a liquid index, as in 
Ferguson’s apparatus for measuring surface tension, cf. p. 497, two 
such bellowsf are mounted as shown in Fig. A 1(6). It needs no 
description but a discussion of the relative sizes of the bellows may 
not be inappropriate. 



To 

manometer 


To 

copillary 

tube 




Fu;. A 1. 


If V is the total volume of the apparatus andp the initial pressure 
of the air enclosed, p\ is constant, so that 




For use with Ferguson’s apparatus, V may bo taken as 100 cm.^ 
and p as 1300 cm. of an oil of density 0*8 gm.cm“®. The large 
bellows have a diameter of 2-3 cm. and a change in length of T2 cm. 

I This apparatus was designed by A. S. Edmondson, Esq. 
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for 10 turns of the screw-head H. Thus, if = 7t(1-2)^ x T2 = 
6 cm.®, = 65 cm.of oil. For the small bellows, diameter T3 cm., 

a change in length of 0-4 cm. is effected by 6 turns of tlie screw-head 
Hg, so that if dV = 0-5 cm.®, [(5/jj = 6 cm. of oil. 

In a surface tension experiment dp = a cm. of oil and this 
corresponds to nearly one turn of the large screw. For adjustment 
of the excess pressure to within 0-05 cm. of oil by means of the sjuall 
bellows, \6p\ = 1 cm. of oil for one tuim of Hg. i.e. this change in 
pressure maj' be caused by a rotation of Hg through about 20^. 

All other ranges and sensitivities may be obtained by a suitable 
choice of internal volumes, size of bellows, pitch of screw, etc. 



Compressibility and its value at high pressures. —The bulk 
modulus of a substance is defined, cf. p. 302. by the eijuation 



Its compressibility is therefore given 1)3' 


K 


V 



If p is the density of the substance and v tlie volume of unit 
mass, then p ~ and we have 

V 

1 dv ^ \ ^ 

^ ~ V dp ^ dp 1/3/ p dp 

Such expressions are exact provided the differential cocUicicnts 
are evaluated under the conditions prevailing during an e.xpcrimcnt. 
These are generally such that the temperature remains con.stant. 
In work at high pressures it is found convenient to take as the 
compressibility the fraction 

1 AV 

- Vo ' AP’ 


where Vq is the volume of the substance under atmospheric {)re.s.sure 
*^*id —AV is the decrease in volume when the pressure is increased 
hy A P', AP may be several thousand atmo.spheres. 
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—. theory of. 262 et aeq. 

Electrical resistance strain gauge, 400 
Ellipse of stress, 270 
—. pedal equation, 13 
—, polar equation, 11 
—. some |)ropertios of. lO 
Elliptic orbits, 61 et aeq. 

Eneustr^ beam, 353 
Energy, 55 

—.changes as.sociatcd with capillary 
rise, 478 
—. equation, 58 
—, potential. 56 
—, strain. 317 

-. for a rigid body, !»2 

—, Burfaco. 454 

. variation with temperature, .517 
Equation. J3crnoulli's. 614 
—. energy, .58 

— to a contnil orbit, 61 
Equivalent simjjlo pcndidum. 124 
ICuler’s theory of bending of a eoliimn 

390 

Ewino. 277 
Exhaust pressure, 683 
Extension of helical sj)rings, 386 
et acq 

uniform rod hanging verticallv. 281 
Kxtensometer, 277 


Factor of twifety. 275 
Fall of sphere in a viscous 
592 


medium. 


Falling sphere viscometer, 593 
Fehouson. 42. 279, 476, 497. 515 
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Fick’s law of diffusion, 669 
Field, gravitational, strength, 208 
Films, condensed, 524 
—, liquid, 524 

—, monoinolocular, 521 et seq. 

—, oil, 520 
—, thin, 520 et seq. 

Flexural rigidity, 343 
Flexure of beams, 340 et acq. 

Flood,596 

Flow through narrow tubes, gases, 

501 et seq. 

-, liquids. 537 et seq. 

— of solids. 630 et acq. 

Fluidity, 453 

Flux of gravitational intensity. 213 
p'ly-wheel, moment of inertia, 85 
Force and the law of inertia. 46 

— between wetted plates, 512 

— to pull a plate from a liquid surface, 

513 

Formation of drops, 503 
Fourier analysis, 14 et sc?. 

— series, 18 
Frazer, 666 

Free fall of a bodj'. 177 

— surface energj’ density, 456 
Frequency of eddy fonnation, 630 

Gaepe. 682. 094 
Gal, 185 

Gas, compressibility of. 3(>3. 433 etseq. 

— constant, univers/d, 563 

— fl«»w in narrow tubes. 561 et seq. 
Gases, behaviour at high pressures. 

446 

Gas-pressure gravimeter. 1.88 

Gauge factor. 401 

Gauges, high-pressure. 444 et seq. 

—. low-pressure. 701 ft .seq. 

(Jauss' theorem, 213 ft seq. 

Geissler juimp, 690 
Gel. 642 
Gottering. 700 
Getters, 701 

Gla.ss, elastic constants, 371 
GuAHASt, <567 

Graphical methods, 40. 125 
Gravesanpe. 278 
Gravimeter, l^iietseq. 

— nstatized, design for a, 193 

— dynamic, ISO 

— Hartley. ItM) 

— - static, 190 

— Worden, 194 


Gravitation, 203 ei seq. 

— constant, 204 

-, measurement of, 226 ei seq. 

—, Newton’s law, 204 
—, range of, 253 
—, theories of, 253 
Gravitational attractions, 204 

— field, strength of, 208 

— intensity, flux of, 213 

— potential, 217, 2\9 et seq. 

— — and field strength, 218 
Gravity, intensity of, 124, 150 et seq. 
—, modem work on absolute measure¬ 
ment of, 172 ct seq. 

—, motion under, 48 

— surveys, 185 et seq. 

Gregory, 447 
Gyration, radius of, 67 

Harkins, 503, 506 
Harmonic motion, simple, 103 et seq. 
Hartley gravimeter, 190 
Haywood. 131 

Helical spring, closely coiled. 110, 386 

-, correction for mass, 387 

-, not closely coiled, 390 

-, oscillations of a loaded, 110 

-, supporting a bar of variable 

moment of inertia, 389 
Helmholtz, 455 
Hbr-schel. 207 
Hexagonal form, 637 
Hevl's work on y, 241 
Hickman. 682, 689, 698 
Hittorf. 682 

Holweeh-Lejay, inverted pendulum, 
186 

Hooke’s law, 272 
Hoop stres.s. 312 
Horton, 293, 296 
Huygens, 123 
Hydraulic gradient, 624 
Hydrogen, viscosity of, 564 

Ideal gas. 433 
-liquid, 611 

Impact of sphere on a plane, 327 

-smooth spheres, 324 

Impulse, 47 
Impulsive torques, 92 
Inclined capillary tube, flow through, 
551 

— plane, acceleration down, 96, 99 

— plates, rise of liquid between, 

478 



INDEX 


727 


Incompressible liquid, flow through 
a horizontal tube, 537 

-> flow through a vertical tube, 

544. 548 

Indiarubber, Poisson's ratio for, 314 
Inertia, 46 

—, moment of, 67, 291 

-, calculation of, 67 el aeq. 

Integrating factor, 28 
Intensity of gravity, 150, 158, et aeq. 
Interfacial tension, 461 
Instantaneous axis of rotation. 94 
Intrinsic surface energy, 454 

— interfacial energy, 461 

Inverse square law, motion under, 
61 et aeq. 

Ionization gauge, 712 
Isothermal curves for fluids, 441 

— elasticity, 303, 433 
IVANOPF, 175 

Jaeoeb, 485 
Jamin, 420, 424 

Jar method for diffusion, 674 
Jessop, 372 

Jot exhaust pumps, 688 
Jolly, 248 

Kator’s pendulum, 160 
Kayo-Bockhurst annular steel-jet 
pump, 697 
Kelvin, 251, 254 
Kepler’s laws, 65, 203 
Kinematic viscosity, 536, 628 
Kinetic energy, 56 

-lost by impact, 326 

■— of a rotating body, 07, 91 
Knifo-odge correction, 154, 163 
KOnio, 369 

KOnig's formula, 91 
La CoBtc, 194 

Ladonburg correction, 500 el aeq. 
Lam£, 417 

Lamina, moment of inertia, 127 

Lanobvin, 654 

Langmuir, 622, 684, 695 

Laplace, 163, 459, 649 

Laplace’s law of atmospheres, 649 

Lateral strain, 283 

Laws of rotation, 00 

Le Haub, 263 

Lb Verrieb, 208 

Leaks, detection of, 716 

Lees’ rule, 78 


Lehfeldt, 564 

Limit of perfect elasticity. 272 
Linear distribution of matter. 209 
Liquid drops. 367. 389 

— flow, SS.i et aeq. 

-in narrow tubes. 537 ef aeq. 

— in contact with a solid. 462 
—, spreading of. 520 et aeq. 

Liquids, associated. 519 

—, Bromiian movement in. 505 
—, compres-sibility of. 415 cl aeq. 

—,-, at high pressures, 448 

—, uoii-associuted. 515 

Long column.s. hc*iidi!»g of. 394 el scq. 

—, pendulum, IvunolT'.s. 175 

Longitudinal stress, 312 

Loss of head by friction, 623 

—, total, 623 

Low pressures, measureiiienl ot. <01 
ei aeq. 

-, product ion of, 088 <7 


Mnnganin, pres^^uro gauge. 4 15 
.McLeod gauge. 7o3 

-, in practice. 705 

-, theory of. 704 

Manometer, sen.sitive. 509 
Manometers, c/. gaugi-s 
Makiotte. 433 
,M.\sKEi.VNr.. 227. 22S 
Mas-s. 17 

— of eartli, 220 <7 aeq. 


— cent re. of u rigid body, mot ion of. ^7 
dti.sses of two pliitiets, comparcni. 2.>2 

daximuin bubble pr<‘snuroimrt hod IS5 

Aaxwku.. 255, 262. 290. 589. 591 
daxwcll's needle. 29(> 
dcinbram*. semiperini'abic. OoS 
Llorclirv. anele of ci'iitact with glass. 


465 


— ilitTusion puini>s, <»93 

— vapour pumps, 093 et aeq. 

.Met«il iTvstals. single, 037 

Metals, molten, surface tension <>1, .iI9 
Metliod of eoincidciiccs, 128. I .il>. 1(«2, 


295 

Mever’s formula, 501 
MiHigal. 185 
Mll.I.lKAN, 582. 055 

.Millikiin's visi-omcN'i- lor ga.ses, 5K2 

.Mino experiiiK-nt, 230 

.Minimum velocity ol cupiUarj- waves, 

474 

Moduli of elastieily. 276. 281. 302 
_relations between, 304 et aeq. 
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Molecular pumps, 693 et seq. 

— volume and the parachor, 517 

— weight, determination. 662 
Moment due to bending. 340 ef seq. 

— of inertia, 67, 291 

-by Routh’s rule. 78 

-of an irregular lamino, 127 

— of momentum, 81 
Monomolecular films, 521 el seq. 
Mouse, 666 

Motion, uniform circular, 53 
-efl’oct on ‘g’. 179 

— in a resisting medium, 600 
-viscous fluid, 628 

— of planets, 65 

— on a concave surface, 115 

— on ajk inclined plone, 96, 98 

— under gravity, 48 
Mountain experiment, 228 

Neptune, 208 
Neutral surface. 341 
Newton. 46. 65, 159, 203, 227, 324. 
535. 592 

Newton's hypothesis for viscous 
fluids, 535 

— law of gravitation, 203 

— second law of motion, 47 
Newtonian flow of liquids, 535 el seq. 

— mechanics, 40 
Nollet, 657 

Non-Newtonian flow of liquids. 640 
el seq. 

Oeusted, 415. 423 
Oil diffusion pump, 697 

— films, 520 el seq. 

— rotary piimp. 692 

Oils, viscosity, determination of, 593 
Operator, D, 29 el seq. 

Optical methods for elastic constants. 

367, 369 el seq. 

Orbits, central, 6i el seq. 

OsnoRNE Reynoeps, 429, 544, 624 
Oscillation centre of. 123 

— viscometers. 577 el seq. 

Oscillations of a cantilever. 303 
-circular hoop. 119 

-physical balance. 140 

-sphere on a mirror, 115 

-springs, 110, 386 el seq. 

-uniform rod on a horizontal 

cylinder, 133 
—, torsional, 291 el seq. 

Osmometers, 663 et seq. 


Osmosis, 657 et seq. 

—, Ia\vs of, 660 
Osmotic pressure, 659 

-and temperature, 661, 667 

-laws, 660 ef seq. 

-measurements, 659, 663 et seq. 

OSTWALD, 554 
Ostwald viscometer, 555 
Owen’s bar pendulum, 126. 719 
Oxygen, viscosity of, 564 

Packing glotids, 442 
Pappus, theorem of, 81 
Parachor, 518 

Parallel axes theorem, 70, 122 
— plates, rise of liquid between, 477 
Partial differential equations, 37 
Particle dj-namics, 44 et seq. 
Particular integral, 33, 35 
Pedal equation to a curve, 12 
Pendulum, bar, 124, 126 
—, compound, 122 
—,—, corrections, 158, 163 
—, equivalent simple, 124 
—. inverted, 186 
—, Hater’s, 160 
—, long, 175 
—, Owen’s, 126, 719 
—, reaction on a fixed axis, 130 
—, reversible, 160 
—, simple, 105, 110, 153 
Percxission, centre of, 130 
Perfect elasticity, limit of, 272 
Periodic time of a system with one 
degree of freedom, 109 
Permanent set, 272, 631 
Perpendicular axes theorem, 71 
PEIIBIN, 652 
Peruy, 41 
Pfeffer, 661 
Piezometer, 415 
Pipes, flow of water in, 624 
Piruni gauge. 707 
Pitch, viscosity of. 602 
Pitot tube, 619 
— static tube, 620 
Planetary motion, 65, 206 
Plastic state, 631 
Plasticity, 631 et seq. 

Plato and print washer, 689 
Plate, infinite, uniform, field due to, 
216 

Plate, withdrawn from a liquid 
surface, 513 
Plateau’s sphenile, 502 
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Plates, forca between, wetted, 512 
Plug flow, 642 
Plumb-line deflexion, 152 
PocKKLS (Fraiilein), 521 
Poise, 536 

Poiseuille’s equation, 539 

-, corrections to, 558 

Poisson, 283 


Poisson's ratio, 283, 309, 314, 359 , 403 

-. by strain gauge, 403 

«its limiting values, 309 
Polanyi’s model of a single crv'stal, 
639 


Polar coordinates, velocity and ac¬ 
celeration, 59 
Potential energy, 56, 224 
—, a minimum, 109 
— gravitational, 217 
Power, 59 


POYNTINO, 235, 249, 295 

Poynting’s balance experiment. 249 
et eeq. 

Pressure difference aerosa a curved 
surface, 457 el aeq. 

~ gauges, 444 et aeq., 701 el aeq. 

• high, Bridgman’s work at, 442 


et aeq. 

— in a rotating liquid, 013 
low, measurement of, 701 
Principal planes and stresses, 271 
f roof resilience, 322 
Projectiles, 48 

Pryce-Jones’ viscometer, 643 
uU on a plate in a liquid surface, 513 
Pumps, 083 et aeq. 

speed of, 683 
Pure bending, 341 


Quadratic moment of area, 342 
Quartz, rigidity of, 290 

Quinckb, 600, 605 


Hudiul stress, 312 
Hudius of gyration, 67 
IUman, 466 

Range on an inelined plane, 50 
Rankine. 608 et aeq., 033 
Rate of diffusion, 009 

-shear, 579 

“ . moan, 643 

Kaylkioh, 460, 603, 620 
toaction between a splioro and 
concave mirror, 117 
^tilinear motion, 44 

in tt resisting medium, 600 


Reonault, 416, 420, 435 

— and compressibility. 416 et aeq. 
Relation between surface energy and 

surface tension. 455 
Relations between elastic con.stniits. 

304. 310 
Relativity, 255 
Repsold, 168 
Resilience. 322, 324 

— of bent beams, 384 
Resistance, electrical, strain gauiic. 

400 

— gauge, low pres-sure. TtiT 
Resistance, in a pipe, 622 
Resisted motion. 600 
Resonance method for 244 
Reversible pendulum, 160. 173 
Revolving di.se, viscosity l>\’. 590 

— hoop. 54 

Reynolds, 429. 544, 621. 628 

— number, 028 

— viscometer, 544 
RlCH.vJti>s. 42.5. 485 
RlCHAnosoN. 642 
Rigid body. 262 
Rigidity. 284. 289 

— and tetnperaturo. 293 
—, flexural. 343 

—, meHsureineiit. 289 el acq. 

— modulus. 284 

Ring, circular, elastie «leforination. 

403 et aeq. 

Rij>ple.s. 472 

—, method for surface tension, 

Rise of u li([uid between vei'teul 

jilutos, 477, 478 

_ill a capillars- tube. 

475 

Rolling si)hore, 96, 115 
Rotary oil vacuum j»sinip. 692 
Kotutiitg bodies, baiaiicing ot, oS 

— disc vi.scoiiieter. .590 

_liquid, free surfat-o ol. «baj )0 ol. 

61 1 

-, inetliod fur ‘g’. 177 

Rotational vi.scomotei-s, 577 ct aeq. 
Routh's rule, 78 

Safety, factor of, 27.5 
Scalars. 1 
ScnKKKEit. 667 
Schiehullion. 228 

Seotfs modilied Piraiii gauge circuit. 
710 

Seable. 270. 379. 492. 586 
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Searle’s apparatus for elastic con¬ 
stants, 379 

-Young’s modulus, 276 

— viscometer, 586 
Second areal moment, 342 

-moments, table of, 347 

Seconds pendulum, 155 
Semipermeable membrane, 658 
Sensitive manometer, 509 
Sentis, 493 

Ses.silo drops, 480, 500 
•Shape of drops, 480, 503 
Slioar, 264. 267, 284 

— complementary stresses due to, 265 

— strain. 264 

— stresses, combination of, 268 
Shearing force diagram, 335 

— forces, 333 
—, rate of, 579 

Shell, spherical, field <luo to, 210 
—, —, potential, duo to, 221 

—. —.-. thick, 222 

Shock, 322 

Simple harmonic motion, 103 ct seq. 

— peiululum. 105 

-effect of knife-edge on period, 

154 

-, with bob of finito size, 153 

Sine series, 15 
Single crystals, 637 
Slip, correction for, 564 

— bands. 033 

81i|>ping of a bolt on a pulley, 55 

Smolvchowski, 654 

Soa}) solutions, surface tension, 490. 

509 
Sol. 642 
Solid angles, S 

—, compressibility of, 425, 450 
—. liquid in contact with, 462 
Solids, above the elastic limit, 273 
Solutions, osmotic pressure of. 657 
ft seq. 

Specific cohesion, 476 
Speed of pumps, 683 

-, experimental determination, 

687 

Sphere, attraction duo to, 212, 215 

— motion on a concave surface, 115 
—, potential duo t-o, 221 

—, smooth, impact of, 326 
Spherical polar coordinates, 9, 89 

— shell, field of, 210 

-, potential due to, 221 

-, stresses in, 311 


Spiral springs, cf. helical springs 
Sprengel pump, 690 
Springs of zero length, 393 
Stability of a small liquid index, 479 
Statical method for rigidity, 289 
Steady flow of an incompressible 
liquid, 537 et aeq. 

Steam, viscosity of, 575 
Stephens, 676 
Stiffness of a beam, 351 
Stokes, 231 
Stokes’ law, 592 

-, corrected, 595 et aeq. 

Stokes, the, 536 
Strain, 262 

— ellipse of, 270 

— energj’, 317 

-associated with a fine strain, 319 

-in a bent beam, 382 

-in a stretched wire, 317 

-in a twisted wire, 320 

— gauge, 400 

— sensitivity factor, 401 

— volume, 265 

— work done. 317 aeq. 

Stream line, 614 

-flow, 626 

-motion, 614 et aeq. 

Strength, ultimate, 273 
Stress, 263 

Stress-strain diagram, 274 
Stresses, combination of two simple. 
268 

— in a thin oval cylinder, 313 

— induced by bending, 340 
—. normal and tangential, 265 

— on an oblique section of a rod. 266 
—, tangential, 312 

— within a thin cylindrical sliell, 312 

-spherical shell. 311 

Stretching of a wire, 272, 21Qetaeq. 
-liquids, 429 

Stull, 425 

Sucksmith’s ring balance, 407, 470 
SroDEN', 488. 518 
Summation of series, 24 
Superheated vapours, viscosity of, 
572 

Supports and colunms, 304 et aeq. 
Surface energy, 454 

— films, 520 et aeq. 

— pressure, 402 

— tension, 454 et aeq. 

-balance, 492 

-, measurement of, 482 et aeq. 
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Surface tension, static and dynamic 
methods compared, 511 

-, miscellaneous problems, 512 

tt seq. 

-, of metals, 519 

-• variation with temperature, 

615 el seq. 

Suspension, bifilar, 142 
-correction for rigidity, 299 

— centre of, 123 
Surveys, gravity, 183 ei seq. 
Sutherland’s constant, 568, 605 

— formula, viscosity of a gas, 605 
Symmetrical pendulum, 163 

Tait. 424 

Tup water, viscosity of, 542, 551 
lemporature and elastic properties of 
iron, 323 

-elasticity, 293 

-osmotic pressure, 661, 667 

-surface tension, 515 

-viscosity, 644, 572, 604 

Tensile strain, 263 

— strength, 273, 275 

— stress, 263 

Terminal velocity, 692, 600 
Theorem, Gauss', 213 

, simple applications, 215 et stq. 

— of parallel axes, 70, 122 

• perpendicular axes, 71 
Theorems of Pappus, 81 
Theory of relativity, 255 
Thermocouple gauge, 711 
Thixotropic system, 612 
Thread method for surface tension, 
400 

Tonometer. 432 

Torque on cylinder in rotating fluid, 
579 

^-disc in fluid, 590 

Torsion balance. 231 et stq. 

~ of rods, 285 et ae^. 

Torsional constant. 287, 298 
• — oscillations, 291 

Transpiration of gaaes through tubes, 
001 tX seq, 

TruriHvorHo bonding, 343 
Tkauiib, 058 

Iriiinglo, moinont of inortia, 70 
TaouTON, 602, 033 
Turbulont flow, 020 
^wi^^u^d rod, variation of HtroHH 
within, 288 

~ wiro, theory of, 285 


U-tube manometers, 701 
Ultimate strength, 273 
Uniform beam with central load, 330 
Uniformly accelerated motion. 45 

— loaded beam. 336, 352 
Unimolecular la 3 *ers, cf, inonotnolec- 

ular fUins 
Unit vectors, 3. 4 
Uranus, 207 

Vacuum pumps, 690 ct seq, 

VAK DKR \VaAI.$, 510 
van't Hofk. 058, 001 
Vapour pumps, 093 et seq. 

Variations in gravity, 185 et seq. 
Vectors, 1 

—, scalar and vector product'^, 4, G 
VeoakI), 005 
Velocity, critical. 620 

— gradient. 535 

— in polar coordinates, 59 

— lime curve. 45 
Venturi meter, 018 

^'e^tieJll capillary tube, Ilow througli, 
548 

Vertical vi.scoiiaUer, 5.72 
\'ibrationK of a cantih*vor, 303 
\’irtual slop(\ 024 

\'iscometer, Hankino's for gases. 5r)8 
—, —, — vapours, 572 
^’iscomete^s, 542 et seq., 554 et seq., 
(i43 

— for relative measurements, 554 
\'i8eosity, 530 

^ and loguritliinie <U*ertunent, 58!) 

—, ai)parent, 04 1 
—, kinematic. 530, 028 

— of air, precision cletermirint ion, 584 

— of gases. 501 cf srq., 582 et seq, 

— lit low ternperatun'K, 588 

— of liquids, 537 et seq, 

^ of tap water, 512, 551 

—, rotating cylinch*r (»xpc*rinu*nt, 580 
—, Suthorland'H formula, 508, (W)5 
—, variation <if, with trmpenitiin*, 
544, 0f)4 et seq. 

VooKn, 5H8 

Volume changes in <*yhn<lrieal shells 
duo to prc'ssure changes, 4 n> 

— change in, with Htrain, 283 
von Jolly, work on y, 248 

Waran, 096. 701 

Waterqt't pumps, 0H8 
Wiivo-inotioii, equation of, 38 
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Waves, capillary, 47 

— gravity, on the surface of a liquid, 

471 

‘Weighing’ the earth, 226 et seq. 
Wetting of surfaces, 463 
Wheel and axle, motion on an in¬ 
clined plane, 98 
WiLBEBFOBCE, 559 
Worden gravimeter, 194. 195 
Work, 55 

— done in producing n strain, 317 

et aeq. 

— performed by a couple, 56, 92 


WoBTHi>*aToir, 430 

Yabsold, 468 
Yield point, 273 
— value, 631 

Yielding of support for pendulmn, 
168 

Young’s modulus, 276 

-and temperature, 323 

-, by bending of beams, 355 et aeq. 

Zahradnidek’s resonance method for 
y, 244 



